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PREFACE. 



In the following Treatise I have adopted the method of 
limiting Eatios as my basis; at the same time the co- 
ordinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of aU the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex- 
clusive adherence to the method of Differential Coeffi- 
cients is by no means necessary for clearness and simplicity ; 
and, indeed, I have found by experience that many funda- 
mental investigations in Mechanics and G^eometry are made 
more intelligible to beginners by the method of Differentials 
than by that of Differential Coefficients. While in the more 
advanced applications of the Calculus, which we find in 
such works as the M^canique Celeste of Laplace, and the 
Mecanique Analytique of Lagrange, the investigations are 
all conducted on the method of Infinitesimals. 

The principles on which this method is founded are given 
in a concise form in Arts. 38 and 39. 

In the portion of the Book devoted to the discussion of 
Curves I have not confined myself exclusively to the ap- 
plication of the Differential Calculus to the subject ; but 
have availed myself of the methods of Pure and Analytic 
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vi Preface. 

Geometry, whenever it appeared that simpKcity would be 
gained thereby. 

In the discussion of Multiple Points I have adopted the 
simple and general method given by Dr. Sahnon in his 
" Higher Plane Curves." It is hoped that by this means 
the present treatise will be found to be a useful introduction 
to the more complete investigations contained in that work. 

As this Book is principally intended for the use of begin- 
ners, I have purposely omitted all metaphysical discussions, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset ; indeed it is only 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science caji be acquired only after 
practice in the application of its principles, and after patient 
study. 

The more advanced student may read with advantage the 
" Eeflexions sur la M^taphysique du Calcul Infinitesimal" of 
the illustrious Camot : in which, after giving a complete 
resume of the different points of view under which the prin- 
ciples of the Calculus may be regarded, he concludes as 
follows : — 

''Le m^rite essentiel, le sublime, on pent le dire, de la 
m^thode infinit^simale, est de r^unir la f acilite des procMes 
ordinaires d'un simple calcul d'approximation & I'exactitude 
des r^sultats de I'analyse ordinaire. Cet avantage immense 
serait perdu, ou du moins fort diminu^, si k cette m^thode 
pure et simple, teUe que nous I'a donn^e Leibnitz, on voulait, 
sous Vapparence d'lme plus grande rigueur soutenue dans 
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Preface. vii 

tout le oours du caloul, en substituer d'autresmoins naturelles, 
moins oommodeSy moins oonformes a la marche probable 
des inventeurs. Si cette methode est exacte dans les re- 
sultats, oomme personne n'en doute aujourd'hui, si e'est tou- 
jours k elle qu'il faut en revenir dans les questions difficiles, 
comme il parait encore que tout le monde en convient, 
pourquoi recourir k des moyens d^toum^s et compliques pour 
la suppleer ? Pourquoi se oontenter de I'appuyer sur des 
inductions et sur la conformity de ses resultats avec oeux que 
foumissent les autres m^thodes, lorsqu'on pent la d^montrer 
directement et g^n^ralement, plus facilement peut-^tre 
qu'aucune de ces m^thodes elles-mfimes ? Les objections que 
Ton a faites centre elle portent toutes sur cette f ausse suppo- 
sition, que les erreurs commises dans le cours du calcul, en 7 
n^gligeant les quantites infiniment petites, sent demeurees 
dans le r^sultat de ce calcul, quelque petites qu'on les sup- 
pose ; or c'est ce qui n'est point : relimination les emporte 
toutes n^oessairementy et il est singulier qu'on n^ait pas 
aper9u d'abord dans cette condition indispensable de 1' Elimi- 
nation le veritable caract^re des quantites infinit^simales et 
la reponse dirimante k toutes les objections." 

Many important portions of the Calculus have been 
omitted, as being of too advanced a character; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

I have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In this Edition many alterations and additions have been 
introduced ; the principal change, however, consists in the 
introduction of a Chapter on Roulettes. In this chapter, in 
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Tiii Preface. 

addition to the discussion of Cycloids and Epicycloids, as 
contained in the former Editions, I have given a tolerably 
complete treatment of the question of the Curvature of a 
Eoulette, as also that of the Envelope of any Curve carried by 
a rolling Curve. This discussion is based on the beautiful 
and general results known as Savary's Theorems ; taken in 
conjunction with the properties of the Circle of Inflexions. I 
have also introduced the application of these theorems to the 
general case of the motion of any area, supposed to move in 
its own Plane. 

I have added a note on the Cartesian Oval, treated Geome- 
trically, by means of which it is hoped that the fundamental 
properties of this remarkable Curve will be more easily acces- 
sible to the student. 

I have again to thank Mr. Cathcart and Mr. Panton for 
their kind aid in the correction of the proof-sheets, as well as 
for many valuable suggestions throughout. 



Trinity College, 
DeeembeTf 1876. 
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CHAPTEE I. 

FIRST PRINCIPLES. DIFFERENTIATION. 

I. Functions. — ^The student, from his previous acquaintance 
mth Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, tne sine, cosine, tangent, &c., 
of an angle are said to be functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like maimer any algebraic expression in x 
is said to be a function of x. Geometry also furnishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
function of its side : and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
any change made in the one producer a corresponding variation 
in the others then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters 2^,/, ^, &c. 

Thus, the equations 

u = F{x)j V -/(a?), w^ <^{x) 

denote that t/, t?, tr, are regarded as functions of or, whose 
values are determiued for any particular value of a?, when the 
form of the function is known. 

2. Dependent and Independent Variables, Constants. — ^In 
each of the preceding expressions, x is said to be the inde- 
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2 First Principles, — Differentiation. 

pendent variable, to which any value may be assigned at 
pleasure ; and m, t?, tr, are called dependent variables, as their 
values depend on that of ^, and are determined when it is 
known. 

Thus, in the equations 

y = lo', y = a^j y = sinar, 

the value of y depends on that of Xy and is in each case deter- 
mined when the value of a? is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable a?, then every function 
of X will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever chan ge be given to a?, it 
is said to be a constant with respect to x. We usually denote 
constants by a, ft, c, &c., the first letters of the alphabet ; va- 
riables by the last, viz., w, «?, tr, a?, y, z. 

3. Algebraic and Transcendental Functions. — Functions 
which consist of a finite number of terms, involving integral 
and fractional powers of x together with constants solely, are 
called algebraic functions — ^thus 

{x-ay, ^^^\ {a + x)\b-x)\&^., 

{or + a-)^ 

are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in s, finite number of terms are 
called transcendental ; thus, sin Xy cos ir, tan a?, ^, log a?, &c., 
are transcendental functions ; for they cannot be expressed 
in terms of x except by infinite series. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forms : (i). Sum, or difference, {u^-v, u - r). 

(2). Product, and its inverse, quotient, f uv, - j. Powers, and 

their inverse, roots, (tt"», u*^)^ 

The elementary transcendental functions are also ulti- 
mately reducible to: (i). The sine, and its inverse, (sin «, 
sin"^M). (2). The exponential, and its inverse, logarithm, 
(e-ylogu). 

4. Continuous Functions. — A function ^ (x) is said to 
be a continuous function of ar, between tjie limits a. and h. 
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when, to each value of .r, between these limits, corresponds a 
finite value of the function, and when an infinitely small 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not ralfilled 
the function is discontinuous. It is easily seen that all 
algebraic expressions, such as 

a^ + flia^-^ + . . . . flr„, 

and all circular expressions, sin x, tan ar, &c., are, in general ^ 
continuous functions, as also e', log ^, &c. In such cases, 
accordingly, it f oUows that if x receive a very small change 
the corresponding change in the function of a: is also very small. 

5. Increments, and Bifferentiala. — ^In the Difiterential Cal- 
culus we investigate the changes which any fimotion imder- 
goes, when the variable on which it depends is made to pass 
through a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment; this increment of ^ is usually 
represented by the notation Aa?. 

When the increment, or difference^ is supposed infinitely 
small it is called a differentialy and represented by (&, i. e., an 
infinitely small difference is called a differential. 

In like manner, if f« be a function of or, and x becomes 
X + Air, the corresponding value of 1* is represented by « + Aw ; 
i. e. the increment oiu\a denoted by Aw. 

6. Iiimiting^ Batios, Derived Fimctions. — If W be a func- 
tion of ar, then for finite increments, it is obvious that the 
ratio of the increment of u to the corresponding increment of 
X, has, in general, a finite value. Also when the increment 
of X is infinitely small, we assume that the ratio above-men- 
tioned has still a definite limiting value. In the Differential 
Calculus we investigate the values of these li?niting ratios for 
different forms of functions. 

The ratio of the increment of u to that of x in the limit, 

when both are infinitely small, is denoted by — . When 

ax 

u =/(«), this limiting ratio is denoted by/' (a?), and is called 

the first derived function* oif{x). 

* The method of derived functions was introduced hy Lagrange, and the 
different derived functions oif{x) were defined hy him to be, the coefficients of 

B 2 
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4 First Principles, — Differentiation. 

Thus ; let x become a? + A, vhere h = Aa?, then u becomes 
f{x + h)j or w + Am =/(a? + A), 

Aw _ f{x + h) -fix) 
AJp A ' 

2%^ limiting value of this expression when h is infinitely small 
IS called the first derived fimction of /(a?), an'l represented 

Aw 
Again, since the ratio — has/' (a?) for its limiting value, 

imiX 

if we assume 

c must become evanescent along with A;r ; also — becomes 

CkX 

-1- at the same time ; hence we have 
dx 

This result may be stated otherwise, thus : — ^If Ui denote 
the value of u when x becomes a?i, then the value of the ratio 

— — , when Xi - x \& evanescent, is called the first derived 

Xi—X 

function of w, and denoted by — . 

If Xi be greater than x, then Ui is also greater than ti^ pro- 
vided — — is positive ; and hence, in the limit, when Xi - x 

X\ — X 

is evanescent, tti is greater or less than u according as — is 



the powers of A in the expansion of/(j? -i- A) : that this definition of the first do- 
rived function agrees with that given in the text will be seen subsequently. 

This agreement also was pointed out by Lagrange. See " Theorie dcs Fonc> 
tions Analytiques," N<». 3, 9. 
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positive or negative. Hence, if we suppose x to increase, 
then any function of a; increases or diminishes at the same 
time, according as its derived function, taken with respect to #, 
is positive or negative. This principle is of great importance 
in tracing the different stages of a function of Xy correspond- 
ing to a series of values of x. 

7. Differential, and Differential Coefllcient, of/(;r). 
Let u =/{x) ; then since 

we have du=^d{/ {a)) =/' (a?) dSr, 

where dx is regarded as being infinitely small. In this case 
€lx is, as already stated, the d^erential of ir, and du or/ (x) dx^ 
is called the corresponding differential of u. Also / (a*) is 
called the differential coefficient of /(a?), being the 'coefficient 
of ei^K in the differential of /(«). 

8. Algrebraic lUiistration. — That a fraction whose nume- 
rator and denominator are both evanescent, or infinitely 
small, may have a finite determinate value, is evident from 

algebra. For example, we have r = -r whatever n may be. 

If n be regarded as an infinitely small nimiber, the numerator 
and denominator of the fraction both become infinitely small 

magnitudes, while their ratio remains unaltered and equal to ^. 

It will be observed that this agrees with our ordinary idea 
of a ratio ; for the value of a ratio depends on the relative^ 
and not on the absolute magnitude of the terms which com- 
pose it. 

Again, if u = 



nb 4- ri'b'' 



in which n is regarded as infinitely small, and 0, 6, (i and V 
represent finite magnitudes, the t^rms of the fraction are both 
infinitely small, 

but their ratio is r 77, 

b + nb 
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a 



the limiting value of which is j-. If, however, a = o, and J = o> 

the value of the fraction becomes =7. 



9. Trigronometrical Illiuitratioxi. — ^To find the values of 
- — j5, and ^ , when d is regarded as infinitely small. 

Here 7 — ^ = cos 0, and when 6 = o, cos = i . 
tan ' 

Hence, in the limit, when = o,* we have 

sin d , tanO , ,, 

- — ^ = I, and, .-. -. — -X = I, at the same time. 

tan sm 

Q 

Again, to find the value of — — 5, when is infinitely small- 
Bin \3 

From geometrical considerations it is evident that if 9 be the 

circular measure of an angle, we have 

tan fl > > sin fl. 



or 


tanO 9 

sin sin ' 




but in the limit, i. e. 


when is infinitely 
ta,Ti 
8in0~'' 


small. 


and therefore, at the 


same time, we have 


-T ' = I. 





sin 

This shows that in a circle the ultimate ratio of an arc to its 
chord is unity, when they are both regarded as evanescent. 

10. Geometrical lUiistration. — ^Assimiing that the relation 
y =/(^) ^*y i^ ^ cases be represented by a curve, where 

y=/(^) 

*Ifa variable quantity be supposed to diminish gradually, tiU it be less than 
anything finite which can he assigned, it is said in that state to be inde/iniiely 
snuUl or evanescent ; for abbreviation, such a quantity is often denoted by cypher, 

A discussion of infinitesiinalPi or infinitely small quantities of different orders, 
will be found in the next Chapter. 
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Geometrical Illustrations. 7 

expresses the equation connecting the co-ordinates (j?, y) 
of each of its points ; then, if the axes be rectangular, and 
two points (j?, y), (a?!, yi) be taken on the curve, it is obvious 

that — — represents the tangent of the angle which the 

chord joining the points (or, y), (d?i, t/i) makea with the axis 
of ^. 

If now, we suppose the points taken infinitely near to each 
other, so that Xi- a becomes evanescent, then the chord be- 
comes the tangent at the point (^, y), but 

~ — - becomes -^ oxf (x) in this case. 

Hence,,/' {x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point (a?, y) makes 
with the axis of x. We see, accordingly, that to draw the 
tangent at any point to the curve 

is the same as to find the derived function f (j?) of y with 
respect to x. Hence, also, the equation of the tiEingent to the 
curve at a point (j?, y), is evidently 

y-Y=f{x){x-X\ (2) 

where X, F are the current co-ordinates of any point on the 
tangent. At the points for which the tangent is parallel to 
the axis of j?, we have f (x)^o\ at the points, where the 
tangent is perpendicular to the axis, f {x) = 00. For all 
other points f (x) has a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, when the increment becomes infinitely small. 

This has been so admirably expressed, and its connexion 
with the fundamental principles of the Differential Calculus 
80 well explained, by M. Navier, that I cannot forbear intro- 
ducing the following extract from his "Le9on8d' Analyse": — 

"Among the properties which the function y =/(a?), or 
the line which represents it, possesses, the most remarkable. 
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in fact that which is the principal object of the Differential 
Calculus, and which is constantly introduced in aU practical 
applications of the Calculus, is the degree of rapidity with 
which the function /(^) varies when the independent variable 
a is made to vary from any assigned value. This degree 
of rapidity of the increment of the 
function, when x is altered, may 
differ, not only from one function 
to another, but also in the same 
function, according to the value 
attributed to the variable. In order 
to form a precise notion on this 
point, let us attribute to x a deter- 
mined value represented by Olf^ 
to which will correspond an equally 
determined value of y, represented 
by Pi\r. Let us now suppose, start- 
ing from this value, that x increases by any quantity denoted 
by A^, and represented by JV3f, the function y will vary in 
consequence by a certain quantity, denoted by Ay, and we 
shall have 

y + Ay =/{x + Aar), or Ay =/(a? + Ax) -/{x). 

The new value of y is represented in the figure by QJIf, and 

QL represents Ay, or the variation of the function. The ratio 

At/ 

--^ of the increment of the fimction to that of the indepen- 

dx 

dent variable, of which the expression is 

f{x + A J?) -fix) 

A« ' 

is represented by the trigonometrical tangent of the angle 
QPL 'made by the secant PQ with the axis of x. 

^^ It is plain that this ratio --^ is the natural expression 

Ax 

of the property referred to, that is, of the degree of rapidity 
with which the function y increases when we increase the in- 
dependent variable x : for the greater the value of this ratio 
the greater will be the increment Ay when x is increased by 
a given quantity A^. But it is very iinportant to remark, 
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that the value of —2 (except in the case when the line PQ 

becomes a right line) depends not onlj on the value attri- 
buted to a^ that is to say^ on the position of P on the onrve, 
but also on the absolute value of the increment Ax. If we 
were to leave this increment arbitrary, it would be impossible 

to assign to the ratio —- any precise value, and it is aooord- 

ingly necessary to adopt a convention which shall remove aU 
uncertainty in this respect. 

'^ Suppose that after having given to Ax any value, to 
which will correspond a certsun value of Ay, and a certain 
direction of the secant PQ, we diminish pro^ssively the 
, value of Ax, so that the increment ends by becoming 
evanescent; the corresponding increment Ay will vary in 
consequence, and will equally tend to become evanescent. 
The point Q will tend to coincide with the point P, and the 
secant PQ, with the tangent PT drawn to the curve at the 

point P. The ratio --^ of the increments will equally 
Ax 

approach to a certain limit, represented by the trigonometrical 

tangent of the angle TPL made by the tangent with the 

axis of X. 

" "We accordingly observe that when the increment Ax, 

and consequently Ay, diminifth progressively and tend to 

vanish, the ratio -^ of these increments approaches in 

general to a limit whose value is finite and determinate. 

Hence the value of —^ corresponding to this limit must be 

considered as giving the true and precise measure of the 
rapidity with which the function f{x) varies when the independent 
variable x is made to vary from an assigned value : for there 
does not remain anything arbitrary in the expression of this 
value ; as it no longer depends on the absolute values of the 
increments Ax and Ay, nor on the figure of the curve at 
any finite distance at either side of the point P. It depends 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of x. The ratio 
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just determined expresses what Newton called ^q fluxion of 
the ordinate. As to the mode of finding its value in each 
particular case, it is sufficient to consider the general ex* 
pression 

Ay_ /(^-f A.r)-/(^) 

^x Ax ' 

and to see what is the limit to which this expression tends, as 
Ax takes smaller and smaller values and tends to vanish. 
This limit will be a certain function of the independent 
variable Xy whose form depends on that of the given function 
f{x).^^ ... " We shall add one other remark ; which is, that 
the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a line, an 
area, a volume, the differential dx also represents a line, an 
area, or a volume. These differentials are always supposed 
to be less than any assigned magnitude, however small ; but 
this hypothesis does not alter the nature of these quantities : 
dx and dy are always homogeneous with x and y, that is to 
say, present always the same number of dimensions of the 
unit by means of which the values of these variables are 
expressed." 

II. Differentiation. — The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

"We proceed to explain this process by applying it to a 
few elementary examples. 

Examples. 

I. y = iT*. 

Substitute as + A for x, and denote tlie new value of y bj yi, then 

yi = {x + hy = «• + Mch + A«, 

yi-y Ay . . 
A Ax 

If h be taken an infinitely 9mall quantity, we get in the limit 
or, if /(«) = aj2, we have /'(a:) « 2X. 
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y = - 



Here yi = 



I 



^^"^ X+h X x{x^h)' 

. yi~y ^ Ay ^ _^ I 

* * A Ax «(» + *)' 

which equation, wlieii A is eyanescent, becomes 



12. Differentiation of the Algebraic Sum of a Number of 
Functions. — ^Let 

y = t* + «?-ir + &c., 

then, if a?! = ir + A, we get 

yi = tti + f7i - fTi + . . . 

"""A T""""!^ T^ ' • • 
which becomes in the limit, when h is infinitely small, 
dy du dv dw 
dx dx dx dx 

Hence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several partSy 
taken with their proper signs. 

It is evident that the differential of a constant is zero. 

13. Differentiation of the Product of two Functions. — ^Let 
y = uvy where ti, «?, are both functions of j?, and suppose Ay, 
AUj At7, to be the increments of y, u, r, corresponding to the 
increment ^x in x. Then 

Ay = (fi + Aw) {v + At?) - uv 

= uAv + vAu + An Av, 

^ Ay At? , ^ .Aw 

or -_^ = 1^ + (e, + At? ) — • 

Ao? A.r ^ ^ Ax 
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12 First Principles — Differentiation. 

Now suppose A^ to be infinitely small, and 

Ay At? £^u 

A^ A^ Aj? 
become in the limit 

dy dv ^ ^^. 

dx^ d£ dx^ 

also, since At? vanishes at the same time, the last term dis- 
appears from the equation, and thus we arrive at the result 

dy do du / v 

/ = w— + «? — • (3) 

ax ax ux 

Hence — to differentiate the product of two functions — 
multiply each of the factors hy the differential coefficient of the 
other y and add the products thus found. 

Otherwise thus: let/(j?), ^(^J, denote, the functions, and 
h the increment of Xy then 

yi=f{3i-^h) 0(« + A), 

. y^^y - f(^ + h)i^{x + h) -fjx) ^ {x) 
" h. " h 

-^ i^[x-^h)'^f[x) ^ 

Now, in the limit, 

f{^ + h)-f{x) ^ ^(^^K\^ ^(^\ 

and »^^-^^]-»^^) = »-(^), 

and, accordingly, 

which agrees with the preceding result. 

When y = aw, where a is a constant with respect to 4?, we 
have evidently 

dy du 

dx dx 
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Differentiation of a Quotient, 13 

14. Differentiation of the Product of any Number of 
Functions. — ^First let 









a = uvw 


» 


suppose 




vw = z, 




then 






y = uz 




and, by Art. 


13, 


we have 










dy 
dx' 


dz 

■- u-z- + a 

da 


du 
dx' 


but, by the same 


Article, 










dx 


dv dw 



hence 



dy du dv dw 

-~= vw^- ^wu-y- + we?— -• 
ax ax dx dx 



This process of reasoning can be easily extended to any 
nmnber of functions. 

The preceding result admits of being written in the form 

I dy ^i du I dv 1 dw 

ydx udx vdx to dx^ 

and in general, if 

y = yi • ya . ya . . . . y«, 
it can be easily proved in like manner that 

1^=1^ + 1?^ +1?^. (4) 

y dx yx dx y%dx ' ' ' y„ dx 

15. DijSbrentiation of a Quotient. — Let 

y = -, then u - yVj 

therefore, by Art. 13, 

du dv dy 
dx ^ dx dx^ 
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or 



dy du dv du u dv 

da; dx ^ dx dx v dx 

du dv 

dx dx 



du dv 
dy dx dx ^ (5) 

' ' dx~ v^ 

Hence, t« difEerentiate a fraction, multiply the denominator 
into the derived function of the numerator^ and the numerator into 
the derived function of the denominator^ take the latter product 
from the former^ and divide hy th^ square of the denominator. 

In the particular case where tf is a constant with respect 
to X [a suppose), we obviously have 



(d\ dx 

-,) ■ - -■ (*) 



i^"^=- 



a-x . du 

I. u fc • Ant. -— 



Examples. 

a-\-x '^"" dx" {a + xY 

du 
dx"" 



2. «=(a + a?)(3 + ip). — =a + ^f2a:» 



16. Differentiation of an Integral Power. — ^Let y = a?" 
where n is b, positive integer. 

Suppose r/i to be the value of y when x becomes ^1, then 



X\ — X X\ X 



= Xi"^^ + X Xi^^ + . . . + a?" 



Now, suppose .jFi - 0? to be evanescent. In this case we may 
write X for Xi in the right-hand side of the preceding equation, 
when it becomes nx^^ ; but the left-hand side, in ttie limit, is 

represented by ^. \ 
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Differentiation of a Negative Power. 1 5 

Hence -^ = nx*'-\ 

da; 

or —V— = ^?'»'*"^. 

dx 

This result follows also from Art. 14 ; for, making 

yi = 2/2 = ys = . . . = yn == tt, 
we evidently get from (4), 

This reduces to the preceding on making u=^x, 
17. Differentiatioii of a Fractional Power. — ^Let y = w**, 

then v" = w*", and -^ = \ ' ; 

hence, by (7), ^ ,dy ^ ^du 

^ dx dx 

d[u^) _dy _ rnvT"^ du _ m ^-1 du .^. 

' ' dx dx n y*^' dx n dx' 

18. Differentiation of a Negative Power. — Let y = w"^", 

^^^^ y = 77n^ ^^* ^y (^) w® g®* 

J (t*-) = - ± = - mu--^^ ~. (9) 

Combining the results established in (7), (8), and (9), we 
find that 

d(u*^) ^du 

dx dx 

for all values of w, positive, negative, or fractional. When 
applied to the differentiation of any power of x wq get the 
following rule. Diminish the index hy unity ^ and multiply the 
power of X thus obtained by the original index; the result is the 
required differential coefficient, with respect to a?. 
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19. Differentiation of a Function of a Function. — ^Let 

y =/(^) and u = 0(3/), to find ~. Suppose yi, Wi, to be the 

values of y and u corresponding to the value Wi for a ; then 
if Ay, AUy Aa?, denote the corresponding inQrements, we havo 
evidently 

Ui- u Ui - u j/i - 1/ 
Xx- X yi-y Xx- X 
or 

Aw ^ Aw Ay 
A^ Ay ^x 

As this relation holds for all corresponding inorwnents, how« 
ever small, it must hold in the limit, when A^ is evanescent \ 
in which case it becomes 

— = ^. (10) 

dx dydx 

Hence, the derived function with respect to x of u, is the- 
product of its derived, with respect to y, and the derived of y 
with respect to x, 

20. Differentiation of an Inverse Function. — ^To prove that 

dx I 
dy~ dy 
dx 

Suppose that from the equation 

y =/(^) («) 

the equation 

^ = 0(y) ip) 

is deduced, and let a?i, yi, be corresponding values of x, y^ 
which satisfy the equation (a), it is evident that they will 
also satisfy the equation (6). But 

yi-y X '^1 - ■^' ^ J 

^i - ^ yi - y 

As this equation holds for all finite increments, it must 
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hold when xx- x and yi - y are infinitely small ; therefore 
we have in the limit 

ax ay 

The same result maj also be anived at from Art. 19, as 
follows : — 

When y =/(dr), and « = (//), 

we have, in all cases, 

du du dy 
dx dy dx 

This result must still hold in the particular case when xi = /r, 
in which case it becomes 

dxdy 
dydx' 

Examples. 
I. « = (a2-«2)«. 

Lei a^ - «2 s= y, then « = y*, 

du A ■» ^y 

du 
Hence ;^ - "" '^* C*'^ - *')*• 

We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 
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21. Differentiation of sill a. — ^Let 

y = sill ^, yi = sin (a? + A), 

. , ,. . 2sin-cos a? +-) 

yi - y _ sm (4? + A) - Bin ^ ^ 2 \ 2/ 

~A"" a ^ h 

. h 
sin- 

But by Art. 9, the limit of — r— = i ; moreover, the limit of 



,(..f) 



oos(ir + -) IS cos a?. 

TT dismx] , V 

Hence -^-^ — - = cos a?. (12) 

22, Differentiation of cos a?. 

y = cos Xy yi = cos (a: + A), 



yi - y cos (ir + A) - cosar 



A A 

Hence, in the limit, 

rfcos^ 
doi 



. A . / A\ 
2 sin-sm a? + -) 

^ V V. 



= -sina?. (13) 



This result might be deduced from the preceding, by substi- 

tuting — s f or a?, and applying the principle of Art. 19. 

It may be noted that (12) and (13) admit also of being 
•written in the following symmetrical form :— 



dVQXLX 

— 3 — = sm 
ax 

dcosx 



dx 



cos 
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23. Differentiation of tan x. 

y = tsLaXf yi - tan(A; + A)y 

BJn (a? + A) mux 
yi-y _ tan(^ + A) -tana; _ cos {x ^ h) 00s j? 
h " h " A 

sinA 



A COS a? oo8(« + A)' 



I 



= — r- = seo'a?. 
oos'a? 


(14) 


d^nx 

COAX ; fiiniT 

dx 


dOOBX 

dx 


oos*« 





"whicli becomes — r- in the limit 
cos 'a? 

Hence ^^ 

da 

Otherwise thus, 

sin a? 

d (tsjix) ^ ' cos a; 

_^ cos' a? + sin* a: _ i 
cos'a: cos'a;' 

24. Differentiation of cot a;. — ^Proceed as in the last, and 

c?(cota?) I , . . 

—^ — ' = - -7-r- = - cosecV. (15) 

dx sm'a? ^ ^ 

This result can also be derived from the preceding by put- 
ting — s for a;, as in Art. 22. 

25. Differentiation of sec x. 

I 



y = sec aj = 



Cos a; 



dy Binx , , ,. 

—■ = — r- = tan a; sec a;. (16) 

dx cos*a? ^ ' 



c,. ., , f^eoseca? 

bunilarly — 3 = - cot a; coseoa?. 

dx 



c 2 

» 
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26. Differentiation of y = sin'^iT. 

xlere x = siny, .*. — = cosy. 

Hence, by Art. 20, we get 



^ cosy ^i _;2.2 

The ambiguitj of tlie sign in this case arises from the ambi- 
guity of Sie expression y = sin"^ir ; for if y satisfy this equa- 
tion for a particular value of a?, so also does tt - y ; as also 
27r + y, &c. If, however, we assign always to y its least valuBy 
i, e. the acute angle whose sine is represented by a?, then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the precediQg limitation, 

^.sin~^r I , . 

In like manner we find 

with the same limitation. 

This latter result can be at once deduced from the preced- 
ing, by aid of the elementary equation 

sin"^;r + cos"*;i? = -. 
2 

27. Differentiation of tan~^ir. 

y = tan"'*ir, .', ir = tany. 
dx I 



Hence 



Similarly 



dy cos*y' 

c^.tan'^o? dy i , . 

___ = £ = cos'y = —3. (19) 



dx dx ^ I +a^' 

» d^oot'^x 



dx I + x^' 
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28, Geometrical Demonstration. — ^The results amved at in 
the preceding Articles admit also of easy demonstration by 
geometrical constmction. We shall illustrate this method 
by applying it to the case 
of sin 0. 

Suppose XPQY to be a 
quadrant of a circle having 
as its centre, and con- 
struct as in figure. Let 9 
denote the angle XOP ex- 
pressed in cifcmar measure ; 
then 



arcPX 



OP' 




Accordingly 



8m(e + A)-sia9 = ;^ = -p^.^ 



, and A = A^ = 



«^.«^.^ = C08PQiJ 



PQ 
OP* 



sin (0 + A) -Bind „_„ PQ 
— i r^ = oobPQR ■ 



aroPQ 



PQ 

But we have seen, in Art. 9, that the limiting value of pp; 

arc J^v£ 

= I ; also l^Q^U = 6, at the same time; hence ^ =oosO,as 

before. 

The student will find no difficulty in applying the pre- 
<3eding construction to the differentiation of cos 0, sm~^ 0, and 
cor* 0. The differential coefficients of tan 0, tan*"* fl, &c., can, 
in like manner, be easily obtained by geomeirical construction. 



EXAKPLES. 



I. j^ =: sin (fUB + a), 
a. j^ = co8ift«co6iM;. 
3. y = 8m»»af. 



-f- 8 II COS (fts + a). 

-T^ =- (m COB fi# Mnm« +« cos war sill nx). 



-r =s « sin'^Jj? cos x. 
dx 
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4. y = sm (i + ««). -^ = lar cob(i + »«). 

5. Show that sin'* — (8m"»a? sin ma?) = m sm^^x sin (m + i) «. 

d 

Hew ~ (8m««ap sin mx) = m sin«»»^^aj (cos a? sin «« + sin a? cos mx) 

= fM sin"*"* a? sin (m 4- 1) a?, .•. &c. 

dv 

6. y = (a sin«aj + h cos* a?)». — = 11 (a - 3) sin aa; (a sin« a? + J C08«a?)*»"' . 



7. y = sin (sin a?), 
ssina;. 

o . , , ^ - dy «a:«-» 

8. y = sin-i («"). -7- = =-ri. 

' ^ ^ dx (i-a?**)* 



Or y = sin K, where « = sina?. 5^ = cosa? cosfsin ar). 

oa; 



9. y = sin** (i - aj«)i. 

Here (i - a?*)* = sin y .-. ap = cos y. 

rfy dy i 

I = - smy ~. .•• 7^ = ^ 

. d 4 a cos a; <2y vtfi — *« 

10. y = co8"> 7 . ^ = ; . 

a + ocosa; dx a+6cosa; 

29. Differentiation of logo^. 
Let y = logoo?, yi = loga (a? + A), 

A A h 

Hence -j- is equal to the limiting value of 



^"g-Q-^S 



h 
when A is infinitely small. 



Again, let h^xu, then 

I ;^:(ii^,xiog,(i.«)^x^ i 
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Differentiation of a Logarithm. 2 3 

.*. ^ = - multiplied by the value of loga (i + «)• when u is 
infinitely small. 

To find the yalue of the latter expression ; let - >: 2; then 

(i + tt)" becomes f i + - j , in which z is regarded as infinitely 

great. Suppose the limiting value of this expreamn to be re- 
presented by the letter e, according to the usual notation. We 
'can then find the value of ^ as follows by the Binomial 
Theorem: — 



(■n)-- 



2 I zlz-i) I 



^ 1.2 1.2.3 



+ &C. 



The limiting* value of which, when ^ = 00, is eyidflnily 



I 

I + - + 



I 1.2 1.2.3 1.2.3.4 

By taking a sufficient number of terms of this series, we 
can approximate to the value of « as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
quantity, and is the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its value 
is 2.718281828. 

Again, sinoe (i +«)" = « when w = o, we get 

dx X 

Also, since the calculation of logarithms to any other 
base starts from the logarithms of some numbers to the base e, 

* It win 1w shown in Chapter 3, without aasnming the Binomial expaation, 
that is the limit of the sum of the series 

I + - + h +, &c., ad infinitum. 

I 1.2 1.2.3' 
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24 Firet Principlea — Differentiation. 

as, moreover, the logarithms of all numbers are expressed hj 
their logarithms to the base e multiplied by the modulus of 
transformation, the system whose base is ^ is fundamental in 
analysis, and we shaU. denote it by the symbol log without a 
suffix. In this case, since log e= i, we have 

^aog*)=^. (21) 

Again 

where logioC or -= is the modulus of Briggs* or the ordi- 
nary tabulated system of logarithms. The value of this mo- 
dulus when calculated to ten decimal places is 

0.4342944819. 

On the method of its determination see " Qalbraith's Algebra,'* 

p. 379- 

30. Differentiation of a^. 

Let y -(^j then log y = « log a, 

but rf<bgy)^^_Gogj()^^ i^ 

dx dy dx yda? 

"i? = :l = yiog« = «'iog«- (23) 

ve 

= ^. (24) 



dx dx 
Also, since log e = i, we have 
d .e 



dx 

Examples. 

I. |f S3 log ^sinx). 

Let vmx'^if then y slogs. 



And since 



dx~"di' dx' 
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dy coax 
^e get — = -: — = cot*. 

° dx Bmx 



2. y=iogv/tf«-«»a}iogc«*»-«a); £=-^rr^** 



, /i - COS a; 

Vaco8»- * 

, . « dy I 

.% y = log tan -, — = -; — . 

2 ax fsmx 

3 1 . Iiogarithmic Differentiation. — ^When the function to be 
differentiated consists of products and quotients of functions, 
it is in general useful to take the logarithm of the function, 
and to differentiate it. This process is called logarithmic 
differentiation. 

Examples. 

1. y =yi . y2 . ya . . . yn, log y = logyi+ logy2 + . . . + logy*. 

ydx yi dx y2 dso ' ' ' yn dx' 
This fdrnishes another proof of formula (4), p. 13. 

an^x „ . , . , 

2. y = . Here, log y = m log sino; - « log cob x ; 

t dy cos iT ' Bin dy. Bin»»"»« . . ... 

.«. - -2- s m -, — + n .'. ~ = — --I- (m COS** + H sin'a?). 

y dx mix cos 1; dx cose^^x 

3. y = r^ 



(«-2)J(«-3)J' 

Here logy = ^log(»- i) -3log(«- 2) -2iog(-r-3); 

* 4 3 



hence 



idy _s ' 3 I 7^j 7a;« -t- 30a? - 97 

y d^ "" a J? - I * 4 «- 2 " 3 a? - 3 12 , (« - i) (* - 2) (« - 3)* 
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26 Mrst Principles — Differentiation. 

d^ (a; - i)t (73^ + 30X - 97) 

"dg"" ,2.(a;>-2)*(»-3)^ 

5. y 5= ic«. Here log y = a? log a?. 

6. y = tf«^. Here log y = «•, 

idy d,xF 

7. y = «*'> where ti and v are both functions of af. 
Here log y = r log «, 

I dy . dv V du 
.-. - -r- = log tt ~ + - — ; 
y«te ® dx udx 

dy /, <2r rd'tfX , do du 

...^«t^(^logt,^ + --)-t^log..-+..i-i^. 

32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such oases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 

Examples. 



X at* 

Here , a sin y, or :3 = sin* y, hence a; a tan y, 

andweget g = oos«y=j^. 

a. y = tan-i^5^^zz= . « 

VI + «»-'v/ I -«• 

„ V^I + ar* + \/i -a:» 

Here tan y 



V^l H- a:»- v^l - a« 
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Hence 



Hence 



27 



V I + «■ tany + i 

._ (i+tany)»-(i~tany)» 2t«ny 
• • *^ "■ (I + tany)2 + (I - tany)» " r+tiS^ " ■''' *^- 






COB 2y = a;. 



" ' <fo "" 008 ay ' 



/T-a* 



=> 



--log f A/l-^-g-f y/l-d? ^ I \/l+dg + \/l-g 

* l+V^i-ar^l I y I 

= -log (i + ^ I -a?2) - - log a?. 



4r 



aa;Vi -«* 

4 ., a/ iT^ - I . , 
^ = tan*^ ^ + tan.">- 



Let dT 3= tan s^ and the student can eaaily prove that 

if = -B; hence ^a- z. 
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^8 First Principles — Differmtiation. 



I. y = sec-^ X, Am. 



Examples. 
dy I 



3. y = « logaf. T^ = > + log*. 

a9 



3. y*=logtanar. 

4. y = log tan-' a;. 

5. y = a\/x. 



dy^ 2 
dx sin 2x' 

dy I 



dx (I + «2) tan-i «* 



^ • ^ X <^ COS (log ar) 

'6. y = BinGog*). g = — i^'. 

. 1 « dy I 



8. y = tan-i ^^ ^^ — ~ 



Here y = tan** v^« + tan*' v^a. 



^' ^"/TXaZ^i*' 



• log Ia /i + g» + g <^y^ I 



11. y 

12. y asm-' --7=1. -pg y 

^ (i + «> * dx (i + «) (f + X*) 

i-x dy (i + a?) 

14. y » r -i B - -i -. 

^/i + *2 <*»(!+ »»)* 
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ExamplcB. 2^ 



15- y 



(i - x^)^ sin-i a? rfy i - «* i + 



2«t^ 



^ I — tana? dy 

19. y = lo6-— + Jbg— -— -+V'3tan-»-^^ ^- 



i-x ■ *i-» + «a ^ •* !-«»' dlv i-«»*^ 



20. y = log {(2a; - i) + 2v^af* - a: - I } . 



ifo ■ (:b» - a? - I)i" 



\l-;r^/2 + a:* I-** ^ ! + «*' 
22. y = tf*'' tan-'a?. ^f "•"'(737;^ + «'**^"^* (^+lo«*)y 
23• Being giyen that ysx^li-aj^J |i J ;if 

dy ex^ + ^a^ + g"a:* 

detennine the values of <?, c', c". -4««. « = 3, c' = — 6, <j" = f . 



24. y = log (log a?). 



<f:i; «log« 



, 3 + 5 COB j: <fy 4 

25. y = cos-^ - — . -r • 

5 + 3 cos a: dx 5 + 3 cosa: 



26. y ss sin-' r. 



- 2 



I +«* <£r I + «• 



27. y = ««* 8m"» rr. 1^ ~ **" 8in«»-V» (a sinrx + mr cosrv). 

28. y = tf«*8mr«. j^ = *'»*V^a«+ r» sin (ra? + ^). 



<£b 



where tan ^ a -. 
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30 First Princ^lea — Differentiation. 

,9. y = log (v/^::7 + ^/r^*). /«». ;! = —^======. 

30. y = 2tan-i(i^]*. 

__ I — a? y <fy I 

Here = tan» - .*. ar = cos y .% ~ = - -; r:?. 

I + a? 2 ^ dx (I - ««)! 

31. y = af***. ~ = af*'*+'*-^(nlog«+i). 

32. y = (i+«2)igin(mtan-i«). ;^ = m(i +««)"i~cos {(m- Otan-'dr}. 

__. /a COS 09 - 6 sin a; <^__ — «J 

33' y- °*^\flfoo8» + i8iiia;' dx "" a^cos'o: - i^sin^a?* 

34. Define the differential coefficient of a function of a variable quantity, ' 
with respect to that quantity, and show that it measures the rate of increase of 
the function as compared wilJi the rate of increase of the variable. 
,. I . ^ ^-^ 



35. If y = -, prove the relation / ^ 



dy\ dx '""^ 



\/i + y* \/i + «* 

36. If « = log — ^ prove that •— is of the form 

°ar2 + a«-.^(^.^^)»_^^) *- <2aT 

T and determine the Values of A and B, Am, A^x.B^a. 

\/{x^\axY''bx 

•o A^i. J. ^ I ' ^ n / . ' nA -^sin^tf + ^sin'a + C 

37. Prove that ~ I sm a cos a v' i ~ <?* sm*^ | = , 

and determine the values of A, J, C, Ant. A = 3c', ^=- a (i + <?•), C= i. 

38. iftt = » + I.- +~^^ "^r^?**" • • • <^»»/'-^ndthesumof 

du / 

the series represented by — . Ans. (i - «*)-*. 

39. Eeduce to its simplest form the expression 

30* d_ x(x^ + ag)i I 

40. Ifsiny = :psin(«+y),provethat^ = 22^^?±i^). 

ax sma 
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JSxanyi>ks. 31 



dv 

41. Ifjf(i+y)»+y(i + a?)» = o, find-f. 

ax 

In this case «» (i + y) = yt (i + jr), 



or «-t-y+«y = o, .-. y = - 



i4-« ^ (!+«)* 



43. If » and y are giTen as fanctioiis of t by the equations 

<^ du F' (t) 

find the valne of :r ^ ^nns of <. :r = "TTTir* 

d» dx /' {t) 

44. y 



I +«« 



X + &c., tM inflnUum. 

_ «» dy » 

Hence y = --— . ~ - ■ . 

45. a? = « 1 

dP <fy logjff 



■*' Hence y = 



I -h logjr <te (i + loga?)« 
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CHAPTER n. 

SUCCESSIVE DIFFERENTIATION. 

33. Successive Derived Functions. — In the preceding chapter 
we have considered the process of finding the derived func- 
tions of different forms of functions of a single variable. 

If the primitive function be represented by /(a?), then, as 
already stated, its/r«^ derived function is denoted \yj/{x). 
If this new function, /'(a?), be treated in the same manner,, 
its derived function is called the second derived of the original 
function /(a?), and is denoted \yjf\x). 

In like manner, the derived function of f\x) is the third 
derived of /(a?), and represented ^jf'\x)y &c. 

In accordance with this notation, the successive derived 
functions oif{x) are represented by 

AA, /'H, /» /-H*), 

each of which is the derived function of the preceding. 
34. Successive Differential Coefficients. 

If y =/(;.), we have I =/'(^). 

Hence, difierentiating both sides with regard to x, we get 

then S=-^'(^)- , ' 

In like manner, ^( ^) i® represented by -^, and so on ; 
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Successive Differentials, 33 



'oe g=/"(;r), &o. .. 


•2--^-'<')- 


(0 


The oxpressioiiB 






dx" dj»' d^' ' 


• • dj^ 





are called Qiefirsty second^ thirds . , , rf^ differential coefficients 
of y regarded as a function of x. 

These functions are sometimes represented by 

y\ y", r, . . . yC', 

a notation whioli will often be found convenient in abbreviat- 
ing the labour of forming the successive differential coefficients 
of a given expression. From the mode of arriving at them 
the successive differential coefficients of a function are evi- 
dently the same as its successive derived functions considered 
in the preceding Article. 

35. Successive Dififerentials. — The preceding result admits 
of being considered also in connexion with differentials ; for, 
since x is the independent variable, its increment, dx^ may be 
always taken of the same infinitely small value. Hence in the 
equation dy =f {x) dx of Art. 7, we may regard dx as con- 
stant, and we shall have, on proceeding to the next differen- 
tiation, 

d[dy)-d<cd[/{x)'\^[dxYr{x\ 

since dlf{x)']=f(x)dx. 

Again, representing d {dy) by d^y^ 

we have d^y =/" {x) (dxf ; 

if we differentiate again, we get 

d^y =f" {x) {d^) ; 
and in general 

d^y =/(«) [x) {dx^. 

From this point of view we see the reason why/^**) (x) is 
caUed the n*^ differential coefficient oif(x). 

D 
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34 Successive Differentiation, 

In the preceding results, it may be observed, that, if dx 
be regarded as an infinitely small quantity ^ or an infinitesimal 
of the first order, (dxf being infinitely smMl in comparison with 
dxy may be called a;n infinitely small quantity or an infini- 
tesimal of the second order ; as also cPy, if/" {x) be finite. In 
general, dJ^y being of the same order as [dxf is called an t«- 
finitesimal of the n*^ order. 

36. Infinitesimals. — ^We may premise that the expressions 
great and small, as well as infinitely great and infinitely small, 
are to be understood as relative terms. Thus, a magnitude 
which is infinitely great in comparison with a finite magnitude, 
is said to be infinitely great. Similarly, a magnitude which 
is infinitely small in comparison with a finite magnitude is 
said to be infinitely small. If any finite magnitude be con- 
ceived to be divided into an infinitely great number of eqtuil 
parts, each part will be infinitely small with regard to the 
finite magnitude ; and may be called an infinitesimal of the 
first order. Again, if one of these infinitesimals be conceived 
to be divided into an infinite number of equal parts, each of 
these parts is infinitely small in comparison with the former 
infinitesimal, and may be regarded as an infinitesimal of the 
second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented, depends upon the unit with which 
the quantity is compared it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the earth 
may be regarded as a very small magnitude of the first order, 
and the length of a foot as one of a higher order of small- 
ness in comparison. Similar remarks apply to other magni- 
tudes. 

Again, in the comparison of numbers, if the fraction (one 

million)** or — j, which is very small in comparison with 



10" 
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Geometrical Illustration, 



35 



unity, be regarded as a small quantity of the first order, the 

fraction — -, being the same fractional part of — ^ that this is 

of I, must be regarded as a small quantity of the seoond 
order, and so on. 

The preceding is introduced solely for the purpose of 

illustration. If now, instead of the series — -g, f — ^ ) , f — -^ J , 



we consider the series -, — , —, 



in which n is 



supposed to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small quantity - Hence, if - be regarded as an infinitesimal 



maybe regarded as infinitesi- 



n 

of the first order, -;, — . . . — 
n^ n^ n^ 

mals of the second^ third, . . . r** orders. 

37. Geometrical Illustration of Infinitesimals. — The fol- 
lowing geometrical results will help to illustrate the theory 
of infinitesimals, and also will be 
found of importance in the appli- 
cation of the DifEerential Calciilus 
to the theory of curves. 

Suppose two points, -4, JS, taken 
on the circumference of a circle ; 
join B to J5^, the other extremity 
of the diameter AE, and produce 
EB to meet the tangent at A 
in D. Then since the triangles 
ADB and EAB are equiangular, 
we have 

AB BE ^BD AB 
AD" AE^'^'^AD^ AK 

Now suppose the point B to approach the point A and to 
become infinitely near to it, then ^JS becomes ultimately 

equal to AEj and, therefore, at the same time, -jj^ = i, 

I) 2 
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36 Successive Differentiation, 

Again, -jjz teoomes infinitely small along with ~j^, i. e. 

BD becomes infinitely small in comparison with AD or AB. 
Hence BD is an infinitesimal of the second order when AB is 
taken as. one of the first order. 

Moreover, since DE - AE < BD, it follows that, when one 
side of a right-angled triangle is regarded as an infinitely small 
quantity of the first order, the difference between the hypothenuse 
and the remaining side is, an infinitely small quantity of the 
second order. 

Further, draw BN perpendicular to AD, and BF a 
tangent at B ; then, since AB > AN, we get AD ~ AB 
<AD-AN<DN, 

''' BD ^ BDp DE' 

Consequently, ^^7 — becomes infinitely small along with 

AD, /. AD - AB is an infinitesimal of the third order. 
Moreover, as BF = FD, we have AD = AF+BF /. AF 
+ BF - AB is an infinitely small quantity of the third order ; 
but AF + FB is > arc AB, hence we infer that the difference 
between the length of the arc AB and its chord is an infinitely 
small quantity of the third order, when the arc is an infinitely 
small quantity of the first. In like manner it can be seen 
that BD - BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which AF and BF are tangents, since 
the length of the arc AB is less than the sum of the tangenta 
AF and BF, we may extend the result just arrived at to all 
such curves. 

* In this extension of the foregoing proof it is assumed that the ultimate 
ratio of the tangents drawn to a continuous curve at two indefinitely near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, since the ratio of the tangents is the same as that of the parallel 
diameters. Again, it can he seen without difficulty that an indefinite numher 
of ellipses can he drawn touching a curve at two points arhitrarily assumed on 
the curve ; if now we suppose the points to approach one another indefinitely 
along the curve, the property in question immediately follows for any con- 
tinuous curve. 
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Hence, the difference between the length of an infinitely 
small portion of any continuous curve and its chord is an 
infinitely small quantity of the third order ^ i. e. the difference 
between them is ultimately an infinitely small quantity of 
the second order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as 
infinitely small. 

If in the general case of any continuous curve, we take 
two points Ay B, on the curve, join them, and draw BE 
perpendicular to ABy meeting in E the normal drawn ix) 
the curve at the point A ; then all the results established 
above for the circle still hold. When the point B is taken 
infinitely near to A^ the line AE becomes the diameter of 
the circle of curvature belonging to the point A ; for, it is 
evident that the circle which passes through A and -B, and 
has the same tangent at ^ as the given curve, has a contact 
of the second order with it. See " Salmon's Conic Sections,'* . 
Art. 239. 

Examples. 

1. In a triangle, if the vertical angle be regarded as infinitely small, tbe 
other angles remaining finite, prove that the difference between the sides is 
infinitely small in comparison with either of them ; and hence, that these sides 
may be regarded as ultimately equal. 

2. Id a triangle, if the external angle at the' vertex be very small, show 
that the difference between the sum of the sides and the base is a very small 
quantity of the second order. 

3. If the base of a triangle be an infinitesimal of the first order, as also its 
base angles, show that the difference between the sum of its sides and its base 
is an infinitesimal of the third order. 

This furnishes an additional proof that the difference between the length of 
an arc of a continuous curve and that of its chord is ultimately an infinitely small 
quantity of the third order. 

4. If a right line be displaced through an infinitely small angle, prove that 
the projections on it of the displacements of its extremities are equal. 

5. If the side of a regular polygon inscribed in a circle be a very small 
magnitude of the first order in comparison with the radius of the circle, show 
that the difference between the circumference of the circle and the perimeter of 
the polygon is a very small magnitude of the second order. 
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38 Successive Differentiation. 

38. Fundamental Principle of the Infinitesimal Calculus. — 
We shall now proceed to enunciate the fundamental prin- 
ciple of the Infinitesimal Calculus as conceived by Leibnitz :* 
it may be stated as follows : — 

If the difference between two quantities be infinitely 
small in comparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the other in any expression. 

For let a, j3, represent the quantities, and suppose 

i • 

Now the ratio ^ becomes evanescent whenever i is infinitely 

small in comparison with j3. This may take place in three 
different ways : (i) when /3 is finite, and i infinitely small : 
(2) when i is finite, and (5 infinitely great; (3) when /3 is 
infinitely small, and i also infinitely small of a higher order i 

thus, if i = A'j3^, then j^ = A]3, which becomes evanescent along- 

with j3. 



* This principle is stated for finite magnitudes by Leibnitz^ as follows : — 
'' Cseterum eequalia esse puto, non tan turn quorum differentia est omnino nulla^ 
Bed et quorum differentia est ihcomparabiliter parva." ..." Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
oenseo, quarum ima numero sed finito multiplicata, alteram superare potest ; et 
qufld tali quantitate non dififerunt, aemialia esse statuo, quod etiam ^chimedes- 
siimsit, aluque post ipsum omiies." Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle oi Newton^ 
as laid down in Ms Prime and Ultimate Ratios, Lemma I. " Quantitates, ut et 
quantitatum rationes, qusB ad sequalitatem tempore quoyis finito constanter 
tendunt, et ante finem temporis illius proprius ad inyicem accedunt quam pra 
dat& quayis differential, fiunt ultimo aequales." 

All applications of the infinitesimal method depend ultimately either on the 
limiting ratios of infinitely small quantities, or on the' limiting yalue of the 
sum of an infinitely great number of infinitely small quantities ; and it may 
be obseryed that the difi^erence between the metbod of infinitesimals and that of 
limits (when exdusiyely adopted) is, that in the latter method it is usual to 
retain eyanescent quantities of higher orders until the end of the calculation, 
and then to neglect them, on proceeding to the limit ; while in the infinitesimal 
method such quantities are neglected from the commencement, from the know- 
ledge that they cannot affect the Jlnal resttlt, as they necessarily disappear ijk 
the limit. 
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Principles of the Infinitesimal Calculus, 39 

Accordingly, in any of the preceding cases, the fraction 
^ becomes nnity in the limit, and we can, in general, substi- 
tute a instead of /3 in any fmiction containing them. Thus, 
an'i^finitely small quantity is neglected in comparison with a 
finite one, as their ratio is evanescent, and similarly an infini- 
tesimal of any order may be neglected in comparison with 
one of a lower order. 

Again, two infinitesimals a, 0, are said to be of the same 

3 ... 6 

order, if the fraction - tends to a finite limit. If ^ tends to 

a finite limit, ]3 is called an infinitesimal of the w'* order in 
companson with a. 

As an example of this method, let it be proposed to deter- 
mine the direction of the tangent at a point {x, y) on a curve 
whose equation is given in rectangular co-ordinates. 

Let iP + a, y + /3, be the co-ordinates of a near point on 
the curve, and, by Art. 10, the direction of the tangent de- 
pends on the limiting value of - . To find this, we substi- 

a 

tute x-va for a;, and y + /3 for y in the equation, and neglect- 
ing all powers of a and /3 beyond the first, we solve for -, 

and thus obtain the required solution. 

For example, let the equation of the curve be o:^ + y^ = ^axy : 
then, substituting as above, we get 

aj^ + s^^a + y^ + 3y*/3 = saxy + ^axfi + ^aya : 

hence, subtracting the given equation, we get the 

limit of ^ = ^Jl^^. 
a ax - y^ 

39. Subsidiary Principle. — If Oi + 02 + as + • • • + On re- 
present the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if j3i, jSj, . . . /3n, be another system of infinitely 
small quantities, such that 
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40 Successive Differentiation. 

where ci, £2, . . . €n> ar© infinitely small quantities, then the 
limit of the sum of /3i, /32, . . . i3«, is ultimately the same as 
that of ai, 02, . . . an' 

For, from the preceding equations we have 

/3i-f j32 + . . .+j3» = ai + a2 + . . . +a» + ai£i +0262+ . . . + a«6«. 

Now, if »j he the greatest of the infinitely small quantities, 
€1, £2, . . . £n, we have 

/3i + /32+ . . . +j3n- (01 + 02+ . . . +a„) < ij (oi + aa . . . + a*), 

but the factor oi + 02 + . . • + on has a finite limit, by hypo- 
thesis, and as IJ is infinitely small, it follows that the limit of 
/3i 4^ 182 + . . . + /3n is the same as that of d + 02 + . . . + ©n. 
This result can also be established otherwise as follows : — 

The ratio /3. - ^^A...±P» 



Ol + 02 + *•.+«« 



by an elementary algebraic principle, lies between the greatest 
and the least values of the fractions 

) 5 • • • > 

Oi 02 On 

it accordingly has unity for its limit under the supposed con- 
ditions : and hence the limiting value of /3i + /32 + . . . + /3f» is 
the same as that of Oi + 02 + . . • + an»^ 

40. The principles of the Infinitesimal Calculus above 
established lead to rigid and accurate results in the limit, 
and may be regarded as the fundamental principles of the 
Calculus, the former of the Differential, and the latter of the 
Integral. These principles are also of great importance in 
practical calculations in which approximate results only are 
required. For instance, in calculating a result to seven deci- 
mal places, if — ^ be regarded as a small quantity a, then 

a', a^, &c., may in general be neglected. 

Thus, for example, to find sin 30' and cos 30' to seven de- 

cimal places. The circular measure of 30' is -r-, or .0087266 ; 
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Approximations. 41 

denotmg this by a, and employing the formulsB, 

a« a' 

sin a = a — 7- , cos a = i , 

o 2 

it is easily seen that to seven decimal places, we have 

— = .0000381, — = .0000001. 
2 o 

Hence sin 30' = .0087265 ; cos 30' = .9999619. 

In this manner the sine and the cosine of any small angle 
can be readily calculated. 

Again, to find the error in the calculated value of the sine 
of an angle arising from a small error in the observed value 
of the angle. Denoting the angle by a, and the small error 
by a, we have 

sin (a + a) = sin a cos a + cos a sin o = sin a + o cos «, 

neglecting higher powers of a. Hence the error is repre- 
sented by a cos a, approximately. 

In like manner, we get to the same degree of approxima- 
tion, X / \ i. a 
tan {a + a) - tan a = 



cos'^a 

Again, to the same degree of approximation we have 
a -\- a a ha — aj3 

where a, /3 are supposed very small in comparison with a and b. 
As another example the method leads to an easy mode of 
approximating to the roots of nearly square numbers ; thus, 

-v/a* + a = a + — ; \/a^ + a^ = a + — = a. whenever a* may 

be neglected. 

Likewise a/a^ + a = a? + — ;, &o. 

3«5 

If 6 = « + a, where a is very small in comparison with «, 
we have y^ = ^a^ + aa = a + - = 



2 2 
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42 Successive Differentiation, 

Again, in a plane triangle, we have the formula 

C C 

c^ = a^ -{■b'^ - 2ah cos (7 = (a + by sin^ — + (« - bf qo^ — . 

Now if we suppose a and b nearly equal, and neglect 
{a - by in comparison with {a + by^ we have 



: J{a + by sin'- ^ + {a- bf cos^ ~ = (a + J) 



. C 
sm — . 

2 



This furnishes a simple approximation for the length of 
the base of a triangle when its sides are very nearly of equal 
length. 

Examples. 

1. Find the value of (i + a) (i - 20^) (i + 3a^), neglecting a* and higher 
powers of o. Ana. i + o - 2a« + o^ 

2. Find the yalue of sin [a + o) sin {b + 0), neglecting terms of 2nd order 
in a and iS. Ans. sin a sin i + a cos a sin i + iS sin a cos ^. 

3. If w = w — e sin w, e heing very small, find the value of tan 5W. 

Ans. (i + «) tan — . 
^ ' 2 

^ u m e , J. ^ J. I *n \, e . . 

Here -=- + -sinw; tan- = tan( — + a ), where a =- sinw, .*. &c. 
2222 \2 y 2 

4. In a right-angled spherical triangle we have the relation cos e = cos acosb; 
determine the corresponding formula in plane trigonometry. 

The circular meaftire oi a ia —, It being the radius of the sphere ; hence, 

at 
substituting i - — for cos a, &c., and afterwards making jB = 00, we get 

5. If a parallelogram be slightly distorted, find the relation connecting the 
changes of its diagonals. 

Ans, dAd + d'Ad' = o, where <f, d* denote the diagonals, and Ady Ad' the 
changes in their lengths. In the case of a rectangle the increments are equal, 
and of opposite signs. 

6. Find the limiting value of 

Aa»* + .gg*"^! -{- Ca^i + &C. 
«a'» + ^a"^» + ro»** + &c. 
when a becomes evanescent 

In this case the true value is that of =■ — o"»'». 

aa** a 

Hence the required value is zero, — , or infinity, according as m >, =, 0? < «. 
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Examples, 4^ 



7. Find the yalue of 



6 120 
art ^» 

I + — 

2 24 

neglecting powen of z beyond the 4tli. Ant. i + — + — . 

8. Find the limiting yalue of - when d; = o, d; and y being connected by tho 

X 

equation y* = 2xy - or*. 

Here y yanishes along with x : and, if we divide by a;*, we get 



M - I = I, .'.- = -, in the linut. 

\x) X X z 



9. In fig. Art. 37, if AB be regarded as a side of a regular inscribed polygon 
of a very great number of sides, show that, neglecting small quantities of the 
4th order, the difference between the perimeter of the inscribed polygon and 
that of the circumscribed polygon of tiie same number of sides is represented 

by'j5Z>. 

Let ft be the number of sides, then the difference in question is n {AD -AB), 

arc AB ^ AB 

= irAE ^^''^^ =ir {D£ - AB) = - BD, q. p. 

AJi 3 

This result shows how rapidly tbe perimeters of the circumscribed and in-^ 
scribed polygons approximate to equality, as the number of sides becomes yery 
great. 

10. Assuming the earth to be a sphere of 40,000,000 metres circumference, 
show that the difference between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than t^th of a millimetre. 

I r. If one side ^ of a spherical triangle be small, find an expression for the 
difference between the other sides, as far as terms of the second order in b. 
Here cos <; = cos a cos d -(- sin a sin b cos C. 

Let z denote the difference in question ; i. e. e = a--z; 
then cos a cos 2 + sin d( sin z a cos cos d + sin a sin ^ cos C, 

.'. sin « — sin * cos C = cot a (cos b — cos z). 

Since z and b are both small, we get, to terms of the second order, 

_ ^ cot a , 
z-bcoaC=> («2-*-). 

The first approximation gives 2 = ^ cos (7. If this be substituted for z in tho 
light hand side, we get, for the second approximation, 

-, 'i* sin' (7. cot a 
z = bcoBO . 
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44 Successive Differentiation. 

We now proceed to find the successive derived functions 
in some elementary examples. 
41. Derived Functions of af^. 

Let y = ixf^y 

then -^ = mx'''-\ ^ = w (m - i) af^\ 

€tnd in general, ■—^ = m{m- i) (m- 2) . . . (w-n+ i)af^. 
If m be a positive integer, we have 
d^ (of) 



daf 



= I . 2 . . . {m- 1) m, 



and aU the higher derived functions vanish. 

If m be a fractional, or a negative index, then none of the 
successive derived functions can vanish. 



Examples. 

I. If M = as!^ + bx**~^ + ex^~^ + &c, prove that 

— = n (« - i) ac»^« 4- (n - i) (« - 2) *«»-2 + &c., 

^80 — =1.2.. ..n. a, and ^ijr, = «• 



a:" 
prove that -f^ = -, -4 = — ^^ ^, 

3. y = 2« v/« ; 

provethat -^-^=— , ^— -, _ = ---j, 

'^"^ = r- I > 3-5-7-»»(a«-Og 
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Derived Functions of sin mx. 45 

42. ^y = a^ logo?, to find -— . 
Here —• = 3^2?' log a? + a^ ; 

also -^ = 6a? log a; + 3a; + 2a; = 6^? log x + 5^^ 

It might have been observed that in this case all the 
terms in the successive differentials which do not contain 
log X will disappear from the final result — ^thus, by the last 

article, = o, accordingly that term may be neglected ; 

Cm/ 

and similar reasoning applies to the other terms. The work 
can accordingly be simpMed by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 

^, where y = a^"^ log x. 

For, as in the last, we may neglect as we proceed aU terms 
which do not contain log a? as a factor, and thus we get in 
this case, 

d^y _ (n - i) . . . 2 . I 





daf~ X 


43. 


Derived Fuiictions of sin mx. 


Let 


y - Bin mx, 


then 


dy 

-f- = m cos ma?, 

ax 




dry „ . 

— *^ = - wr sm mxy 
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46 Succesme Differentiation. 

(I) 



and, in general, j~ = (- i)» m-^ sin mx, 






It is easily seen that these may be combined in the single 
equation (Art. 22), 



(^ (sin mx) 

In like manner we have 
6?'* cos mx 



= m^ miimx •¥ r -\ (2) 



imx + r-\ 



, ^ ■ = m' cos 
doif 

44. Derived Fiiuctions of ^. 

Let y = c«^, 

then ^=a^- ?^=a^^, . . . S = «"^"- (3) 

This result may be written in the form 

^Y.e«^ = ««^*, (4) 

/ d\^ 
where the symbol ( — j denotes that the process of differentia'- 

iion is applied n times in siiccession to the function e^. 
In general, adopting the same notation, we have 

= -4oa"^' + ^la'^-V* + A^-''^ + &c. 
= {A^"" + ^la**-* + A-^'^'' + &o. + ^„] e'. 
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Derived Functions of e^ cos hx, 47 

This result, if ^ [x] denote the expression 

A^ + AiOlf^^ + . . . An, 

may be written in the form 

«(^)^''^ = «(«)^'; (5) 

in which ^(a) is supposed to contaiu orHy positive integral 
powers of a. 

45. To find the n*^ Derived Piiuction of ^COsJiP. — ^Let 
7/ represent the proposed expression, 

then -r- = (^'^ cos bx - hef^ sin bx 

ax 

= el^ (a cosbx - b embx) ; 



if tan ^ = -, we have b^^ci^ + V^ siu^, and a^^/a" + b^ cos^. 
Hence we get 



Again 



^ = (a* + J*)i ^ cos i^x + ^). 



§= (a^ + V)^^^ [acos(Sir + ^) - J sin (Ja; + ^)] 



= (c? + 6^^) e^ cos {})X + 20). 

By repeating this process it is easily seen that we have in 
general wnen n is any positive integer. 



^={0" + b'f^ cos {bx + w0). (6) 



daf 
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48 Successive Differentiation. 

46. To find the Derived Functions of tan"*^ f - j, and tan"^ a?. 

Let y = tan-M - ), or a? = cot y : 



dy - I 



do? cb\dx) da;^ ^' dxdy^ "' 



= sin* p -T- {wo? y) = sin' y sin 2y. 
dy 

= - sin^y Y (sin^y • sin 2y) 
= - 1^2. sin^y sin 3y. (^ar. 5, -4^^- 28.) 

Hence, also -r^i = 1.2.3. sin*y sin 4y ; 

and in general, .-^ = (- i)" [ n- i . sin*»y sin wy. 

IT I 

Affain, since tan^^a? = tan"^ -, 

^ ' 2 X 

^e have ^?!_(^:?:^ = (_ i)-i In - i . sin«y sin ny, (7) 

where y = cot"^ir, as before. 

This result can also be written in the form 

. I 



siniwtan*"^ , 
d-{i^vr^x) _ .„.. ,„_j_V £^. (8) 
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Leibniiz^8 Theorem. 49 

47. If y = sin (w sill'* a?), to prove that 

Here 

rfy _ m COB (m sin^^a;) 

.-. (i - a^) ^ JY = m« 00B» {m Att't) = w« (i - y'). 

Henoe, differentiating a second time, and dividing by 2-f^y 

dx 

we get the required result. 

48. Theorem of Leibnitz. — ^To find the n*^ differential 
coefficient of the product of two functions of x. Let y = «f ; 
then adopting the notation of Art. 34, we write 

and similarly, y\ i/\ if\ &C.9 for the second and higher 
derived functions — ^thus, 

Now, if we differentiate the equation, y = wr, we have 

%f ^uv ^ m\ by Art. 13. 
The next differentiation gives 

y" s'Wtj" + wV + t?V + vu'' = «r" + 2UV + vu'\ 
The third differentiation gives 

f = urf'' + «V' + 2uV + 2wV + tV + m''' 

= lit?"' + 3wV' + 3t*V + 17/", 

in which the coefficients are the same as those in the expan- 
sion of (a + by. 

E 
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50 Successive Differentiation. 

Suppose that the same law holds for the n** differential 
coefficient and that 

yW = i^t^W + nu'v^^') + !L(!^ u'^vi"^') + &c., 

I . 2 

then, differentiating again, we get 

+ ^^^'?-^(?r«;("-^)+t*'V«-^))+&c. . . . +w(~«)«? 

2 ^ ' 

= Uvi''^') + (;i + l) t«'t?W + (^+0^ ^.^,(n-i) + &c. . . . 
^ ' 1.2 

in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of w, 
it holds for l£e next higher integer ; but we have shown that 
it holds when ^ = 3 ; therefore, it holds for n = 4, &c. 

Hence it holds for aU positive integer values of n. 

In the ordinary notation the preceding result becomes 

d*^ (uv) d^v du d*"^v n in - i) dhi d'^'^v ^ 

— :!^ — L = u \-n 1 — ^^ 1- &c. 

, da^ do^ dx dxT^ 1.2 dx"^ d<xf^^ 

49. To prove that 

(I)" (^.) =«-(,. !)".„. („) 

Let «? = c^ in the preceding theorem ; 

dv dH , d^v 

then, smce — = ae«% ^ = a'e"', • • • ^ = «"^> we have 



\~, , / ^,dii n(n-i) d^u « d*'u\ 

y ^ \ dx I . 2 dx^ dafj ' 
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Applications of Leibnitz* 8 Theorem. 51 

which may be written in the form 

where the symbolical expression [^+-7-) is supposed to be 

developed by the Binomial Theorem, and -7-, -7-;, . . . - 

^ ^ dx dor daf 

substituted for [-r-j^j v^)^' i^)^''^ *^® resulting ex- 
pansion. 

50. In general, if ^ (a) represent any expression involving 
only positive integral powers of a, we shall have 

For let ^ f — j when expanded be of the form 



" \dxj ^ \dx 



\n-i 

; j -{-...+ An 



then the preceding formula holds for each of the component 
terms, and accordmgly, it holds for the sum of all the terms, 
.'. &c. 

The result admits also of being written in tie form 

This symbolic equation is of importance in the solution 
of differential equations with constant coeiEcients. See 
" Boole's Differential Equations," chap. xvi. 
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52 Successive Differentiation. 

51. K y = sm~^ir, to prove that 

Here -J^ = rr^rr:-, 01 (l - if^)^ ~ = I T 

hence, by differentiation, 

Again, by Leibnitz's Theorem, -we have 

On subtracting the latter expression from the former, we 
obtain the required result by (14). 
If 2; = o in formula (13), it becomes 

where [-7^) represents the value of -7^ when a? becomes 

cypher. 

Also, since i'T') - ^9 ^^ S^^ when n is an odd integer. 



fd;^\ ^ 



3^5^ 



Again we have (3^) = ^ 5 consequently, when n ii 
integer we have (^) = o. 



IS an eten 
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Applications of Leibnitz^ s Theorem. 53 

52. If y = (1+ nt^y sin (/;* tan"*^), to prove that 

(i+<^)g-2(m-i)^|+«(»»-i)y = o. (15) 
Here 

~^mx{\-\-o^Y sin(wtan~*ic) + m(i +ar*)* oos(wtan"'ar), 
or 

(i +a^H^=mir(i + ir*)*sin(mtan~*a?) + wj(i +a:*)'cos(mtaii"''a?) 

= mxy + m (i + a:*)^ cos (w tan"* a;) ; 

/ ox? / i IV I + a^ du 

.'. (I + ar)* cos (m tan'* a:) = f- - xy, 

^ ' ^ ' m dx. 

The required result is obtained by differentiating the last 
equation, and eliminating cos (wtan*"*ir) arid sin (mtan"*a?) by 
aid of the two former. 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in general — 

Hence, when ii? = o, we have 

Moreover, as when a: = o, we have y = o, and -~- ^ m\ it 

dx 

follows from the preceding that, 

(^j„=o;(^j^=(-0"M"»-i)...(«»-2»). (16) 

For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, TraitI de 
Calcul Diff^rentiel, p. 144, &c. 
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54 Successive Differentiation, 



Examples. 

cH^y 1 4 
1, y^st^ log ar, prove that -—s— — ' 

rf»y , . i.2...(» — 2) 

*• y = ^ i»s*. » ^ = (- 0- —^^ — . 

3- y = a:*, „ — = a:*(i + log a;)« + ic«-*. 



4- y = log (sin a;), 
$. y = tan- 

6. y = a:^log(a;8), 

7. y = L 



a-*;/ __ 2 cos a; 
^"^ Z + tan-i- — -., „ — - 



rf'y 8 >v/ 2 . ar» 



\ i-a:>/2 + icS I-^' 



8. y = e»^siiia;, 



cra;2 (i+o:*)* 

^»y ^« sin (ar + »7^) 



where tan* = -. 
r 

9. If y = ^*ar»', prove that 






L ' -2 J 

ic. If y = a cos (log a;) + ^ sin (log a;), 

prove that ^rfl'^^^"'"^~°* 

II. If y = c«»in-i', 

, d*i/ (l(/ 
prove that ( i - ^') ^^ - ^ ^ :. = «*y- 
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Examples. 55 

12. Prove that the equation 

d^y dy 

Ib satisfied by either of the following yalues of y : 

y = cos {a sin-* a;) , or y = c^ ^-^ '. 

13. Being given that y = (ar + *s/x^ - i)", 

^M du 
prove that (^' - *) t4 + * ^ — ^"^V - °- 

14. If y = sin (sin x), 

d^y dy 

prove that -— + -— tan « + y cos- a: = o. 

dz^ dx 

15. In Fig. Art. 37, if -42? be regarded as a side of a regular polygon of an 
indefinitely great number of sides, show that tho difference between the circum- 
ference of the circle and the perimeter of the polygon is represented by - 7?i), 
to tho second order of infinitesimals. 

16. If y = ^ cos «a; + -B sin nx ; prove that I — + w- I y = o- 

I ^ny |«8in»»*i^sin(«-»-i)^ 

17. If y = , prove that -r^ = (- 0" -2 , 

where = tau-^ -. 
^ X 

This follows at once from Art. 46, since — f tan-* - ) = -^ — -. It can also b© 
^ ' dx\ X I a* + x* 

proved otherwise as follows : 

I ^ ' r I L_l 

a* + x^ 2a(- i)*LaJ -«(-!)* a;i-a(-i)ij' 



d'*y 



- ^ f ^ V I I f d Y» 

~ 2a {- i)i \dx ) ' X - a {- l)^" 2a {- i)i'\dx I ' 



dx^ 2a{- i)^\dx }' x-a (- I)* 2a {- i)^\dx } x + a (- i)» 

_ (- 1)» 1 .2...W r I I "I 

2a (-1)4 [_(x-a{-i)i)*^^ " (a; 4- a(_ i)J)"*i J 
~ 2«(-i)4 L C^* + «')"*^ j" 
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and we get finally, 



56 Successive Differentiation. 

Again, since - = tan ^, we have a = \/a^-^x^ sin ^, and x = \/a*+sfi cos ^ ; 

hence (a: + a {- i)l)n*i ^ (^2 ^ ^2) 2 (^.^g ^ + (« , )| ^n ^)»+i 

= (a2 + :r2) 2 {cos(»+ i)^ + (- i)* 8m(n+ i)^} ; 

^"^ / v„U . sin (« + i) A . 8in«+i ^ 

18. In like manner, if y = -r , 

prove that ^ = r- i> li?'"^"^'^' <^Q« (*» "^ ^ 

rf;i:» ^ ^ ; -Ti 

19. If f« = ary, 

prove that __ = a: — ^ + fi -—4. 

20. Ifw = (8in-iar)2, 

prove that (j « a:*) — - - a: -- = 2. 

21. Prove from the preceding, that 

cC^y du 

22. y = ^« sm ia:, prove 3"! - ^<* / + («' + i^) y = o. 

.3. Given y = ^—, find—. 
Here -^ — ^= + 



z^-e^ 20 x-c 20 x + e' 



Hence - ^ ^ (- 'Hjif ^^ + ^ + ^^ - ^ ] 

Digitized by LjOOQ IC 



( 57 ) 



CHAPTER III. 

DEVELOPMENT OF FUNCTIONS. 

53. Iieinma. — If « be a function of ^ 4- y which is finite and 
continuous for all values of ^ + y, between the limits a and J, 
then for all such values we shall have 

dii du 
dx dy 

For, let u =f{x + y)^ then if x become x + A, 

^' = li^t of /(■^+y+^)-/(^^y) 

dx h 

when h is infinitely small. 

Similarly, if y become y + ^, we have 

^J!. = Hmit of /(^+y-^^o-/(^^y\ 

dy h 

which is the same expression as before. 

■rr du da 

Hence -r = ^• 

dx dy 

Otherwise thus : — Let z = x + yy then u =/(*), 
dz , dz 

du ^ du dz __ ^.. ^ 
Tx'dzTx'''^^^^' 

du dudz ^,. dii 
dy dzdy ^'^^ dx' 
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58 Development of Functions, 

54. If f{x + y) he a continuous function which does not 
hecome infinite when y = o, its expansion in powers of y can 
contain no negative powers ; for, suppose it contains a term of 
the form Mi/^, where M is independent of y, this term would 
hecome infinite when ?/ = o ; but the given function in that 
case reduces to /{a) ; hence, we should have f{x) = 00, which 
is contrary to our hypothesis. Consequently, the expansion 
oif{x-\-i/) can contain only positive powers of ;y. 

Again, if /(a?) and its successive derived functions he finite 
and continuous, the expansion of f{^ + y) can contain no 
fractional power of y. For, if it contain a term of the form 

Py»+j where - is a proper fraction, then its (n + i)''^ derived 

function with respect to y would contain y with a negative 
index, and, accordingly, would become infinite when y = o; 
which is contrary to our hypothesis. 

Hence, with the conditions expressed above, the expan- 
sion of f{x + y) can contain only positive integral powers of y. 

55. Taylor's Expansion of /(^ + y) .* — Assuming that the 
function /(a? + y) is capable of being expanded in powers of v/, 
then by the preceding this expansion must be of the form 

fi^-^y) = Po + Piy + P2f Hr &c. + Pny'' + &c., 

in which Po, Pi . , , Pn are supposed to be finite and con- 
tinuous functions of ^. 

When y = o, this expansion reduces to/(^) = Po. 

Again, let u =f{ai + y), then by differentiation, we have 

du dPo dP, JP.^ JPn « 

ax ax ax ax ' ax 

g = Pi + 2P,y + iP,f + &c. 

* The investigation in this Article is introduced for the purpose of showing 
the heginner, in a simple manner, how Taylor's series can he arrived at. It is 
based on the assumption that the function /(a; + y) is capable ol being expanded 
in a series of powers of y, and that it is also a continuous function. It demon- 
strates that whenever the function represented \)y f{x ^ y) is capable of being 
expanded in a convergent series of positive ascending powers of t/, the series 
must necessarily coincide with the form given in (i). • An investigation of the 
conditions of convcrgency of the scrie?, and of the applicability of the Theorem 
in general, will be introduced in a subsequent part of tlie Chapter. The p:u ti- 
cular case of this Theorem whcn/(jr) is a rational algebraic <»xpression of the >/'''* 
degree in x is already familiar to tlie studentwhohas read theTheory of Equations. 
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Taylor^ 8 Expamion off(x -ty), 59 

Now, in order that these series should be identical for all 
values of y, the coefficients of like powers must be equal. 
Accordingly, we must have 

I . 2 ax 1.2 dx^ 1.2^' 

^ dx 1.2.3 ^^ 1.2.3 
and, in general, 

I . 2 . . . ^i fl^ I . 2 . . . w 

Accordingly, when /(;r) and its successive derived func- 
tions are finite and continuous, we have 



/(;.+2,)=/(^)+^/(^)+-/-/'(^) + ... + £-/W(^) + ... (!}■ 



This expansion is called Taylor's Theorem, having been first 
published, in 17 15, by Dr. Brookfi Taylor in his Methodm 
Incrementorum, 

It may also be written in the form 

^ ^^ ^ ^ ^ 1 dx 1 . 2 dx^ \n daf* ^ ^ 

or if u =f{x), and Ui =f{x + y), 

y du ?/ dht y^ d^^n „ , . 

To complete the preceding proof, it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 
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to ' Development of Functions, 

showing that the expansions usually given in elementary 
treatises on Algebra and Trigonometry are particular eases 
of it. 

56. The Binomial Theorem. — Jj^i u = {x-\-yY\ 
here/(ip) = af^y therefore, by Art. 41, 

f{x) = naf"\ . . ./'•)(^) = ^i (n - i) ...(«- r + i^-^ 

Hence the expansion becomes 

/ w « ^ t^i nin- 1) ^ „ o 

[x + yf =^ 0(f + -af^^y + — ^ ^ af-^y + . . . 

nin- i) . . . {n- ''- i) „ ^ ^ « t ,\ 

-f — ^^ ^^ a?''-V + &c. (4) 

I . 2 . . . r "^ 

If w be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when applied to the case where n is negative or 
fractional. 

57. The Logarithmic Series. — To expand log (^ + y). 

Here f{x) = log {x),f{x) = i /'(^) = - i 

Accordingly, 

log (x+y) = log ic 4- ^ - -^ + -^ - -^ -f &c. 

If ip = I, this series becomes 

log(i+y)=|-^ + ^-...(-ir^&o. (5) 

When taken to the base a, we get, by Art. 29, 

log«(x.y)=i^(f-?-f-=^-^&c.) ! (6) 
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58. To expand sin (a? + y). 

Here /(a?) = sin x, f{x) = cos x, 

f'x = - sin x^ fix) = - cos a?, &c. 
Hence 

sin (x-\-ij) = sinic i - — + '- &c. ± f- — • . . . ) 

^ ''^ V 1-2 1.2.3.4 \2n_ I 

.oosJl-^-. ^ ...±^...\ (7) 

\I 1.2.3 1.2.3.4.5 \ 2n-l J ^'^ 

As the preceding series is supposed to hold for all values^ 
it must hold when a? = o, in which case it becomes 

siny=^ ^ + ^ &c. (8) 

I 1.2.3 1.2.3.4.5 ^ ^ 

Similarly, if a? = -, we get 

cos y = I - -^— + ^ &c. (9) 

^ I . 2 I . 2 . 3 . 4 ^^^ 

We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

5Q. Maclaurin's Theorem. — ^If we make a? = o in Taylor's 
expansion, it hecomes 

/(y) =/(o) +/ (o) ? +/'.(o) -^ + . . ./(") (o) f^ + ... (10) 



Where /(o) . . ./(**) (o) represent the values which /(a?) and 
its successive derived functions assume when a? = o. 

Substitute a for y in the preceding series and it becomes 

m =/(o) +-/ (o) + ~r{o) + . . . + ^/t") (0)+ &e. 

* These expansions are due to Newton, and were obtained by him by the 
method of reversion of series from the expansion of the arc in terms of its sine. 
This latter seiies he deduced from its derived function by a process analogous 
to integration (called by Newton the method of quadratures). See Opuscula, 
torn. I., pp. 19. 21. Ed. Cast. Compare Art. 64^ p. 65. 
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This result may be established otherwise thus ; adopting 
the same limitation as in the case of Taylor's Theorem. 

Assume f(x)=A^Bx-^ Cx" + i)^ + Ex" + &c. 
then f (x)^B + iCx + 32>ic- + ^Ex" + &c. 

f (a?) = 2C + 3 . 2 D^ + 4 . 3^0^ + &c. 
f\x) = 3 . 2i) + 4 . 3 . 2^a? + &e. 

Hence, making ^ = o in each of these equations, we get 
/(o)=A /(o) = 5, 4-^ = C, f^ = 2),&c. 

whence we obtain the same series as before. 

The preceding expansion is usually called Maclaurin's* 
Theorem ; it was, however, previously given by Stirling, and 
is, as shown already, but a particular case of Taylor's series. 
We proceed to illustrate it by a few examples. 

6o. Exponential Series. — Let y = (f. 

Here / (x) = a^, hence / (o) = i, 

f{x) =r^^logfl, „ /(o) =l0gflf, 

r{x) = «' (loga)S „ ,r(o) = {log ay , 

/W (x) = cf (log a)-, „ fW (o) = (log a)- ; 

and the expansion is 

(x loff rt) Or loff aY (i^ loff «)** „ , 

I 1.2 I . 2 . . ,n ^ 

If (?, the base of the Napierian system of Logarithms, be 
substituted for a, the preceding expansion becomes 

X X^ iC** 

e* = I + - + + . . . + + . . . (12) 

I I . 2 I , 2 . , . n 



* Maclaiirin laid no claim to the theorem which is known by his name, for, 
after proving it, he ndds — "This theorem was given by Dr. Taylor, methods 
increm" See Maclanrin's Fluxions, vol. 2, Art. 751. 



Digitized by VjOOQ IC 



Huygen^ Approximation. 63 

If a? = I this gives for e the same value as that adopted in 
Art. 29, viz. : • 

III I 

^ = I + - + + + 



I 1.2 1.2.3 1.2.3.4 

6r. Expansion of sin x and cos a? by Maclanrin's Theorem. 
Ijet/(:r) = sinar, then 

/(o) = o, / (o) = I, r (o) = o, r (o) = - 1, &c. 

and we get 

sm 0? = — 



I 1.2.3 1.2.3.4.5 
In like manner 

X"" X* 

cos X = 1 + ... 

1.2 I .2,^ 4 

the same expansions as already arrived at in Art. 58. 

Since sin {- x) = - sin x, we might have inferred at once 
that the expansion for sin x in terms of x can only consist of 
odd powers of x. Similarly, as cos (- x) = cos a;, the expan- 
sion of cos X can only contain even powers. 

In general, if F{x) =F{-x)y the development of F{x) 
can only consist of even powers of x. If jF(- x) = - F{x), the 
expansion can contain odd powers of x only. 

Thus, the expansions of tan x, sin^^o?, isirr% &c., can con- 
tain no even powers of x ; those of cos x, sec x, &c., no odd 
powers. 

62. Huygens' Approximation to length of Circular Arc* — 
If A be the chord of any circular arc, and B that of half the arc ; 

87? — j4 
then the length of the arc is equal to , q. p. 

For, let jB be the radius of the circle, and L the length of 
the arc : and we have 





A 


--2 


sin 


L 

2li' 


B 
R~ 


. L 


* 















* This important approximation is due to Huygens. The demonstration given 
above is that of Xewton, and is introduced by him as an Qpi)llcation of his ex- 
pansion for the sine of an angle. Vid. Epis. Prior ad Oldenburgium. 
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64 Development of Functions, 

hence, by (8), 

2 . 3.4 .ie^ 2.3.4.5. 16.^* 

2.3.4.^- 2 . 3 . 4 . 5 • 64 . ^* 

consequently, neglecting powers of -^ beyond tbe fourth, we 

get 

SB-A 



'K'-^} "^> 



3 
Hence, for an arc equal in length to the radius the error in 

adopting Huygens' approximation is less than -To-** part of 

the whole arc ; for an arc of half the length of the radius, 
the proportionate error is one-sixteenth less ; and so on. 
In practice the approximation* is used in the form 

Z = 25 + - (2^ - A). 

This simple mode of finding approximately the length of 
an arc of a circle is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
mately circular. See Rankine's Rules and Tables, tart I. 
Section 4. 

♦ To show the accuracy of this approximation, let us apply it to find the 
length of an arc of 30° in a circle whose radius is ioc,ooo feet. 

Here ^ «s 2 JK sin 7** 30', A ^2Bnnis^; 

hut, from the tahles, 

sin 7* 30' =r .1305268, sin 15* = .2588190. 

Hence %B + » 5*359-7i* 

3 

The true value, assuming » = 3.14159, is 52359.88 ; whence the error is hut .17 
* a foot, or ahout 2 inches. 
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63. Expansion of tan*^ ^.—Assume, according to Art. 61, 
the expansion of tan"^« to be 

Ax''\- Ba? + CSr^ + Dx^ + &c., 

where A^ J9, (7, &o., are nndetermined coefficients ; 

."I ^f.tan-'a? 

"1®^ — ^— = A + zBa^ + sCfc* + 72>d:« + &c. ; 

when X lies between the limits ± i. 
Oompaxing coefficients, we have 

^=1, 5 = -l (7 = i 2> = -i&o. 
Henoe^ 

This expansion can be abo deduced directly from Maclaurin's 
Theorem, by aid of the results given in Art. 46. This is left 
as an exercise for the student. 

64. Expansion of sin^^or. — ^Assume, as before, 

fiin""« = Ax + Baf^ + Cx^ + &c. ; 
then (ilx')ii " -^ "^ ^-^^ ^ 5Cfe* + &c. ; 



+ 7— ^^'^'^ + . . 

2.4... 2r 

Hence, comparing coefficients, we get 

^=1, B = \.\, (7=i^5.1,&o. 

23 2.4 5 

Finally, 

.4? la^ 1.3a?* 1 .3...2r-i ^-'^i 

I 23 2.45 2.4... 2r 2r + i ^^^ 

F 
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66 Development of Functions. 

Since we have assiuned that sin~^^ vanishes along with a?, we 
must in this expansion regard sin"* a: as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin"* a?, if requisite. 

A direct proof of the preceding result can be deduced . 
from Maclaurin's expansion by aid of Art. 51. We leave 
this as an exercise for the student. 

From the preceding expansion, the value of tt can be 
exhibited in the following series, 

6 2 2.38 2.4.532 

For, since sin 30° = -, we have — = sin"'*- .". &c. 
' "^ 2 62 

An approximate* value of tt can be arrived at by the aid 
of this formula ; at the same time, it may be observed that 
many other expansions are better adapted for this purpose. 

65. liuler's Expressions for^ Sine and Cosine. — In the 

exponential series (12), if x^- 1 be substituted for a?, we 
get 

^^^ = I - — -f "^ .- &c. . . . 

1.2 1.2.3.4 

+ y- I + &c. . . . 

Li 1.2.3 J 

= cos « + v^- I sin ic ; by Art. 59. 
Similarly, er'"^^ = cos a? - ^/- i sin x. 
Hence e^^ + e"^''"* = 2 cos x, "i 



^1 - g-^^-i = 2-v/- I sin ar. J 



(16) 



A more complete development of these formulaa will be 
found in treatises on Algebra and Trigonometry. 



* The ezpansion for sin'^a;, and also this method of approximating to ir, 
given by Newton. 
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66. Jo)m Bernoulli's Series. — ^If, in Taylor's Expansion, 
(i), we make y = - a?, and transfer f{x) to the other side of 
the equation, we get 

fix) =/(o) +;,/(«:) -^/'(^) + ^^f"(x)-&o. (17) 

This is equivalent to the series known as Bernoulli's,* 
nd published by him in Act. Lips.y 1694. 

As an example of this expansion, letf{x) = €* ; then 

/(o) = i, /H=^, /»=^,&e,, 
and we get 

e^ = I +ice^ e^ + &c. 

1.2 

Or, dividing by e^, and transposing, 

,.2 



e"* = I - a? + 



x^ 



I . 2 
which agrees with Art. 60. 

67. Symbolic Form of Taylor's Theorem. — ^The expansion 

/(^+y)=/W+v|./(^) + ^(|J./(^) + &o., 

may be written in the form 

in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 

f{x^y)^^if{x), (19) 

* In his Bedttc. Quad, ad long, eurv.j John Bernoulli introduces this theorem 
again, adding — ** Quam eandem seriem postea Taylonis, interjecto viginti 
annommintervallo, iulibrum quern edidit,A.D. 17 15, de methodo incrementorutn, 
transferre dignatus est sub alio tantum characterum habitu/ ' The great injustice 
of this statement need not be insisted on ; for while Taylor's Theorem is one of 
the most important in the entire range of analysis, that of Bernoulli is compara- 
tiyely of little use ; and is, as shown above, but a simple case of Taylor's 
Expansion. 

T 2 
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where e ^ \& supposed to be expanded as in the exponential 
theorem, and i^ ^^ffl^ written for .^f-^Y/(ar), &e. 



This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite DifEerences. 

68. Otlier Forms derived from Taylor's Series. — In the 
expansion (3), Art. 55, substitute A for y,- 

^, hdu h^ cPu A** d^'u p 

then Wi = w+--7- + 7-; + ... t^ + &c. 

I ax 1 ,2 ax^ 1 . 2 . . . w oa^ 

If, now, A be diminished indefinitely, it may be represented 
by cfor, and the series becomes 

du dx d^u da^ c^u d^ 



iii=t*+- + +...+ 



dx \ da^ 1.2 d<xf^ i .2 ...n * " 

or ux--u=^efe+-fflefo»+=^^^<ir' + &c., (20) 
I 1.2 1.2.3 ^ ^ 

in which th - w is the compkte increment of w, corresponding to 
the increment dxinx. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 

du =/' {x) dxy 

the same result as given in Art. 7. 

Another f onn of the preceding expansion is 

du d^u <Pu d^u f, , . 

«i -.t* = — + + +...+ + &0. (21) 

I 1.2 1.2.3 I.2,..» ^ ' 

69. Theorem. — If a function of x become infinite for any 
finite value ofx^ then all its mccemve derived functions become 
infinite at the same time. 

If the function be algebraic, the only wajr that it can be- 
come infinite for a finite Talue of d; is by its containing a 

p 
term of the form ^ in which Q vanishes for one or more 
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values of x for which P remains finite. Accordingly let 
dPPdQ 

t* = ^:then-i- = ^ ; this also tecomes infinite when 

Q = o. 

Similarly, -7-, ^73, &c., each become infinite when Q = o. 

Again, certain transcendental functions, such as e"''^'' 
cosec {x - a), &c., become infinite when x=a; but it can be 
easily shown, by differentiation, that their derived functions 
also become infinite at the same time. Similar remarks ap- 
ply in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan's Calculus, page .179. 

70. Bemarks on Taylor's Expansion. — In the preceding 
applications of Taylor's Theorem, the series arrived at (Art. 
56 excepted) each consisted of an infinite number of terms ; 
and it has been assumed in our investigation that the sum of 
these infinite series has, in each case, a finite limiting value, 
represented by the original function, /(^ + 2/), or /(or). In 
other words, we have assumed that the remainder of the series 
after n terms, in each case, becomes infinitely small when n 
is taken sufficiently large — or, that the series is convergent. 
The meaning of this term will be explained in the next 
article. 

71. Convergent and Divergent Series. — A series, Wi, t^, u^y 
. . . Uny . . . consisting of an indefinite number of terms, 
which succeed each other according to some fixed law, is said 
to be convergent^ when the sum of its first n terms approaches 
nearer and nearer to a finite limiting value, according as n 
is taken greater and greater ; and this limiting value is called 
the sum of the series, from which it can be made to differ by 
an amount less than any assigned quantity, on taking a suffi- 
cient number of terms. It is evident that in the case of a 
convergent series the terms become indefinitely small when 
n is taken indefinitely great. 

If the sum of the first n terms approximates to no finite 
limit the series is said to be divergent. 
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In general, a series consisting of real and positive terms 
is convergent whenever the sum of its first n terms does not 
increase indefinitely with n. For, if this sum do not become 
indefinitely great, as n increases, it cannot be greater than a 
certain finite value^ to which it constantly approaches as n 
increases. 

72. Application to Geometrical Progression. — The preced- 
ing statements will be best xmderstood by applying them to 
the case of the ordinary progression 

I — kC** 

The sum of the first n terms of this series is in all cases. 

I - X 
(i). Let ^ < I ; then the terms become smaller and smaller 

as n increases ; and if n be taken sufficiently great, the value 

of of* can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented by 

I — X 

, which becomes smaller and smaller as n increases, and 

1 - X 

may be regarded as vanishing tdtimately. 

(2). Let ^ > I. The series is in this case an increasing 

one, and af^ becomes infinitely great along with n. Hence, 

the sum of n terms, or , as well as the remainder 

I - X X - I 

after n terms, becomes infinite along with n. Accordingly 
the statement that the limit of the sum of the series 

I -{-x + x'^ + . . . + x^ -\- . . . ad infinitum 

is • holds only when x is less than unity, i. e., when the 

series is a convergent one. 

In like manner the sum of n terms of the series 

I - X ■¥ x^ -a^ + &c. 



is 



I + X 
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As before, when a? < i, the limit of the Bum is ; but 

wheniT > I, af^ becomes infinitely great along with w, and the 
limit of the sum of an even number of terms is - 00 ; while that 
of an odd number is + cx) . Hence the series in this case has 
no limit. 

73. Theorem. — If^ in a series of positive terms represented 
hy 

Wi + W2 + . . . + w„ + &o., 

the ratio -^ be less than a certain limit smaller than unity ^ for all 

values ofn beyond a certain number^ the series is convergent^ and 
has a finite limit. 

Suppose kio be a fraction less than unity, and greater 

than the greatest of the ratios -^ . . . (beyond the number 

w), then we have 

<k /. w„+i < Aw„. 

Un+2 J . 70 
<k .'. Un+2 < k'Kn' 



Un+i 

<k .'. Un+r <k^Un. 






Hence, the limit of the remainder of the series after Un is 
less than the sum of the series 

kun + k^Un + . . . + k'^iin • • • cui infinitum ; 

therefore, by Art. 72, less than 

-, since k < i. 



kUn 



i-k' 

Hence, since Un decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when n is taken sufiiciently great, and, 
consequently, the series is convergent, and has a finite limit. 

Again, if the ratio — "— be > i, for all values of n beyond 

Un 
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a certain nuinber, the series is divergent, and has no finite 
limit. This can be established by a similar process ; for, 
assuming k > i^ and less than the least of the fractions 

-^, . . . then byArt. 72, the series 

Un 

tin + kun + k^Un + &c. od infinitum 
has an infinite value ; but each term of the series 

Uu + Unn + t^n+2 + &C., 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &c. 
These results hold also, if the terms of the series be alter- 
nately positive and negative; for in this case k becomes 
negative, and the series will be convergent or divergent ac- 
cording as - ^ is < or > I ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem, it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we commence with the following : — 

74. Lemma. — If a continuous function (p{x) vanish when 
X = a, and also when x = b, then its derived function <p\x), if 
also continuous^ must vanish for some value of x between a 
and b. 

Suppose b greater than a ; then if 0'(^) ^0 ^0^ vanish 
between a and b, it must be either always positive or 
always negative for all values of a? between these limits; 
and consequently, by Art. 6, the ificrement of ^(^), as a? 
increases from a to 6, must be always positive or always nega- 
tive between these limits ; i. e. 0(^) must constantly increase, 
or constantly diminish, as x increases from atob; which is 
impossible, since (l>{x) vanishes for both limits. Accordingly, 
^'(x) cannot be either always positive or always negative; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter- 
mediate value. 

This result admits of being illustrated from geometry. 
For, let y = 0fir) represent a continuous curve ; then, since 
<j){a) = o, and 0(6) = o, we have y = o, when a? = «, and also 
when x = b; therefore the curve cuts the axis of x at distances 
a and b from the origin; and accordingly at some inter- 
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mediate point it must have its tangent parallel to the axis of 
X. Hence, by Art. lo, we must have ^\x) = o for some yalue 
of X between a and b. 

75. Lag^range's Theorem on the Limits of Taylor's Series. — 
Suppose Bn to represent the remainder after n terms in Tay- 
lor's expansion, then writing JT for a: + y in (i), we shall 
haye 

/(x) ^f{x) + ^^^f {X) + ^^^r{x) ..... 



^^-^^/(-M^)+i?„, (22) 



in which /(;r), f {x) /(**) (x) are supposed finite and 

continuous for all values of the variable between X and x. 

From the form of the terms included in i2» it evidently 
may be written in the shape 

\n 

yrhere P is some function of X and x. 
Consequently we have 

Now, let z be substituted for x in every term in the pre- 
ceding, with the exception of P, and let F(z) represent the 
resulting expression : we shall have 

F[z) =/(X) - \f{z) + (^/' (^) + . . . + ^-^"PJ, (24} 

in which P has the same value as before. 

Again, the right-hand side in this equation vanishes when 
5 = Z; .-. P(JC)=o. 

Also, from (23), the right-hand side vanishes when z-x"^ 
/. F{x) = o. 
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Accordingly, since the function F{z) vanishes when ^= X, 
and also when -? = ar, it follows from Art. 74 that its derived 
function F^ (z) also vanishes for some value of z between the 
limits X and x. 

Proceeding to obtain F{z) by difEerentiation from equa- 
tion (24), it can be easily seen that the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 

^ ' \n- 1 ^ ' n- 1 

Consequently, for some value of z between x and X, we 
must have 

/e*) (s) = P. 

Again, if be a positive quantity less than unity, it is 
easily seen that the expression 

ir4-0(X-<r) 

by assigning a suitable value to 0, can be made equal to any 
number intermediate between x and X. 
Hence, finally, 

P =/('») {iP + 0(X-^)} 

where Q is some quantity > o and < i. 

Consequently, the remainder after n terms of Taylor's 
series can be represented by 

Making this substitution, the equation (12) becomes 

+ ^-^— /^'"''(^)+^^^T^/<"M* + 0(X-^)l. (26) 

The preceding demonstration is taken, with some slight 
modifications, from Bertrand's Traite de Calcul Diff^rentiel 
(273). 



Digitized by VjOOQIC 



Geometrical lUuatration. 75 

Again, if A be substituted for X - x, the series becomes 
f{x + h) =f{z) + hf{x) + &c. 

In this expression n may be any positive integer. 
lin = I, the result becomes 

f{x + A) =f{x) + ^/' (^ + eh). (28) 

When 7^ = 2, 

/(^ + h) =f{x) + 4/' {x) + -*^r (^^ + Qh). (29) 
# 1.2 

The student should observe that has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., Q > o and < i. 

It will be a useful exercise on the preceding method for 
the student to investigate the formulaD (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnishing 
a complete and rigorous proof of Taylor^ s Theorem^ and formula 
(27) as representing its most general expression. 

76. Geometrical Illustration. — The equation 

fiX) ^f(x) + {X-x)f[x^e(iX-x)] 

admits of a simple geometrical verification ; for, let t/=f{x) 
represent a curve referred to rectangular axes, and suppose 
(X, T), (x, y) to be two points Pi, JP2 on it : then 

/(X)-/(^) F-y 
X - X X - X 

T -V . 
But =: — - is the tangent of the angle which the chord Pi P3 

makes with the axis of x ; also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that, when the curve 
and the direction of the tangent alter continuously, the tangent 
to the curve at some point between Pi and P2 must be parallel to 
the chord PiP2 ; but by Art. 10,/' {x^ is the trigonometrical 
tangent of the angle which the tangent at the point (^1, y,) 
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makes with the axis of a. Hence, for some value, ^i, "between 
X and ^, we must have 

or, writing Xi in the form iv + 0{X - cc), 

/(X) =/(ar) + (X-;.)/' {x + e{X-x)]. 

77. Second Form of Bemainder. — The remainder after n 
terms in Taylor's Series may also be written in the form 

En = ^^1^- Ay(") {x + 0A). 



For, it is evident that jS„ may be written in the form 
{X-x)P,, 

.-./(X) =/{x) + {X-x)/'{x) + . . . + (^^If^^l/M (;r) 

M I 

+ (X-^)Pi. 

Substitute -2: for a as before in every term except Pi ; and the 
same^ reasoning is applicable, word for word, as that employed 
in Art. 75. The value of F' (z) becomes, however, in this 
case 

and, as F^ (z) must vanish for some value of z between a and 
X, we must have, representing that value by ^ + (X - ^), 

^' = ^^""P; " --/'"' [x + 9{X-x)U (30) 

where 6 as before is > o and < i. 

If h be introduced instead of X - a?, the preceding result 
becomes 

Bn = llZ-^ hnfin) (^ + 0^) (31) 

^^ - I 
which is of the required form. 
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I • 2 , • n 

Hence, Taylor's Theorem admits of being written in the 
form 

/(;, + A)=/(^)+V(x)+-*^/'(^)+...+^/(»-'' (*) 
I I • 2 ,n — \ 

+ ^^('-6r'P''H^+eh), (32) 

The same remarks are applicable to this form* as were made 
with respect to (27). 

From these f ormnlsa we see that the essential conditions 
for the application of Taylor's Theorem to the expansion of 
any function in a series consisting of an infinite number of 
terms are, that none of its derived functions shall become 
infinite, and that the quantity 

shall become infinitely small, when n is taken sufficiently 
large; as otherwise the series does not admit of a finite limit. 

78. Limit of when n is indefinitely ereat. 

1 , 2 . . n 

Let Un = , then -— = , .'. -^ becomes smaller 

1 . 2 . , n Un n-\- 1 Un 

and smaller as n increases ; hence, when n is taken sufficiently 
at, the series Wn+i, «^n«> diminishes rapidly, and the terms 
Dme ultimately infinitely small. Consequently, whenever 
the w'* derived function f^^^ {a) continues to be finite for all valines 
of n^ however great, the remainder after n terms in Taylot^s 
expansion becames infinitely small, and the series has a finite 



* This second form is in some cases more adyantageous than that in (27). 
An example of this will be found in Art. 83. 
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79. General Form of Maclaurin's Series. — ^The expansion 
(27) becomes on making x = o, and substituting a? afterwards 
instead of h, 

A<c) =/(o) + \ r (o) + :^/" (o) + . . . + i^/C-' (o) 

+ f^/"'Me'«'). (33) 

Hence the remainder after n terms is represented by 

where is > o and < i. 

This remainder becomes infinitely small for any function 

f(x)^ whenever 7- /(**) (fla;) becomes evanescent for infinitely 

1^ 
great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this chapter. 

80. Bemainder in the Expansion of (f, — ^Our formula gives 
for En in this case 

j- (log fl) V^. 

Now, a^f is finite, being less than cf ; and it has been proved 
in Art. 78 that ^^ — \ hecomes infinitely small for large 

values of n. Hence the remainder in this case vanishes when 
n is infinitely great. Accordingly, the series is a convergent 
one, and the expansion by Taylor's Theorem is always appli- 
cable. 

81. Remainder in the Expansion of sin x. — ^In this case 



-Rn = 7- sm — -h Ox). 
\n \2 J 
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Binomial Theorem. 79 

This value of jB» ultimately vanifilies by Art. 78, and the 
series is accordingly convergent. 

The same remarks apply to the expansion of cos^. 
Accordingly, both of these series hold for cJl values of a. 

S2. Bemainder in the Expansion of log (i + a), — The 
series 

a ar x^ .r* ^ 
1234 

when a? is > i, is no longer convergent ; for the ratio of any 
term to the preceding one tends to tiie limit - as ; conse- 
quently, the terms form an increasing series and become 
iiltimately infinitely great. Hence the expansion is inappli- 
cable in this case. 

Again, since /"(a?) = (- i)**-* * " * . — ^, the remainder 
Bn is denoted by ^ — - — ( — ^ j ; hence, if x be positive and 

X 

less than unity, — ^ is a proper fraction, and the value of 

Rn evidently tends to become infinitely small for large values 
of n ; accordingly the series is convergent, and the expansion 
holds in this case. 

S^. Binomial Theorem for Fractional and Negative In- 
dices. — ^In the expansion 



/ x«. w mlm-i) 
(i +^)«» = I + —X + — ^ '- 



I 1.2 



/c'- + . . . 



+ — ^^ ^ — + &c., 

I . 2 . . .n 



if w» denote the w** term, we have 

Wn+i m - n + I 



Un 



the value of which, when n increases indefinitely, tends to 
become - x\ the series, accordingly, is convergent if x< i, 
but is not convergent if a? > i. 
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Accordingly, the Binomial expansion does not hold when 
X is greater than unity. 
Again, as 

/('*)(a?) = m(w*- i) . . . (m~w+ i) (i +a?)*"^, 

the remainder, by formula (25), is 

— -^ ^^ ^^ (i + 0a?)»»-~, 

1 . 2 .. .n ^ ' ^ 

or 

w(m- i) . . . (m-w+ i) 0?** 



i.2...n (i +0a?)'*-*»* 

Now, suppose xpoaUive and less than imity ; then, when 
n is very great, the expression 

w(w- i) . . . (w-n+ i) 

I . 2 • . . » 

becomes indefinitely small ; also ^ — ^ >^^_^ is less than unity ; 

hence, the expansion by the Binomial Theorem holds in this 
case. 

Again, suppose x negative and less than unity. We 
employ the form for the remainder given in Art. 77, which 
becomes in this case 

/ v^w(m- i) . . . (m-n+ i)i??~ . nx,, 1 / n \m^ 

<- '^ 1.2. ..(«-!) (' - ^) (' - ^^^ ' 

or 



w (w. - i) . . . ( m-n^-i) (i -0)*"-^a?" 
^ ^ I . 2 . . . (w- i) 



i-Ox\ 



1—9 
Also, since ip < i, fe < 9, /. i - Oi > i - © ; henoe 

I "" o 

's a proper fraction ; .'. any integral power of it is less than 
mity ; hence, by the preceding, the remainder, when n is 
luffioienily great, tends ultimately to vanish. 
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In general (j? + y)** may be written in either of the fonns 

now, if the index m be fractional or negative, and a? > y, or 
- a proper fraction, the Binomial expansion holds for the 
series 

but does not hold for the series 

(a;+y)'»=y"*[ i +- j =ry«+— y»-ia? + — ^^ ^y"*-V + &o., 

since the former series is convergent and the latter divergent. 

We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds ; but never both, except 
when m is a positive integer, in which case the number of 
terms is finite. 

84. Bemainder in the Ezpanaion of tan"^iP. — ^The series 

X X^ Q^ a 

tan"* a? = + &o. 

I 3 5 

is evidently convergent or divergent, according as ;r < or > i . 
To find an expression for the remainder when ir < i, we have, 

i>y (8),p. 48 — 

f -.Kn In- I . sin fn — n\jQXi^x\ 
/(-) (.) = y . tan-. = (- 0- — ^\^ ^- 

Hence we have, in this case, 

a^ sin j n ntan~^ (fla;) 

-Bn=(-ir^ i-^ ;; , 

w(i+0V)- 

which, when x lies between + i and - i, evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for such values of x. 

G 
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82 Development of Functions. 

85. Expansion of sin"^ir. — Since the function sin~^a? is 
impossible unless a; be < i, it is easily seen that the series 
given in Art. 64 is always convergent ; for its terms are 
each less than the corresponding terms in the geometrical 
progression 

0? + 0^ + ar* + &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tan~^a? when a; < i, as well as to other 
analogous series. 

In every case, the value of i?n, the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86. Expansion by aid of Differential Equations. — In 
many cases we are enabled to find the relation between the 
coefficients in the expansion of a function of x by aid of 
differential* equations; and thus to find the form of the 
series. 

For example, let y = e*, then 

dx ^ 

Now suppose that we have 

y = ^0 + fliO? + a^' + . . . anitf* + . . . 

tiien -? = ai + za^^t + . . . na,^-^ + &c. 

Acicordingly we have 

«! + 20^ + la^ H- . . . = ao + tfiii? + ctr^ -V &c.. 



• This method is indicated by Newton, and there can be little doubt that it 
was by aid of it he anived at the expansion of sin (wsin'^ic), as "^ell as other 
series. — FiV/tf Ep, posterior ad Oldenburgium, It is worthy of observation that 
Newton's letters to OMenburg were written for the purpose of transmission ta 
Leibnitz. 
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hence, equating coefficients, we have 

C?i = fl^o, ^2 = = « ^3 = — = -, etc. 

22' 3 2.3' 

Moreover, if we make a? = o, we get flo = i, 

.'. e* = I + - + + + &o. 

I 1.2 I • 2 . 3 

the same series as before. 
Again, let 

y = sin (w sin'* d?). 

Here, by Art. 47, we have 

Now, if we suppose y developed in the form 

y = ao + aix + a-^^ + . . . + fl„ic^ + &c., 

then -L. = (7, 4. 2flraa? + 3^ + . . . + na^^^ + &c., 

^ = 2^2 + 3 . 2^30; + . . . + w (n - i) «„;r'*-- + &c. 

Substituting and equating the coefficients of ^" we get 

n^ - ni^ , V 

(?* + l) (« + 2) 

Again, when ^r = o, we have y « o, .'. 0^0 = o. 

Hence, we see that the series consists only of odd powers 
of iP ; a result which might have been anticipated from Art. 
61. 

To find Ux ; when ir = o, cos {m sin~\r) = i , hence ( y ) = ni ; 

accordingly ai = w ; 

;;r - i m {m^ - i ) 

2.3 1.2.3' 

m'^ - Q m (m^ - i) (nr - o) 

ai Oz = '-^ ^: 

4.5 1.2.3.4.5 

G 2 
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84 Development of Functions, 

hence we get 

• ♦z' • -1 \ ^ m(m'^-i) . 
sm*(m sin *ir) = — d? or 

I 1.2.3 

1.2.3.4.5 

In the preceding, we have assumed that sin"^a? is an acute 
angle, as otherwise both it, and also sin {m sin~^a?), would admit 
of an indefinite number of values. — See Art. 26. 

. 87. Expansion of sin mz and cos mz. — If, in (35), z ^ 
substituted for sin'*«, the formula becomes 

(i m^- I . , 

sm fnz = mHiJiz I surz 

(i 1.2.3 

+ -^ sm^z - &c. J (36) 

1.2.3.4.5 j \o / 

In a similar manner it can be proved that 

w'sin*^ m^(m^-4) . . ^ , ^ 

cos mz =1 + — ^ siirz - &c. (37) 

1.2 1.2.3.4 ^"^'^ 

If m be an odd integer, the expansion for sin mz consists 
of a finite number of terms, while that for cos 9nz contains an 
infinite number. If m be an even integer, the number of 
terms in the series for cos mz is finite, while that in sin mz is 
infinite. 

The preceding series hold equally when w is a fraction. 

A more complete exposition of these important expansions 
will be found in Bertrand's " Calcul Differentiel." 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is r-. : sin'^^r, which when 

^ {n + i}(n-{-2) 

n is very great, approaches to sin"^:. Hence, since sin z is 
less than unity, the series is convergent in all cases. Similar 
observations apply to expansion (37). 



* This expansion is erroneously attributed to Euler by M. Bertrand ; it was 
originally given by Newton. Seu preceding note. 
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The expansion 

I 1.2 1.2.3 1.2.3.4 

can be arrived at by a Birailar process. 
88. Arbogast's IflCethod of Derivations. 

If u =a+b-+ c + d - 



I 1.2 1.2.3 

to find the coefficients in the expansion of ^ (ti) in ascending 
powers of x — 

>^ Let f{x) = <p (w), 

B C 

and suppose f{x) = A+—x-\- ar* + &c. 

1 1.2 

=/(o) + f/(o)'+:^/'(o) + &c., 

then we have evidently 

A =/(o) = (a). 

Also, writing w', w", w'", &c., instead of 

c??^ d^u d^u J. 

Tx' ^' ^'"^^-^ 

by successive differentiation of the equation/(a:) = ^ («), we 
obtain 

f"'{x) = f («).«'" + 3/' («).«'.«" + ^"' («) (»T, 

/' (ar) = 0' («).«!' + 0" («) [4,/ «r + 3(»")'] + 6/" («).(«')'•«" 

Now, when « = o, «, «', «", «'", . , . obviously become «, 
b,Cfd,... respectively. 
Accordingly 
B =/' (o) = f («).J, 
C=/"(o)=0'(fl).c + 0" (46S 
D =/"'(o) = 0' (a).rf+ zf{a).bc + <t,"'{a).b>, 
^=/iv (o) = 0' (a).e + 0" (a) (46^+ 3c"-) + 60"'(a).&'c 
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Prom the mode of formation of these terms, they are seen 
to be each deduced from the preceding one, by an analogous 
law to that by which the derived functions are deduced one 
from the other ; and, Vi^f(x)^f\x) . . . are deduced from/(a;) 
by successive differentiation, so in like manner jB, (7, 2), . . . 
are deduced from [u] by successive derivation ; where,. after 
differentiation, a^ hy c, &c., are substituted for 

du dru „ 

If this process of derivcttion be denoted by the letter S, then 

B = S.^, C = g.5, D^l.Cy &c. (38) 

From the preceding, we see that in forming the term 
8 . (fl?), we take the derived function </>' (a), and multiply it 
by the next letter 6, and similarly in other cases. 

Thus S . 6 = c, S . c = c?, . . . 

8.6'^= mlf-% 8 . c''*= mc'^-Hy . . . 

Also 8 . ^\d)h = ^\d)c + 0"(«)6-. 

This gives the same value for C as that found before ; I) 
is derived from C in accordance with the same law ; and so 
on. 

The preceding method is due to Arbogast ; for its com- 
plete discussion the student is referred to his " Calcul des 
derivations." The Eules there arrived at for forming the 
successive coefficients in the simplest manner are given in 
" Galbraith's Algebra," page 342. 

As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 



sm 



[a + b - + c + d + &o. I 

\ I 1.2 1.2.3 / 



Here ^ = sin a, 5 = 8 . sin a = 6 cos a, 
(7 = 8 . 6 cos fl? = c cos « - J^ sin a^ 
D ^ S. C = d cos a - ^hc sin a - b^ cos a, 
JE=S.D = e cos a- (4W+3C*) sin a - tb^c cos a 

+ b^ sin a. 
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If the series a+ bx + c + &c., consist of a finite num- 

1.2 

ber of terms, the derivative of the last letter is zero — ^thus, if 

d he the last letter, S . d = 0, and d is regarded as a constant 

with respect to the symbol of derivation S, 

If the expansion of ^ (u) be requii^ed, when u is of the 

form 

a + fix + ya^ + Sx^ + &o., 

the result can be attained from the preceding method, by 
substituting a, b, c, d, &c., instead of a, /3, 1.27, 1.2.3.8, 
&c., and proceeding as before. 

The student will observe that in the expression for the 
terms 2>, JE, &c., the coefficients of the derived fimctions 
^' (a), <f"(«), &c., are completely independent of the form of the 
function ^ ; and are expressed in terms of the letters, 6, c, d^ 
&c., solely ; so that if calculated once for all, tliey can be applied 
to the determination of the coefficients in every particular 
case, by finding the different derived functions ^'(«), 0"(«), 
&o., for that case, and multiplying by the respective coeffi- 
cients determined as stated above. 
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Examples. 

1. If u = f {ax + bp), then - -— = - --*.. This fumishes the condition that a 

a ax ody 
given fnnction of x and y should be a function of ax 4- by. 

2. Find, by Maclaurln's theorem, the first three terms in the expansion of 
tan or. ^ 

ifi 2X^ 

Ana, « + — + — . 
3 15 

3. Find the first four terms in the. expansion of sec x, 

ifl ca;* 61 sfi 
Ana, I + — + ^^ — + . 

2 24 720 

4. Find, by Maclaurin's theorem, as far as x*, the expansion of log (i + Bin a?) 
in ascending powers of x. 

Let /(a;) = log (i + sin x), 

^-u 4>'t \ *^^®* I -sin a: 

then / (a?) = : — = = sec a; — tan x 

"^ ^ ' 1 + sina; cos x 

f"{x) = sec a: tan « - sec 2ip = -/'(a;) sec x: 
••• /"' (*) = -/ "(^) sec X -/'(«) sec x tan x 

/iv (x) = -/'"(.t) SGC X - 2/"(a;) sec x tana; -/'(a?) (2 sec'j? - sec x) 

.•./(o) = o, /'(o)=r, /"(o)=-l, /'"(o) = l, /"(o) = -2. 

x^ sfi X* ^ 

.*. log (i + sin a;) = a; + t" "" — + «C. 

'^ ^ ' 2 6 12 

5. Find six terms of the development of in ascending powers of a:. 

Ans, i + a; + a;2 + — ^. — ^jL-.,. 

3 2 10 

6. Apply the method of Art. 86, to find the expansions of sin x and cos x. 

7. Prove that 

tan-i (x + h) = tan-^a; + A sin « (h sin «)* + (h sin zV ^^H^ _ ^^ 

I 2 ^ ' 3 ' 

where z = cot'^ar. 

(i\ d"z 

J , .•. by Art. 4^, t^ = (- i )" [^w - i sin-is sin ns. .-. &e. 
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S. Hence prove the expansion 

» sin 5 sin 2« , sin "is . . 

— B s + cos £ + cos'^z + '■ — cos'« + «c. 

2 I a 3 

Let A = — cot s = - ar. &c. 
9. Prove tliat 

V z sin 2 sin 3S sin "^z 

2 2 I 2 3 

Let A sin 2 = — I in Example 7 ; then & + « s — ^ s - tan -, .*. &c. 

Bin « 2 



10. Prove the expansion 

r sin z I sin is I sin \% . 
- = + TT--^ r-+*«* 

2 cos Z 2 COS' £ 3 C0»% 

Assume A = — : , then 

sin z COS z 

« + A = - tan « = tan (t— 2) ; .•.»-« = tan"* (* + A), &c. 
Substituting in Exami)lL» 7, we get the result required. 
The preceding expansions were given first by Euler. 

1 1. Prove the equations 

sin 9» B 9 sin a; - 120 sin^j? + 43» sin'jr - 576 sin'x + 256 sin^ir, 
cos 6jj = 32 cos^a: — 48 cos*j? +18 cos'a; - i. 

These follow from the formulae of Article 87. 

12. If m s 2, Newton's formula, Art. 87, gives 

f . sin 'a: sin^jr "1 

sm 2x = 2 < sin a? &c. > ; 

I 22.4 J 

verify this result by aid of the elementary equation sin 2a; = 2 sin x cos x, 
13. If ^ (jc + A) + ^ (a: - A) = (x) (A), for all values of x and A, 

a" x) d)^v(a?) 
prove that ■^—r-c = >>/ v = &c. = constant ; 

and also 0"(o) = o, 4>"'(o) = o, &c. 

14. If, in thelast,^/|i = «» ; prove that 4> («) = ««* + «-«« ; 

if -^— - - a* ; prove that ^ (x) = 2 cos (a*). 
<l>{x) 
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15. Apply Arbogast's method to find the first four terms in the expansion 
of 

{a-^-bx^ cx^ ^-dst? -^^ &c.)». 

Ans. «♦» + ««»»-! 6:1? + { b^ + nae ]a**-^x* 

g* 4- I 

16. Prove that the expansion of . x can contain no odd powers of x. 

For if the sign of x be changed, the function remains unaltered. 

X ^ 

17. Hence, show that the expansion of contains no odd powers of x 

c* — I 

beyond the first. 

X X X e' A- I ^ 

Ilere + - = - . , . •. Sec. 

e'— I 2 2c*— 1 

X 

18. If w = , prove that 

and hence calculate the coefficients of the first five terms in the expansion of u. 
Here e'u = x + «, and by Art. 48, we have 

(du n(n - 1) d^u d*^u \ d^n . 

dx 1.2 dx^ dx'^ \ rfx» 

19. If = I - - + x'^ = iF* + —-3^ - . . . 

^— I 2 1.2 1.2.3.4 I. 2. ..6 

prove that 

-»i = T, -B2 = ~, -83 = —, J?i = — , &c. 
6 30 42 30 

These are called Bernoulli's numbers, and are of importance in connexion 
with the expansion of a large number of functions. 

20. Prove that 



«*+i 2 1.2 1.2.3.4 1. 2. ..6 
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21. Hence, prove that 

= + &C. 

2 24 240 

22. Prove that 

2»5ir« 2*7?3.r* 2«/?:,x« 

j;cotiP = I ^ &c. 

1.2 1.2.3.4 1. 2. ..6 

23. Also, tan- = Bixh,'^- i) + -^(2*- i) + &c. 
^ 2 ^ -^ 3.4^ 

24. Given « (w - ar) = i ; find the four first terms in tlic expansion of tf in 
terms of a:, by Maclaurin's Theorem. 

expand y in powers of j; by the method of indeterminate coefficients. 

26. Prove, by (28), p. 75, that the harmonic series 

I ' I I . . ., , «+ r , , ., , 

-+-+-+... -IS greater than log , and less than log n. 

234 n °2 

Hence show that the snm of the series becomes infinite when n = 00 . 

27. Show that the series 

X x^ x^ 3^ 
— -»- — + — + — + ... 
2 A* 2*** "i^ A** 

is convergent when « < i, and divergent when x> i, for all values of »n. 

28. Prove the expansion 

/(«) _ I f{a) X d f/(a)-| 

^ I . 2 . (a; - a)'«-=i Vi/«/ \4>Ca)/ 

29. Find, by Maclaurin's Theorem, the first four terms in the expansion of 
(i + xy in ascending powers of x. 

Let /(*) = (! + *)'. 
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/"'(«) = -rw (i - ^» + ^'^ - &«■ ) + ^/w (5 - f * + *"•) - ^-/w- 

But, by Art. 29, /(o) — e ; 

•••/'(o) = -^. /"(o) = ^*. /'"(») =-Y'. 

Hence (i + a?)* = ^ + a,-^ + &c. 

2 24 16 

This result can be verified by direct development, as follows, 

1 
let « = (i + xy, 

then log w = - log (i + a;) = i — + + ..., 

X 234 






-[-(f-?*f>T'G-5*f)-^e-f-r-] 

r a? IT*' ya^ 1 

L 2 24 16 J 

30. In Art. 76, if f(x) &T\df'{x) be not both continuous between the points 
Pi, P2, show that there is not necfessarily a tangent between those points, parallel 
to the chord. 
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CHAPTER IV. 

TXDETERMIXATE FORMS. 

8g. Indeterminate Forms. — Algebraic expressions sometimes 
become indeterminate for particular values of the variable on 
which they depend ; thus, if the same value a when substi- 
tuted for X makes both the numerator and the denominator 

of the fraction —t-t vanish, then *^--t~ becomes of the form -^ 

and its value is said to be indeterminate. 

Similarly, the fraction becomes indeterminate if f{x) and 
^{z) both become infinite for a particular value of x. We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the limiting value which tJie 
fraction assumes when x differs by an infinitely small amount 
from the particular value which renders the expression indeter- 
minate. 

It will be observed that the determination of the differ- 
ential coefficient of any expression /(a?) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 

determmation of — ^^ z ^ — when /* = o. 

h 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 

^ - . ax^ — 2aex -k-ae^ ^ - ., - o , , ^ . 

I. The fraction r-r ; becomes of the form - when « = <?, but since 

bx^ - ibex + bc* o 

a(x — c)^ a 

it can be written in the shape — ~, its true value in all cases is .. 

o{jx — cy o 
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X o 

2. The fraction — , , becomes - when x = o. 



V a + a: — ^a — 



X 



o 



To find its true value, multiply its numerator and denominator by the com- 
plenientary surd, \/ a + a; + v « - x, and the fraction becomes 



X W a + a? + ^ a - x) \/ a + x h *y a - 
-^ — — or 

2X 2 



the true value of which is v a when x = o. 

V a'* + ca? + a;* — A/a^ - <7a; + a;* 
3- y . , whena? = o; 

multiply by the two complementary surd forms, and the fraction becomes 
2/ix {v a+ a; -f \/a — x} 
2x {^a^-^ax + x^ ^ \/a«-rta; + a*} 

a (va + a; + v « — x) 

or ^ : 7 ^^ > 

V fl* + aa; + a;* + V a"^ - aa? + a;* 

the true value of which evidently is v « when a; = o. From the preceding 
examples we infer that when an expression of a surd form becomes indeter- 
minate, its true value can usually be determined by multiplying by the 
^--omplenientary surd form or forms. 

2a? - V 5a:---«- , ^ I 

4. when X = o. Ans, -. 

a;-V2^«-a- 2 

a — y^a* - 



X" 



vhen X = 



^ a sm - sm a0 , o , 

6. — -^ becomes - when = o. 

(cos 0- cos ad) o 

To find its true value, substitute their expansions for the sines and cosineti, 
and the fraction becomes 

^(rt^-«)+ ... 



lc«'-i)- 
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divide by 6^ (a* - i), and since aU tlie terms after the first in the new numerator 

u 
and denominator vanish when 9 = o, the true value of the fraction is - in this 

3 
case. 



7. The fraction 

aoa;» + ai:r«"* + ... + «». 



becomes —■ when « = 00 ; 



its true value can, however, be easily determined, for it is evidently equal to 
that of 

. Ai A2 
^0 + — + ~ + . . . 



ai <iz 
«o + - + -J + . . . 

Moreover, when a; = 00, the functions — , — r- ... - ... all vanish. Hence, 

■X X^ X ' 

the true value of the given fraction is that of 

g;M-H — when a; = 00*. 

The value of this expression depends on the sign of m — n. 

(i). If in > «, x"»"» = 00 , when a? = 00 ; or the fraction is infinite in this 
case. 

(2). If m = ft, the true value is — . 

(3). If *n < fi, then a;«"»» = o, when « = 00 ; and the true value of the frac- 
tion is zero. 
Accordingly, the proposed expression, when a: = 00 , is infinite, finite, or zero, 
according as m is greater than, equal to, or less than n. Compare Art. 39. 

8. « = Yx + a - \/x + by when a? = 00 . 

Here u = , . = o when ar = 00 . 

V' « + « + V a; + d 

9. »/ Q^-\-az — ar, when a? = «» . Ant* ~, 

10- t# = fl*8in f — J, when a: = 00. 

(i). If a < I, a* = o when a; = 00, and therefore the true value of m is zero 
in this case. 

c 

{2), If a > I, then «« becomes infinite along with x\ but as - is infinitely 

small at the same time, we have sin — = — . Hence, the true value 
of M is in this case. 
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II. « = \/di - X* cot - r ~ ^ is of the form o x oo when x = a. 
^ 2yja-i-x 



Here 



y/gg-: 



tan - \/ '- 

but, when a - a; is infinitely small, 



IT I a— X IT /«- 

tan - V = - v — 

2 ^ » + a? 2 ^<r + 



-a; 



V^fl2 -X* a ^ X Aa , 
.'. u = -> — = — = -- when x = a, 
IT la - X ^ ^ 

2\a + « 2 

ar sin (sin a?) — sin^i: , 
12. M = i T^ , when X = 0, 

Substitute the ordinary expansion for sin x, neglecting powers beyond the sixth, 
and u becomes 

f . sin^a? Bin^arl / x^ a^\^ 

n"""-Ti;^"LT/"r'Ll^Ls) 



a:* a:5 1/ sp^\^ x^ / x""- a^\ 

ii^[i--6^-Q)Yr'['-Li"[7) 



a;* 



Hence, we get, on dividing by a;^, the true ralue of the fraction to be — when 



i8 
X = o. 

13. fi = ^^ ^—^ , when a = iS. Jna, em* d>. 

Similar processes may be applied to other cases ; there are, 
however, many indeterminate forms in which such processes 
would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
furnishes us with a general method for evaluating indetermi- 
nate forms. 

90. Method of the Differential Calculus. — Suppose '--^^ 



to be a fraction which becomes of the form - when a; = « : 

o ' 



when x^ a 
i. Q.f{a) = o, and ^ («) = o ; 
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substitute a +hioTX and the fraction becomes 

/(a + h)-/ia) 

f(a + h) h 

'U^ L or I > 

^(a + A) »(a + A)-»(ff) 

h 

but when A is infinitely small the numerator and denominator 
inthis expression become /'(fl) and ^'(fl), respectiyely; hence, 
in this case, 

f{a-^h) f{a) 

Accordingly, / [ represents the limiting or true value of 
♦ W 

the fraction^!. 

(i). If /' (a) = o, and ^' (a) be not zero, the true value of 
-A-^ IS zero. 

(2). If/' (a) be not zero, and ^' (a) = o, the true value of 
/(«) . 

(3). If /'(») = o, and^' {a) = o, our new fraction ^-rA is 

♦ (a) 

still of the indeterminate form - . Applying the pre- 



ceding process of reasoning to it, it follows that its 

true value is that of „\ [ . 
* («) 

If this fraction be also of the form -, we proceed to the 

next derived functions. 

In general, if the first derived functions, which do not 
vanish De /(**) [a) and 0^'*) (a), then the true value of 

♦(«) « ^"^ («) 

H 
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Examples. 

a? sin a? 

1. «= ^^» ^ wliena? = -, 

cos X 2 

Here f(x) = ar sin a? — , 

2 

(o;) = cos a:, 
. *. f\x) = a; cos a; + sin a?, /' f _ J = i, 

^' (a:) = - sin a?, ^ '{::)= ~ ^' 

Hence w = — i, when a; = -. 

2 

2. « 5= r- when a; a tf. 

(a; - «y 

Here / (a;) = e»»« - «««, 

4> W = (^:- «)^ 

.-. /'(rr) = m«»«f, /' (a) = mfi"««. 

<^' (a?) = r (a: -'«)*"S ^' (fl) is o or oo, as r> or< r . 

Hence the true value of « is oe or o, according as r > or < i. 

This result can also be arrived at by writing the fraction in the form 

|<.m(x-«) _ 1 1 fma gtnh _ j 

s= — - — e^ina where h^x — a; 

(x - ay hr * ' 

hence, expanding ei^^ and making A = o, we evidently get the same result as 
before. 



3. 


^ ^ 


rnen « = 0. 


Here 


f{x) = 1 - Cos X, 


/'(o)=o. 




<t>'(x) - 2x\ 


♦'(o)=o. 




f\x) = sin ar, 


/"(o) = o. 




^"(a:) = 6xy 


^"(o) = o. 




/'"(a:) = C08a-, 


/•"(o) = i. 




0"'(a;) = 6, 


♦ •"(o) = 6. 
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Hence, the true value is -, as can also be immediately arrired at by substitating 

-x — 7- + &c. instead of sin x. 
o 

«* — 1 
4. when a; = o. Ant, log a. 

It may be obscrrod that each of these examples can be exhibited in the fonn 
eo — 00 , that is, as the difference of two functions, each of which becomes in- 
£nite for the partici^ar value of a; in question. 

91. .Form o X 00 . — The expression f{x) x ^ {x) becomes 
indeterminate for any value of x which makes one of its fac- 
tors zero and the other infinite. The function in this case is 

easily reducible to the form -; for suppose /(a) = o, and ^ [a) 
= 00 , then the expression can be written -:^, which is of 

the required form. 

Examples. 

I. Find the value of (i - a;) tan — when a; = i. This expression becomes 

J X 2 

, the true value of which is — when x = u 



<:ot —X 
2 



{^sina,-^j,' 



2- Sec X [x^vcLX 1 , when x 



, X smx — 
2 
This becomes — — , a form already discussed < 

cos X "* 

3. Tan (x — a) , log (x - «), when a?'= a. Ans. o, 

4. Cosec*i8j: . log (cos ax), „ a; = o. „ - - 



3/8*' 



/(^) 



92. Form ^* As stated before, the fraction ) ( also 

H 2 
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tecomes indeterminate for the value a? = a, if 
f{a) = coy and ^ (a) = co . 
It can, however, be reduced to the form - by writing- 
it in the shape i 

I 

The true value of the latter fraction, by Art. 90, is that of 

-Y^-''\f'{x)U{x)]- 

fix) 

Now, suppose A represents the limiting value of ; ( 
when x = a, then we have 

that is, the true value of the indeterminate form |^- is found 

in the same manner as that of the form -. 

o 

In the preceding demonstration, in dividing both sides of 
our equation by -4, we have assumed that A is neither zero^ 
nor infinity ; so that the proof would fail in either of thes& 
cases. 

It can, however, be completed as follows : — 

Suppose the real limit of \ { to be zero, then that of 
.. ^ (a) 

-^-^ — — ^ — '— is A, where k may be any constant ; but as the 

latter fraction has a finite limit, its value by the preceding 
method is 
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therefore, ~-7~ = o ; L e. when A is zero, ^^-rr4 ^ also «ero> 

*(«) * («) 

^ind vice versa. 

Similarly, if the true value of -^-y-^ be infinity when a? = a, 

then ^-hr is really zero; we have therefore -ttA =o, by what 

fUa) 
has been just established, .*. , \ { = oo . 

Accordingly, in all cases the value of ' , ) I * determines 



• _^ L. -f/^i* <ii4-l-iAT» /\"P 4- Via iTkHA^-Aimn'i'no^A ^r>mvka 



00 



that of • ) [ for either of the indeterminate forms - or oo 
^ (a) o 

93. Indeterminate ExpressionB of the Form {f{x)] ^^'K 
Let u = {/{x) ] *!^\ then log w = ^ {x) hgf{x). This latter 
product is indeterminate, whenever one of its factors becomes 
^ero and the other infinite for the same value of x. 



* On referring to Art. 69, the student will observe ihoi—-!- is of the form 

yw *^ 

^ whenever , [ • = S-i «> that the process given above would not seem to 
<* 0(a:) *> 

assist us towards determining the true value of the fraction in this case ; how- 

•ever, we generally find a common factor, or else some simple transformation, by 

which we are enabled to exhibit our expression after differentiation in the form - . 

For example, . . is of the form z~ when a; = — ; here /' {x) 

log (r-^j 

« sec 'a?, ^' {x) = — , and the fraction \) I is still of the form ^ , but it 



*"7 o 

•can be transformed into ^ which is of the form - ; the true value of the 

cos H o 

latter fraction can be easily shown to be - «> when « = - . 

In some instances an expression becomes indeterminate from an infinite value 

f X, The student c 

•equally to this case. 



•of X, The student can easily see, on substituting- for ^, that our rules apply 
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(i). Let ^ {x) = o, and log [f{x) ) = ± oo ; the latter re- 

qmres/(;r) = oo , or/ (a?) = o. 
Hence, {/{x)} *^'^ becomes indeterminate when it is of 
the form o°, or oo ". 

(2). Let ^ (a?) = ±00 , and log [f{x)] =0, ot/{x) = i ; this, 
gives the indeterminate forms 

I* and I"" . 

Hence, the indeterminate forms of this class are 

o^ 00*^, and i±" . 

EXAJfPLES. 

1. (sin x)^^*ls of tho form o®, when « = o. 

^ , . , , . log(8ina-) 
Hero log w as tan ar log (sin x) ss . 

The true value of this fraction is that of 

cot ar . , 

= - cos » sin X. oro when a?= o. 

-cosec2a? 

Hence, the value of (sin «;)**» *= c® = i at the same time. 

2. (sin «)*«•, when a; = — . 

2 

This is of the form i*^ , hut its true value is easily found to be unity* 



3. 


c^ 


I 
-)*'whena: = 


0. 


Here 


logi 


1 /tan 
log , 


i 

■"■^1 


hutv 


tana 


-=I + — + &C. 





, tana? , / ^ - \ *• * 

. log = log ( I +— + &c. I = — + &c. 

« \ 3 / 3 



Hence, the true value of log m is - when a; = o, and accordingly, the value of m i» 
tf^ at the same time. 
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4. 11= f i + -j wlienx = o. 

T A I xt 1 log (i + az) 
Let a? =-, then log u = -^-^ -% 

z z 



a 



.*. by Art. 92, the true ralne of log « when 2 s 00 is that of ^ or is zero. 

Hence, the Talae of m is i at the same time. 

T X I XV 1 log (i + az) 
Let jf = -, then log u = --2_i 1, 

Z 8 

the true value of which is a when z is zero. 

Hence, the true value of « is ^ ; as also follows immediately from Art. 29. 

6. I - I 1 when « = o. -4#i». i. 



©"■• 



(-3 



tan _ 

*»> when = a. 



94. Compound Indeterminate Forms.^ — ^If an indeterminate 
form be the product of two or more expressions, each of which 
hecomes indeterminate for the same value of a?, its true value 
can be determined by considering the limiting value of each 
of the expressions separately ; also when the value of any in- 
determinate form is known, that of any power of it can be 
determined. These are evident principles : at the same time 
the student will find them of importance in the evaluation of 
indeterminate functions of complex form. We will illustrate 
their use by a few elementary applications. 

Examples. 
I. Find the value of 

«~ (sm »)*«•( — ; \ when z = - . 

\a sin 2x1 2 

The value of jpM is l^j , and that of (sin a?) *«• is unity, see p. 102. 
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Again, — : becomes : on substitutinflr — 2 for r: hence ita truo 

' 2 sin 2* 2 sin 2a "2 

value is - when r = o. 

2 

Accordingly, the true value of the proposed expression when« =- is — ;-, . 



— when ar = 00 . 



This fraction can he written in the form ( ^\ ; the true value of * by the 



(7)"^' 



method of Art. 92, is that of — ; but the value of the latter fraction is zero 



when :r = 00 ; hence, the true value of the proposed function is also zero at the 
same time. 

3. « = «•• (log »)"», when a? = o, and m and n are poaitm. 



Here u = (x:^ log a:)"», 

logg 



is of the form ^ when or = o ; 



its true value is that of , » ^^ • 

m 

Hence, the true value of the given expression is zero. 

This form is immediately reducible to the preceding, by assuming a;** = e-K 

4. ic S3 — -when a? =00. 



Here 



"=(A/ 



but if i > I, and « > m, If^^ = 00 when a? = 00 . Consequently the value of u 
is of the form 0"", or is zero in this case. 

Again, if m > f», ^""^e o when d;= oe , and the true value of « is m . 
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u = — - when a? = o. 



Let X = -, and tliis fraction is immediately reducible to the form discuBsed 

z 

in the previous example. 

_ (i-cosar)«{log(i + a:)}«» , * . I 

6, 5^-^^ ^^, when x = o, Ans, —. 

7. u = , when x = o. 



From Art. 29, this is of the form - ; to find its true value, proceed by the 

o 

method of Art. 90, and it becomes 

Again, substituting for (i + x)* its limiting value e^ we get 



( x-{i+x)log(i-^x') 'l 



the true value of which is readily found to be — when x = 0, Compare Ex. 
29, p. 91. 

I w*— I I f asina?- sinflKcT* , 

8. — ; <{ — y , when a? = o. 

I Bin a; I l.a:(cosa;-coB«a:)J 

The true value of -— ; , when a? = o, is logw, 

sina? » © » 

, ^, ^ , flsinaj- sinaa; 

and that of —. -, when a? = o, 

a; (cos a; — cos aa:) 

has been found in Example 6, Art 89, to be - ; hence the true value of the given 



expression, when a; = o, is {-j logm. 
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Examples. 



I 


/W -/.(») 




♦W -♦(«)' 


2. 


V » 7 '• 




cosara-coswa 


3- 


(««-»«)»• ' 


4. 


V tf + a: - -v/ia; 


\/a 4- 3a; - 2v^» 




;i;n+l __ ^+1 


5- 


n+ I ' 


6 


^-<?-«-2a; 




(^~i)3 ' 




I - sin a? + cos a; 


/• 


sina;H-co8a;-i* 


A 


tan x — Biax 


9- 


(a2-«2)l+(«-a:)l 


(*9-a;3)* + («-a)4' 


10. 


iritana; 


ji 


a«m*_flf 




log sina;' 


Na. 


=-©. 


«3- 


rC*+ 2C08iP-3 

a?* 


14. 


faf + 8m2af-68m-j 


(44 cosa?-5c08-j 



when * = a. Ans. -~^,, 



n"». 



a? = — . 

2 



aj = o. 









a? = — . fllog«p. 



z 
la' 



(?)•- 
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V^i + COB 2« — sin a? , «• ^ v lO 
ic. iii — i- , when a? = -. Ant. ~ . 

, «« sin fia — w« sin ara 

i6. , aj = fi. 

tanna - tana;a 

f»«"^ (» cos n% — sin ««) coss^d^. 

a;' tan na; — n tana; 4 

17. . : : , »eO. ~. 

I — COS ma; »sm« — sinna; ♦»* 

„ (2 sin a; — sin 2a;)' 8 

(sec a:- COS 2a?)** * 125 

A- I 

,^ i^-y)W') + 1>'M}-2<i>{x) + 24>{y) 0'"(y) 

20, 7 rj > X — y. — -^ — • 

{x -yY 6 

a;log(i +a;) 

21. — ' » = o. 2. 

I -cosa; 

»^2. ar . «*, « =s o. •© . 

23. , — ; -, « = o. 2. 

•* log(i+x)' 

irr- 1 IT *« 

log (t^ 2a;) 
^^' log (tan a;)' 

g« + log(i~a;)-i I 

20. : , X — o. — . 

tan x-x 2 

2*11 y J I -}- fit 

tan-i V '~*^ cos ^ cos ^, m = i. 



(i-jn)Vi-iw« 

log (i +a; + a;^) + log (i ~a;-t- ar^) 



28. 

sec ar - cos a 



cos 3^ 
3 



ai 02 . . . 0n> 



.9. (fi!±ff±^ii^')«, 
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3». C^f. 


when x = 00, 


Ans, I 


(i+^f^e^^ 


af = o. 


I 



24 

sin a? - log (e* cos a:) I 

32. -r , x = o. 

X^ 2 



33- ^*('+i) -f^logfi+ij, 
I - a; 4 log a; 



34. y 

I — 's/ 2X — X' 

X^ — X 

^^' I - a; + log a;' 
x^ — X 



36. 



37. 



38. 



39- 



i~ a; 4 log a;' 

cosar-log(i4a;) + 8ina; - 1 
f^-{\^x) ' 

tf* 4 sin a; — I 
log(i+a;) ' 

c*- «"*- 2a; 
tana; — x ' 



40. t: 



41. 



tan (g 4 a;) - tan (a - a;) 
^^* tan-»(a4a;)-tau-i(fl-a;y * " ®- 

a;' — 3ir + 2 
'^^^ «*-6a;H8a;-3* * = '• 



rf /aa;^ 4 ia; + c\ 

• T"! 1 — 1> a; = 00. — . 

<fa;\ aia;4*i / «i 

a-a;-«logQ 

/ =r, « = a. - 1 

a - V 2rta; — a;* 
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44. (sina;)'^', when * = o. Ant, i. 

^ ^^ tanx ir 

^>f6. (sina?) , x= . i. 



47. Find the value of 

(a;-y)(^-a)(flf-a:) ' 1.2 



(ar-y)g*»4- (y -<»)^'*+ (^-aQ;/** n,n-i _,^ 



when x^y^a. 

Substitute a + A for 2;, and a + ^ for y, and after some easy transformations we 
get the answer, on making h — o^ and k = o. 

a? + tan x — tan 2x 7 

2x + tan X — tan 3a? 26 

a: 4- sin a; - sin 2a: - 7 



49. 



50- 



5^- 



2a; + tan a; — tan 3a?' * 52* 

V ar — v a + V a; — ff i 



V a?2 - a^ V 2a 



a; — sm a; — tan a: 

3 3 - ' 

sfi 20 
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CHAPTER V. 

PARTIAL DIFFERENTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 

95. — Partial DijBterentiatioii. — ^In the preceding chapters 
we have regarded the functions uilder consideration as depend- 
ing on one variable solely ; thus, such expressions as 

e?"-^, sin hx^ a?*", &c., 

have been treated as functions of x only ; the quantities a, J, 
w, . . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, if we regard x as constant, 
we can, by the methods already established, find the differen- 
tial coefficients of these expressions with regard to the quan- 
tities, a, ft, m, &c., comidered as variable. 

In this point of view, ef^ is regarded as a function of a as 
well as of or, and its differential coefficient with regard to a 

> is represented by -V-^j or x ^^ by Art. 30 ; in the derivation 

of which X is regarded as a constant. 

In like manner, sin {ax + by) may be considered as a func- 
tion of the four quantities, x, y, a, ft, and we can find its diffe- 
rential coefficient with respect to any one of them, the others 
being regarded as constants. Let these derived functions be 
denoted by 

du da du du ... , , , 

-^ , -7- , -7- , -zTy respectively, where u stands 
dx dy da db ^ "^ 

for the expression under consideration, and we have 

^^ t r \ ^^ r / r \ 

I = a cos (oa? + fty), -7- = ft cos (aa? + fty), 



dx ^^^ dy 

du , . . du 



da ^ I N ^^ / 7 \ 

= x cos {ax + fty), -^r = y cos (oa? + by). 
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Partial Differentiation. 1 1 1 

These expressions are called the jt^ar^kz/ differential coeffiGients 
of tc with respect to ^, y, «, i, respectively. More generally, 
if 

denotes a fonction of three variables, Xy y, Zy its diflferential 



coefficient when x alone is supposed to change, is called the 
partial differential coefficient oi the function tcith respect to x ; 
and similarly for the other variables y and z. If the function 
be represented by w, its partial differential coefficients are de- 
noted by 

du du du 

d^' dy' di' 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

I. w = (aa^ + Jy» + r2«)», 

Here — = 2nax (ax* + by^ + ^«*)"-*, 

dx 

du 

du 

-- = incz (ox* + %* + ez^)^^. 



.2. 


u = sin-* - . 

y 




du I du - X 




dx ^yi^s^ dy y^yi-.(x^' 


3. 


«=^, ~ = y^S ^^^^logx. 


A' 


n^afl^p ixy), 




du 

^^ ix<p (xy) ^ x^yip\xyy 




~=^^'r^y). 
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1 1 2 Partial Differential Coefficients. 

96. DijBferentiation of a Function of Two Variables. — Let 
?« = (Xy y)y and suppose x and y to receive the increments. 
/^, kj respectively, and let Aw denote the corresponding incre- 
ment of Uy then 

Aic= ^ {x -\- h,y + k) - <f> {x, y) 

= (a? + /*, y +/c) - ^ (^,y + A;) + {x,y+k) - {x, y) 

^ {x + h,y^k)-<li(a',y + k) ^ ^ ft>(x,y-\-k) -([> {x,y) ^^^ 
h k ^ 

If now h and k be supposed to become infinitely small^ 
by Art. 6 we have 

iftlx-\-hyy-¥k) -^(x^y ^-k) _ f^ - <p (jTy y -^ k) 

and »(^>.V+^-) -» (^yy) ^ d.i>{x,y) 
k dy 

In the limit, when k is infinitely small, i> {x, y ■\- k) be- 
comes (^, y), and 

^L*>ll±^ becomes ^^ili^; 

hence we get, neglecting infinitely small quantities of the second 

ordeVy 

du y du , 
du = -rr h +-r- ky 
dx dy 

where h and k are infinitely small. 

If dxy dyy be substituted for h and ky the preceding be- 
comes 

. du . du . , . 

^''^Tx^^Ty^y^ ^'^ 

In this equation du is called the total differential of ?/,. 
where both a and y are supposed to vary. 

The student should carefully observe the different mean- 
ings given to the infinitely small quantity du in this equation^ 
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^ Partial Differentiation. 113 

Thus, in the expression — dx^ du stands^ for the infinitely 
small change in u arising from the increment dxinxyy being 
regarded as constant. Similarly in — dy^ du stands for the in- 
finitely small change arising from the increment dy my^ x 
being regarded as constant. If these partial increments be re- 
presented by dxUy dyUy the preceding result may be written in 
the form 

du = dxU + dyU. 

That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the diffe- 
rentials of each of the variables taken separately. 

Examples. 

I. Let a; = r cos 9, in wliicli r and B are considered variaMes, to find the total 
differential of ». 



TO 


dx dx 

_ = cos<»,^--rBm». 


ince 


dx= QQ&e dr^r sin 9 dd. 


2. 




re 


du IX du 2ff 
dx^ a^' dy^¥' 




•••'^-^''^+|^y- 


3* 


lx\ X 
« « d> ( - . Let - s= «, the 




du du dz ^' \y) 
dx dzdx y ' 




du dudz ~^\y/' 




dy' dzdy y» ' 




...f«-.*'7?U^*-f^^- 
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1 1 4 Partial Differential Coefficients. 

Again, multiplymg the former of the two preceding equations hy a;, and the lat- 
ter by ^, and addmgi we get 

du du 

dx dy 

97. DijBferentiation of a Function of Three or more Va- 
riables. — Suppose 

w = (^, y, s), 

and let A, k^ I represent the infinitely smaU. increments in Xy 
y, ^, respectively ; then 

Aw = (i» + A, y + A^, e + /) - {xy y, z) 

_ ^ {x+ h, y + ky z -\- 1) - <l> {x,y, + k, z + fj ^^ 

iti(x,y,'^ k,z + l)-<t>{x,y, z+r)^^ . » (^,y,^ + /) -» (^>y>g) y 
+ ^ . k + - I, 

which becomes in the limit, by the same argument as before, 
when (hy dy, dz, are substituted for h, A, /, 

du ^ du ^ du J f y. 

du = — dx-\- — dy-\--j-dz. (2) 

dx dy ^ dz 

Or, the infinitely small increment in w is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A piTYiilar process of reasoning can be easily extended to 
a function of any number of variables ; hence, in general, if 
1/ be a function of n variables, a?!, x^, iTa? • • • ^nt 

du ^ du . du J . . 

du = 'T-dxi + -y-dXi-\- ...-^ ^— dxn. (3) 

dxi dXi dxn 

98. If 

u=f{v,iff) 

ichere t?, «r, are both functions of a?, then from Art. 96, it is 

easUy seen that 

du _ df(vy w) do > df{Vy w) dw 
dx dv dx dw dx* 
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Differentiation of a Function of Two Variables. 115 

This result is usually written in the form 

da _ du dv du dw . 

dx dvdx dwdx * ^ ' 

In general, if 

<*==*(yijy2» • • • y»)» 

where yi, 3^2, .. . yn^ are each functions of a?, we have 



du _ du dyi du dy-i du dyn 

das dyi dec dyz dx ' * ' dyn dx ' 



(5) 



Also, if yiy y2, &c., y», be at the same time fimctions of 
another variable s, we have 





dU 
dz 


^ du dy^ ^ du dy^ ^^^ ^du dy,, 
dyi dz dyz dz * dyn dz* 


and so on. 




Examples. 


r. Let 




u^i>{x,n 


where 




du dudX dudT 


then 




dx~ dXdx ^ dYdx' 

du du dX du dY 
dy~ dXdy'^ dYdy' 

dX dX . dY , dY „ 
dx dy dx dy 


Hence 




du du , du 
dy dX^ dT 



3. More generally, let 

ii = 0(Z,r,Z), 

'where X = ax ■\- by + ezy 

Y=a'x + b'y + (fz, 

Z^a'*x\V'y\e'z. 

I 2 
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ii6 Partial Differential Coefficients. 

When these substitatioiia are made, u becomes a function of x, y^ z, and wft 
haye 

du du ,du „du 

dx dX^ d¥^ dZ' 

du .du ,.du .,,du 

dy dX dY dZ 

du du ,du „du 

dz dX^ dY^ dZ 

3. If « « ^(a - /3, i3 - 7, 7 - a), to prove that 
du du du 
da dp dy 



Let 


a-/3 = a?, $-y = y, 7-0 = 2, 




du dudx dudz du du 


then 


da^ dxda dz da " dx dz' 


Sisiilarly 


du _du du du du du 
dfi" dy^dx* dy'^dz^dy' 




du du du 



99. Defixiition of an Implicit Function. — Suppose that y^ 
instead of being given explicitly as a function of x, is deter- 
mined by an equation of the form 

then p is said to be an implicit function of x ; for its value, or 
values, are given implicitly when that of x is known. 

100. Diflferentiation of an Implicit Function. — Let k 
denote the increment of y corresponding to the increment 
hiaxj and denote /(a?, y) by u. 

Then, since the equation f{x, y) = o is supposed to hold 
for aU values of x and the corresponding values of ?/, we 
must have 

/{x-hhyf/^k) =0. 

Hence du = o, and accordingly, by Art. 96, we have, 
when A and k are infinitely small, 

du , du . 

— A + — A = o; 

da dy 
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Differentiation of an Implicit Function. 1 1 7 

du 

hence in the limit, = J? = _ -— . /an 

h dx du ^ f 

dy 

This result enables us to determine the differential co- 
efficient of y with respect to x whenever the form of the 
equation /(a?, y) = o is given. 

In the case of implicit functions we may regard x as 
being a function of yyOiyo, function of a?, whichever we 
please — in the former case y is treated as the independent 
variable, and, in the latter, x : when y is taken ad the inde- 
dendent variable, we have 

du 

dx dy I 

dy du dy ' 

dx dx 

This is the extension of the result given in Art. 20, and 
might have been established in a similar manner. 

Examples. 

I. a?' + y' - soicy = tf, to find — • 

ax 

du du 

Here - ^ = 3(«^*-«y)» X = 3(y'--fliF), 



a:«- 



ay 



* ' dx ax — y"^' 

du_9nx*^'^ du__my^'^ ^ dy __ /a?\ "•"* / J\ *• 
dx " «"• ' dy " i« ' " dx \y) \a) 

3. ^logy-ylog* = o. _ = -(-^--_). 

loi. If w = ^ (ar, y), where x and y are connected by the 
equation /(a?, y) = o, to find the total differential of u with 
respect to x; y being regarded as a fimction of x. 
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1 1 8 Partial Differential Coefficients. 

Here, by Art. 98, we get 



Also, 



du __ d<l> dtp du 
dx dx dy dx 



dx dy dx 



(7) 



Hence, eliminating -~, we get 

^^_ dfd^ 
du dxdy dx dy 
dx df 

dy 

This result can also be written in the following deter- 
minant form 



du 
dx 





d<j) 
dy 


df 


df 


dx' 


dy 



d£ 
dy 



More generally, let w = ^ (a?, y, s), where a?, y, is, are con- 
nected by two equations 

then, as in the preceding case, we have 
du £?0 d(p dy d(p dz 
dx^'di'^'d^di'^did? 



and also 



d/i dfidy dfi dz ^ 
dx dy dx dz dx ' 
dfidf',dy_dfidz_ 
l^^l^dx^ dzdx'^' 
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Euler^a Theorem of Homogeneous Functions. 

Hence, we get 

(^<p dffi d<p 

dx^ ^y* dz 

^ ^ ^ 

dx^ dy^ dz 

df% df^ dfz 

dx' dy" dz 



119 



dx 



#1 (¥1 
dy^ dz 

df^ ^ 
dy^ dz 

This result admits easily of generalization. 

102. Euler's Theorem of Homogeneous Functions. — If 



(8) 



where 

to prove that 



u = Ax^yi + jBa?^y9' + Cx^' y^" + &c. 
jp + 2' = jp' + / =y + 2^' = &c. = n, 

du du 
x-z- + y-— = nu. 
dx dy 



(9) 



Here x— = Apx^y^ + Bp'x^y^ + &c. 

y— = Aqx^y^ + B^ x^ y^ + &c. 

^ du du 

.'. X— + y-- = A{p-\'q)xPy^+ £{p' + ^xP'y^' + &e. 

= nAxPy^ + nBx^y^' + &c. = nu. 

Hence, if w be any homogeneous expression of the n^^ 
degree in x and y, not involving fractions, we have 



du du 



dx 



dy 



= nu. 
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1 20 Partial Differential Coefficients. 

Again, suppose w to be a homogeneous fimction of a 

fractional form, represented by — ; where ^1, ^2 are homo- 

geneous expressions of the n** and m^^ degrees, respectively, 
in X and y, then from the equation 

1 du ^* dx ^^ dx 

we have -^ = , ,, > 

dx (02) 

d^\ d^2 
and 



du ^ ^^ dy ^^ dy 



dy ihY 

accordingly we get 



^ t^t^ ^V (/a? ^ dy J ^ \ dx ^ dy J 
^^dx^^dy' {<p,Y 

but, by the preceding, 

- C?2* du W01 02 - ^01 02 

hence ^-r + y^"= / v^ 

(3?i» ^c?y (02)* 

= (w - m) — = (w - w) w : 

02 

which proves the theorem for homogeneous expressions of a 
fractional form. 

This result admits of being established in a more general 
manner, as follows. 

It is easily seen that a homogeneous expression of the »'* 
degree in x and y, since the sum of the in(Hces of x and of y 
in each term is w, is capable of being represented in the 
general form of 

fv\ 

^0 - . 
\x 
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JEukr^s Theorem of homogeneous Functions. 1 2 1 

Accardingly, let u = a^^(-) = x^Vy 

where v = fpl—X 

fin. ^^ ^^1 ^ ^^ 

Then -7- =n«!" ^t? + aJ^-r-, 

_- /j«« • 

dt/ dy' 

multiply the former equation by a?, and the latter by y, and 
add, 

., du du ^ ^f dv dv\ 

then x^- + y -7- = na^'v + a:~uc--- + y-7- . 

dx ^ dy \ dx ^ dy) 

But (by Ex. 3, p. 113), 

dv dv 
dx dy 

Tx du du ^ 

rLence ^ — + y -7- = naJ"«? = ww, 

which proves the theorem in general. 
In the case of three variables, x^ y, Zy 

suppose u = Ax^y^z^y then we have 

du J ^ „ ^ du .««« du A ^ ^ M^ 
X— = Apx^y^zfy y-j- = Aqx^y^z^y ^-f^ Arx^y^s^y 
ux dy (tz 

du du du .. N « « ^ / ^ 

,*. X— + y— + ^— = A[p + q-¥r)xPy^:f = (^ + ^ + r)w; 
wiZ? (ty dz 

and the same method of proof can be extended to any 
homogeneous function of three or more variables. 

BLence, if w be a homogeneous fimction of the nf^ degree 
in Xy y, Zy we have 

du du du / V 

ax *^ dy dz 
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122 Partial Differential Coefficients. 

It may be observed that the preceding result holds alsa 
if n be b, fractional or negative number, as can be easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera- 
tion that a homogeneous function of the w'* degree mx^y^z. 
admits of being written in the general form 

or in the form 

z 

X' X 

Proceeding, as in the former case, the student can show, 
without difficulty, that we shall have 

du du du 

x-r + y-r + z-r = nu. 
dx *^ dy dz 

Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
higher order. 

Examples. 
Verify Euler's Theorem in the following cases by direct differentiation : — 

z^ + y^ du du 5a 

I. «=- -7-; proye a; — + y— = — . 

aS + ax^y + by^ du du 

a\x* ■\- b'yy* dx " dy 

. , «' - y* du du 

3. w = Bin-i-r — ^, „ a;— + y — = 0. 

a;* + y2 ' dx "^ dy 






du du 



« = **(;ft7j). » 'ai^^rr'^ 



»n> 



103. Theorem. — If IT = w© + Wi + t/2 + • • • + ^n 

where Wo is a constant, and t^i, tfj, . . . w«, are homogeneous, 
functions of a, y, z, &c., of the ist, 2nd, . . . w'* degrees, res- 
pectively, then 

dU dU dU . , X 

dx dy dz 
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Bemarha on Euler^a Theorem. 123 

For, by Euler's Theorem, we have 

dUr dUr dUr „ 

dx ^ dy dz * 

since Ur is homogeneous of the r** degree in the variables* 
CoE. If Z7 = o, then 

dU dTT dU , » , V 

"^ d^'-^d^'-'-d^ • • . =- {e*^xH-2t.^+... + nt^). (12) 

This follows on subtracting 

nuo + wwi + . . . + nUn = o 

from the preceding result. 

104. Bemarks on Euler's Theorem. — In the application of 
Euler's Theorem the student should be carefiil to see that the 
functions to which it is applied are really homogeneous 
expressions. For instance, at first sight the expression 

sin~M — 7 — ^ ] might appear to be a homogeneous function in 

X and y ; but if the function be expanded, it is easily seen that 
the terms thus obtained are of different degrees, and conse- 
quently, Euler's Theorem cannot be directly applied to it. 

However, if the equation be written in the form --7 — ^ 

= sin w, we have, by Euler's formula, 

dsinu d sin u sinu 



or cos 



dx ^ dy 2 

( du du\ sin u 



- du du tan u 1 x + y 

nenoe « 3- + y 3- 



dx ^ dy 2 2 ^{q^ + y^f - {x + yf 
When, however, the degrees in the numerator and the 
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denominator are the same, the function is of the degree zero, 
and in all such cases we have 

du du 
dx ^ dy 

For example, sin^^f ^— ^j, tan*-^ ?_ ?^, ^ &c., may be 

treated as homogeneous expressions, whose degree of homo- 
geneity is zero. The same remark applies to cJl expressions 

which are reducible to the form ^(- ) ; as already showa in 

Ex. 3, Art. 96. 

105. If a? = r cos 0, y = r sin 0, 

^o prove that xdy - ydx = r^d%. (13) 

In Ex. I, Art. 96, we found 

dx = cos %dr - r sin 0c?©, 
fiimilarly dy = sin Mr + r cos M9. 

Hence xdy = r cos sin %dr + r^ cos^flrffl, 

ydx = r cos sin Mr - r^ sin' SrfO, 
.'. xdy - ydx = r^ dO. 

106. If X and y have the same values as in the last^ to 
prove that 

{dxy + {dyf = (dry + r* {dOy. (14) 

Square and add the expressions for dXy Jy, found above, 
and the required result follows immediately. 

The two preceding formulae are of importance in the theory 
of plane curves. 

107. // u = ax^ + by^ + cz^ + ifyz + 2gzx,+ zhxy^ 

to find the condition among the constants that the same values of 
x, y, z should satisfy the three equations 

du ^ du _^ du ^ 

dx ^ dy ^ dz ' 
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Here -j- = 2ax + 2hy+ zgz = o, 

dx 



— = zhx + 26y + 2/5: = o, 



du 

Tz 



= 2^ir + ify + 2C-2:= O. 



Hence, eliminating x^ y, 2 between these three equations^ 
the required condition is 



ahc-ap- bg* - 


cA' + 2fgh = ; 


or, in the determinant fonu, 






a h 


9 






h b 


f 


= 0. 




9 f 


c 





The preceding determinant is called the discriminant of the- 
quadratic expression, and is an invariant of the function ; it 
also expresses the condition that the conic represented by the 
equation w = o should break up into two right lines. (Sal- 
mon's Conic Sections, Art. 76.) 

The foregoing result can be verified easily from the latter 
point of view ; for, suppose the quadratic expression, w, to bo 
the product of two linear factors, X and F; 

or w = XT, 

where X= Ix \my ^nzj Y= tx -f m'y + w'e, 

then 3- =X-7- + F3- = ?^X+ /F, 

dx dx dx 

du dT ^dX ,-. _ 
dy dy dy 

dz dz dz 
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126 Partial Differential Coefficients, 

Here the expressions at the right-hand side become zero for 
the values of x, y z, which satisfy the equations X= o, ]r= o, 

or lic + my + nz = Oy Fx + rnly + n'z = o. 

Hence in this case, the equations 

du du ^ du ^ 

dx ^ dy ^ dz 

are also satisfied simultaneously by the same values. 

We shall next proceed to illustrate the principles of partial 
differentiation by applying them to a few elementary ques- 
tions in plane and spherical triangles. In such cases we may 
regard any three^ of the parts, a, 6, c, -4, -B, C, as being inde" 
pendent variables, and each of the others as a function of the 
three so chosen. 

lo8. Equation connectixig the Variations of the three 
Sides and one Angle. — ^If two sides, «, S, and the contained 
angle, (7, in a plane triangle, receive indefinitely small incre- 
ments, to find the corresponding increment in the third side c. 

IVe have c^ = a^ + J'* - lah cos C 

.•. cdc= {a - b COS C) da -h {b - a cos C) db + ab sin CdC^ 

lut a = b oos C + c Gos £, b^a cos C + c cos A. 

Hence, dividing by o, and substituting c sin jB for b sin (7, 
we get 

dc = cos £da + cos Adb + a sin BdC. (15) 

Otherwise thus, geometrically. 

By equation (2), Art. 97, we have 

dc = •rr-da-h-;zdb+-jz^dC. 
da db dC 



* The case of the three angles of a plane triangle is excepted, as they are 
equivalent to only two independent data.* 
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Examples in Plane Trigonometry. 127 

dc 
Now, in the determination of ^ we must regard b and C as 

constants; accordingly, let us sup- 
pose the side CB, or a, to receive a 
small increment, BB or Aa, as in the 
figure. Join AB and draw BD per- 
pendicular to ABj produced if neces- 
sary ; then, by Art. 37, AB = AD D^ 
when BB is infinitely small, neglect- ; 
ing infinitely small quantities of the 
second order. Fig. 4. 

Hence 

^e^AB'-AB^AD-AB^BD, 

dc V -i. i? AC BD ^ 

.'. -y- = limit of -7- « -77^ = cos B. 
da Aa BB 

dc 
Similarly, — = cos -dt ; which results agree with those arrived 

at before by differentiation. 

dc 
Again, to find -r^. Suppose the angle C to receive a 

small increment AC, represented by 
BOB in the accompanying figure, 
take CB = CB, join AB, and draw 
^2) perpendicular to AB. 
Then 

Ac = AB-AB = BD (in the limit) 

= BB cos ABB = BB sin ABC (q.p.) Fig. 5. 

Also, in the limit, BB = BC sin BCB = aAC. 

Hence -^ = limiting value of — ^ = a sia B ; 

the same result as that arrived at by differentiation. 

In the investigation in Fig. 5, it has been assumed that 
ALB — AD is infinitely small in comparison with BD ; or that 
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AB-AD 

the fraction ^^r — vanislies in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the^ 

observed lengths of its sides, and the magnitude of its vertical 

angle, the result in (15) shovsrs how the ^rror in the computed 

value of the base can be approximately found in terms of tha 

small errors in observation of the sides and of the contained 

angle. 

dC 
108. To find -=-: when a and b are conAidered Constant. — 

dA 

In the preceding figure BAff represents the change in the^ 
angle A arising from the change A (7 in (7 ; moreover, as the- 
angle A is diminished in this case, we must denote BAB^ by 
- A-4, and we have 



Bff=^ 



Also 



AB^A AB^A 


cAA 


sin AB'B cos B 


oosB' 


BBr = aAC, 




^iTi fVift l■lTn^f.^ — 


c 



dC 

dA AA ^ ' acos B 



(16) , 

Tiiis result admits of another easy proof by differentiation. 
For a sin jB = J sin -dt ; 

hence, when a and b are constants, we have 

a oosBdB = b oob AdA ; 
also, since A + B-\- C = tt, we have 

dA-\-dB + dC = o. 

Substitute for dB in the former its value deduced from the^ 
latter equation, and we get 

{a qobB + b oofiA) dA^-^ aooBBdC; 

or aiA ~ - eii oos BdC^ as before. 
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iJQ* JBomtten QOim^Qlliinflr tji^ TluriifitipiuKtf :two Sides and 
the oppoeite Ansrles.— Ia gj^^^ ll ^^.fc&t^ Ij^^ ],<)fiaiithiaQip 

a sin jB « 6 sin ^9 
regardiag a» A^ ^, lls:T»rifilde(i, lire^ 

a "*'tan^" 6 ■*'tanJL* ^'^^ 

III. Iianden's Transformation. — ^The result in equation 
( 1 6) admits of b^ing transf oiined. into 



dA dC 
aoo&B~ e ' 

it 




c = •;/«> + 6' - 2ab 008 d; and aoosf = y^a* ■ 
Hence we get 

dA dC 


-6*8in»^. 



V^a* - 6'sin ^A v^a* + 6* - 2a6 00s C' 

If C bo denoted by 180° - 2^1, the imgle at A by..^, and 
- by ky the. preooding equation booomos 

d^ 2d^i id^i 



v^i - k^ sin.?^ v^i + zk cos 2^1 + A;' ^/(i + ky - 4A sin ^^» 

(i+^)v/i-i/8ip.Vi' 

where ii = £v^. 

i + * 

AlsOy the equation a sin J3 = i sin ^ becomes 

sin (2^1 - ^) B A; sin ^. 

K 
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I30 Partial Differential Coefficients. 

The result just estabKshed furnishes a proof of Landen's* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formulse in 
Spherical Trigonometry. 

112. Belation connecting the Variations of tlxree Sides 
and One Angle. — ^Differentiating the well-known relation 

cos c = cos a cos d + sin a sin i cos Cy 

regarding a and b as constants, we get 

dc sin fl'sin J sin (7 » . . ^ 

-—r = : : = sin a sin J. 

dC sm c 

dc 
Again, the value of — when b and C are constants, can 

be easily determined geometrically 
as follows : — 

In the spherical triangle ABO, 
making a construction similar to that 
of Pig. 4, Art. io8, we have d^ 

7)iy A dc .. ., .Ac £D B'' — > ^ — 

-85'= Aa, .-. — = linutof— ="^0^ ——- 

da Aa BB Yig.6, 

(in the limit) = cos B. 

dc 
Similarly, when a and C are constants, -=-, = cos A. 

Hence finally, 

dc = cos Bda + cos Adb + sin a sin BdC. (19) 

This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the student. 

As in the corresponding case of plane triangles, we 
have assumed that AB" = AD in the limit ; i. e., that 



* This transformation is often attributed to Lagrange ; it had, however, been 
previously aniyed at by Landen. (See Philosophical Transactions, 177 1 and 
1775.) 
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ATY — AT) 

— z^j: — is infinitely small in comparison with AB in the 

limit. This assumption ma^ be stated otherwise, thus— 

If the angle ^ of a nght-angled spherical triangle be 

c "^ h 
very small, then the ratio ■ . becomes veij small at the 

same time ; where e and b have their usual significations. 

This result is easily established, for by Napier's roles we 
have 

. tan b sin i cos c 

cos ^ = T = r- ^ — ; 

tan e cos sm c 

i-cos-4 8inccos£-cos(;sini sin (c- ft) 
''i+co8^ 6inccosft + cos<;Binft 8in(c + d)' 
or 

sm (c - ft) = tan' — sm (c + 6), .•. . =sm(c+ft) tan — . 

tan — ^ 

2 

But the right-hand side of this equation becomes very small 
along with A^ and consequently c -b becomes at the same 
time very small in comparison with that angle. 
The formula (19) can also be written in the form 

^^ ^ do da db ^ 

fiinasinjB sinatanJS sinfttan^' ^ ^ 

and the corresponding f ormulsB for the differentials of A and 
B are obtained by an interchange of letters. 

Again, from any equation in Spherical Trigonometry 
another can be derived by aid of ^q polar triangle. 

Thus, by this transformation, formula (19) becomes 

dC ^ - cos bdA - cos adB + sin ^ sin bdc. (21) 

These, and the analogous formulae, are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 

K 2 
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1 3 2 Partial Dijerential Co&fficiehts. 

pakiBg.oeitain^ojbseryations ; viz., those in whioh small errot» 
m bl)6ervatioii produce the least error in the required result. 

. 113. .i^emarks on Partial Bififerentials. — The t)eginner 
must ibe caroful to attach their proper significations to the 

expressions^, ^, &o., in each case. Thus when a and h 

are eomtianU. we have -^ - sui a sin^; hut when A and a 
au 

are eoMtanis, we have -jtz = 7 — 7,; these are quite different 
dC tanC ^ 

de 
quantities represented hy the same expression ^ . 

!nie xeason is, that in the former case w:e investijg^te the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are cofisidered as 
constant; while in the latter, we investigate the similar ratio 
when Qne^ sifle and its opposite angle are constant. 

Similar remains applj in all cases of partial differentia- 
tion. 

When our f ormul89 are applied to the case of small errors 
m the sides and angles of a triangle, it is usual to designate 
these errors bj Aa, Ai, CiCj.^A^ AJ3, A(7; and when these 
expressions are substituted for da^ dby &c. in our formulse 
they give approximate results. 

For instance (19) becomes in this case 

Ac = Aa cos B+ Ab cos A-\- AC sin a sin 5 ; {22) 

and similarly in other cases. 

I^ is easily seen that the ^rror arising in the application of 
these formulaB to such ca^es is a small quantity of the second 
order;, tihiatis, it involves the squares and products of the 
small quantities Aa, Ab^ Ac, &c. This will also appear more 
fully from the results arrived at in a subsequent chapter. 

114. Theorem. — ^If the base c, and the vertical angle C, of 
a spherical triangle be constant, formula (19) becomes 

da db 

:= o. 



cos A cos B 
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Now, writing ^ instead of a, ^ instead of by and k for 

-; — , this equation becomes 
fiin c ^ 



/ . . sin ^ Bin j5\ 
i since a; = ' .^ ♦■ = -^^ — r i 
\ Bin a smb / 



yi"A*sin*^'*"v^i-*»sin»^ ^' ^^^^ 

where ^ and ^ are connected by the following* relation . — 

<^s (? = cos <^ cos ^ + sin ^ sin ^ cos C^ 
or cos c = cos ^ cos 1^ + sin ^ sin ^/^ vi - *' sin *<?• 

115. In a Spherical Triangle, to prove tliat 

da db dc _^ / x 

cos-4 cosjB cosC7~ ^ ; 

sin 
^hen ''^, — is constant, 
sin^ 

Let sin C7 = A: sin c, and we get 

,^ jfc cos c - sin^cosc , 

dC = ~ dc = -. -^ de ; 

cos C sinacosC/ < 

substitute this value for dp in (i 9), and it becomes 

^ TT T. T cos c sin -4 sin JB - 

ife ~ cos Adb + cos Bda + yr— — de ; 

^ ' cos C 



... T> T / cos (J sin ^ sin jB\ 
cos Adb + cos 5da = f i — ^ p; Wc 

cfc; 



or 

cos A cos JB 
' cos 

since sin ^ sin £ cos c = cos iC7 + cos ^ cos J^« 

« .in>]B mode of establishtn^ the coxmezion between Elliptic Functioiis br 
«id of l^heiiciEil Trigonometry u due to Lagrange. 
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1 34 Partial Differential Coefficients, 

Tx da db dc 

Meiioe 1- V = o 

cos^ QO^B cos (7 

Again, since cos -4 = v^i - ein' A^^/i -k^ sin* a, &o.^ 
the preceding result may be written in the form 

da db dc , . 

= o. (25) 



-/ 1 - A;* sin'* a -/i-Ar^sin^d yi-A;*sin*o 
where a, 6, e?, are connected by the equation 

cos c = cos a cos 6 + sin fl sin 6 y^i - *' sin* c. 
116. Theorem of Legendre. — ^We get from (24) 
cos B cos Cda + cos A cos Cdb + cos B cos Adc = o, 

or (cos -4 -sin 5 sin Ccos«) efo+(cos5-sin-4 sin CQOsb)db 
+ (cos C - sin -4 sin 5 cos c) efc = o, 

/. cos Ada + cos Bdb + cos Crfc 

= 8in£8in(7e/(8ina) + sui^sin(7^(sin() + sin^ sin £c? (sine) 
» A'(sin(sine?(f (sina) + sin(7sine(^(sin6) + sina sin ((^ (sine)); 
= J^d (sin a sin i sin c) ; 

or v^i - A* sin *a efo + y^i - A' sin *J ti?A + y^i - A*sin'c(fc 

= A'rf (sin fl sin 6 sin c). (26) 

This furnishes a proof of Legendre's formula for the compa- 
rison of Elliptic Functions of the second species. 

The most important application of these results has place^ 
when one of the angles, C suppose, is obtuse ; in this case 
ooB C is negative, and formula (25) becomes 

da db dc 



V^i - A* sin *a y^i - A* sin '6 y^i - *» sin »c 
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Examples in Spherical Trigonometry. 135 

where the relation oonneoting a, i, e is 



oosc^ooBaoosi-siimfiin i-A:*sinV. 

In like manner, equation (26) becomes in this ease. 



-v/i - A* sin 'a rfa + y^i -A* sin* b db 
= V'i-**sin\j de -^-k* d (sin a sin 6 sin c). 

117. If « = ^ (a? + fl]^, y + /30> where a?, y, or, /3, are inde- 
pendent of t, and of each other ; to prove that 

du du ^du * . 

Let x' = x + ut, y = y+ pt, 

then u = ^ {if, j/), 

dai dxf daf di/ a 

Also, since j^ is independent of Xj we have 

du ^du dx' ^du j ^ _ ^^ 
^ " daf dx " daT dy dxf* 

_. du du daf du di/ du r^du 

Hence -rr -1:7 -^ -^ Tyji "«3" + P3r- 

dt daf dt dfif dt dx ^ dy 

In like manner, if x\ /, /, be substituted for x-\raf^y^ ^^ 
^ + 7^, in the equation 

« = ^ (a? + a/, y + j3^, -5 + 70> 

it becomes 1* = ^ (a?', y\ sT) ; 

- du ^du d^tf du d^ ^ ^ . 

la" dai dx d}f dx dsf dx^ 
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136 Fmial if^flffVntii^ Cwffkiaat. 

dal M id 

du _ du - du du du ^ du 
.-. ^ = ^, also ^ = ^, ^ - ^, 

. . du ^ du daf du dj/ du d/ 
, , doi dJ ^ is! 

Henoe ^ = „^ + /3^ + Y^. (.8) 

e^^ dx ^ dy ' dli ^ ^ 

This result can be easily extended to any number of variables. 
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EZAICPLBS. 



\ ..„„..i„-.(f)+«n-.(|).praveth.t*.--^+-^. 

3. Find tho conditLons that «, a function of x^ y, s, should be a funetlon of 
«+y + «. 

du du du 
dx dff dz 



5. If /(») = ^(f), where u and « are each lunctioof of 9 and y, proye that 

dudv ^ dff dm 
dxdy dx dy 

du du 

6. Find the yalues of ^-^'^ Vj^ when 

^' ""iw' + fiy** 

7. If » s= dn m; + sin'dy 4- tan-* f - J , prove that 

zdy-yd^ 



du = a coBiUf dx '\- i eoiby dy -^ ' 



y^-^z* 



^ S. If M = logya? ; find — and -7-. -4«#. -j ^ — 



dx dy dx xlof;y dy y(logy)* 



V X 

9. If a as tan-* -, proye that 

(s^-¥y*)d0 = ydx^xdy. 

.10. If « sa y**, prove that 

tf« B ytt-i^jUM^y + ysB lofrfifo + xylQgydd). 
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138 Partial Differential Coefficients. 

11. If a -Iv a«-y« « y# • prove that 

12. In a spherical triangle, when a, b, are constant, proye that 

dA ianA , dC sin (7 

> Mid ^-r ! 



rf-B tanJJ* dB "emBcoBA' 

13. In a plane triangle, if the angles and sides receiye small yariations, 
proye that 

caB -^ b cos A AC so; a, b^ heing constant, 
cos CAb -h cos BAe so; a, A, heing constant, 
tan AAb = bAG ; a, ^, heing constant. 

14. The hase e of a spherical triangle is measured, and the two adjacent 
hase angles Ay B are found by obseryation. Suppose that small errors dA, dB 
are committed in the ohsenrations of A and B ; show that the corresponding^ 
error in the computed yalue of C is 

— cos odB " cos bdA. 

15. If the hase e and the area of a spherical triangle he given, prove that 

a b 

KJOL^-dB + sin* -dj = o. 
22 

16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular j9 is connected with the variations of the sides 
by the relation 

sin Cdp s sma'da + sinM^^, 

» and «* being the segments into which the perpendicular divides the vertical 
angle. 

17. In a plane triangle, if the sides a, b be constant, prove that the vaiiatioiia 
of its base angles are connected by the equation 

dA dB 



V^a« - 4« BID? A \/i» - a« am^B' 

18. Prove the following relation between the small increments in two sides 
and the opposite angles of a spherical triangle, 

da dB dA db 
tana tan^~~tan^ tan^' 

19. In a right-angled spherical triangle, prove that, if ^ be inyariaUa, 
tan 2cdb ts tan 2bdc ; and if be invariable, tan a<to + tan ^ = o. 
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20. If « be one of the equal ddee of an ieoeoelee ipheriGal triangle, vlioia 
yertical angle is very small and represented bj dm ; proye that the quantity by 

irhich either base angle fslls short of a right angle is - cos a A». 

21. In a spherical triangle, if one angle C be giyen, as weU as the flum of 
the other angles, prore that 

da db 

-. + -T-T « O. 

sina siDd 

22. If aU the parts of a spherieal triaogle yary, then wiU 

cos ^<fo + cos Bdh + cos Cdc » kd(k sina sin^ sin^) ; 
sin^ sin^ sinC 



where 



AUo 



* = - 



db 



sina 
dO 



COSui cos^ qmC 



mb sin0 
stan^tan^tanCif 



(i)- 



These theorems can be transformed by aid of the polar triangle?— if* CMb^A^ 
JFeliowship Examinatum, 1^37* 

These are more general than the theorems contained in Arts. 115 and 116; 
and can be deduced by the same method, without difficulty. 

23. If « « ^(a?« - y«), proye that 



• dz dM 



24. If s =a -/ f - 1 , proye that 



25. If 



A« 



dz dz 

»f I, If h 

«, fiy 7, «, 

«', /B», 7», »», 

«>, i8», 7», «». 



, proye that 



dA dA dA dA 



26. If 



I, I, I, I, 
«, ^f 7» «, 
«?. /»', 7', »», 

«s /8*, y, «*. 

If I, 



, proye that 



dA dA dA dA 
da^ d^^ dy'^H 



I, I. 

«» ^» 7» >f 

«S i8', y\ »*, 

«>, iB», 7», »S 
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140 Partial Differ^Uial Coefficients. 

27. Find ^ «nd ^^ yrh^ x^ y^ %. are connected I17 t^Q ep^tiop^ of the 
form 

dx ^ ^d^ df^^ 
di dy dy dz 

dfd^ dfd^ 
da dy dx dx dy 

" Tx^^d.p^^d^ 

dz dy dy dz 

28. Froye that fu^y toot of U19 foUo^?ing equation in )( :-. 

y* + «y« I, 
aatisfiei tHe diflferential equation 

29. How can we ascertain whether an expression such as 
Admits of being reduced to the form 

d^ d^ d^ d^ 

^*^"di^di' Ty 'ir 

30. If « + f^r+ nZ, VX + w*r+ n% rx + m"r+ fi"Z, be substituted 
for «, y, s, in the quadratic expression of Art 107 ; and if a*, b\ ^, it, 9\f, be 
the respectiye coefficients in the new expression, proTC that 

f V dt 1 = 0, when^yer I / h d I « o. 
if df d \ \ t d c \ 

f 31. If the transformation be orthoyotutt, i. e., if «*+y»+ «» « Z* + r« + ^, 
proye that the j^reqe4uig determinants are equal to one another. 
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GHAPTEE VI. 

STTCCESSiyB DIFFERENTIATION OF FUNCTIONS 0* TWO OR MORE 

118. 'Successive i^wrtial i)iflfertotia1iioii. — We hftve in the^ 
preceding chapter considered the manner of determining th& 
partial differential coefficients of the first order in a function 
of any number of yariaHes. 

If t« be a function of Xy y, s, &o.f the expressions 

du du du ^ 
da^ d]f dz* 

being also functions of x^ y, Zj &c., admit of being differen- 
tiated in the same manner as the original function ; and the 

du 
partial difiereutial ooeffioieiit of -j-, lihisa. x alone Taries,.is 

dfflioted by 

, <Pu 

as in the case of a single variable. 

Sinularljy the partial differential coefficient of -r-, when y 
alone varies, is represented by 



d fdu\ d^u 



_lfdu\ 

dy\dx) dyd£ 



and in- general,. , ^, denotes that the function w is first 

differentiated n times in succession, supposing x alone to 
vary, and the resulting function afterwards differentiated m 
times in succession, where y alone is '8u{)posed to* vary ; and 
similariy in all other dases. 
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142 Successwe Partial Differentiation. 

We now proceed to show that the values of these partial 
derived functions are independent of the order in which the 
variables are supposed to change. 

119. If u be a Function of x and y, to prove tliat 

dfdu\^ d fdu\ d^u d^u / v 

dy\dx) dx\dy/ dydx dxdy^ 

where x and y are independent of each other. 

du 
Let fi = ^ (a?9 y)y then — represents the limiting value of 

h 

when h is infinitely small. 

This expression being regarded as a function of y, let y 

become y + k, x remaining constant; then -r-i-p) is the 

limiting value of 

0(a? + A,y + A;) -^{x^y + k) -^{x + h,y) + ^(a?,y) 
hk 

when both h and k become infinitely small. 

du • • • • 

In like manner -y is the limiting value of 

dy '^ 

0(a?,y-f^)-»(a?,y) 
k 

when k is infinitely small, hence ■j'i'T')^ the limiting value 

of 

<l^{x-{-h,y-\-k) -0(a?+A,y) "0(a?,y + ^) +0(a?,y) 
hk . 

when both h and k are infinitely small. 

Since this function is the same as the preceding for all 
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finite yalaes of h and k^ it will continue to be so in the limit; 
hence we have 



In like manner 



d fdu\ ^ d fdu\ 

dx\dy) dy\dxj 

d^u d^u 



da^dy 

d^u 

dxdy 

d^u I 



dydx^' 

d'u 
dydx^ 



dydx I 



d d 


du 


d d 


du 


dx dy 


dx 


dy dx 


dx 



for by the preceding, 

dfd^u\_ d 
dx\doedy) dx 

fiimilarlj in all other cases. Hence, in general, 

dx^dy^" dy^ dxf 

Again, in the case of functions of three or more variables, 
by similar reasoning, it can be proved that 

d^u . ^ dhi ^ 
dzdxdy dxdydz^ 

Hence we infer that the order of differentiation w in all cases 
indifferent, provided the variables are independent of each 
other. 



2. If f# = taii-i(-) 

3. If w = sm(flwr» + iy'»), 



verify that 



ExATffPTiKa FOE Yekepicatign. 

dydx dxdif 

d*u _ d^u 
iy^dx" dxdy*' 

d*u d*u 



dx*dy* dy*dj^' 



120. Condition that Pdx -h Qdy shall be a total Difforea- 
tial. — This implies that Pdx + Qdy should be the exact 
differential of some function of x and y. Denoting this 
function by w, then 

du- Pdx-h Qdy, 
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ondi by {i\ Art. 95^ me most liare 





F-- 


du 










dP 




dQ d*u 
dee dxdy 






Hence the reqtiixed condition is 










dP 


dQ 






121. 


If tibe amy Function of x and y, to 


SaeavB 


that 



(2) 



|(^«S)=l(^«g) <^> 



where x and y are independent variables. 
Here eaon side oa differentiation becomes 

122. Kore generally, to prove that 



d( dv\ df dv\ , . 



where u and V' are both functions of Zy and 2 is a function of 
X and ^. 



For 
but 



d f dv\ ^ du dv dH 
dy\ dx) dydx dydx^ 



du du dz dv _ dv dz 
dy ~ dz dy^ dx dz dx* 

dz d^v ^ 
• dy dydx ' 



d f dv\ _ du dv dz u^ 
dy\ dx) dz dzdxC 



and '^V^'T ) ^ evidently the same value. 
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123. Euler's Theorem ci Homogeneoiis FuiustioxuB. — In 
Art. 102 it has been shown that 

. du du 

where ti is a hcaQOgeneons fdnotioiL o£ the n^ degree in 
:2;andy. 

Moreover, as — and — are homogeneous functions of 

the degree n - i, we have, bj the same theorem, 

dfdu\ d(du\ , ^du 

d fdu\ d fdu\ , . du 

multiplying the former of these equations by x^ and the 
latter by y^ we get, after addition, 

^d^u d^u ^d^u , sf du du\ 

= (n-r)nw. (5) 

This result can be readily extended to homogeneous 
functions of any number of independent variables. 

A more complete investigation of Euler's Theorems will 
be f oimd in Chapter VIII. 

124. To find the Successive Differential Coefficients with 
respect to ty of the Function 

where a?, y, a, /3, are independent of ^, and of each other. 

By Art. 1 1 7 we have in this case, where stands for the 
expression ^ (a? + a^, y + )3^), 

dt dx dy 
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dx\dtj ^dy\dtj 
~"«te(*dij! dy) '^dy[dx '^ dyj 

This result can also be written in the form 

d'A I d ^d)dA ( d -,d)* 

J-\'di^^4dt'H^I^T,\l" (7) 

inwbidi ("X"'"/^;/") ^ supposed to be developed in the 
usual manner, and -^t &c., substituted for ( -j-j ^, &c. 
Again, to find ■-^. 

( d ^ dVd<f> ■[ d - d\( d^ -d^\ 
f d ^dy 



By induction from tlie preceding it can be readily shown 
that 

d^4> f d ^ dy 



This expression, when expanded by the Binomial Theorem, 
gives the n** differential coefficient of the function in terms 
of its partial differential coefficients of the n^ order in x and y. 
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EXAKPLXS. 



f . If « =s gin (ic?y), verify the equation ^^ a j— . 

2. Iftt = 8in(y + aA;} + (y-««)«, prove tliat 

3. Ingeneral, if «=/(y + «r) + ^(y-«j;), prove that 

4. If « = y*, prove that 

v-r = ^H' + * logy) =» ^-T-« 

5. If a = — --L find the values of 

«p + dy + fis' 

6. If fi = («» + y2)l, prove that 



^cPu d^u ^d^u 

<ir* ' i«r«/y *^ rfy* 

7. If tt = (;i;3 + y3)l, prove that 

,<?*« rfi8« d^u 3 

^ Tl + ^iry--— - + yt— - = £«. 

<fii?* ' dxdff ^ dy^ 4 

8. If F= -4y2 + 35y2» + ^Cyx^ + Dj^s, prove that 

dx^ dyi ^dxdy dx dy '^ 'W'd^"^^^ \ b] cl I> 

and show that the left-hand side of this equation vanishes when F is a perfect 
cube. 

d^u d^u d^u _ 
dx^'^dy^'^d^'^' 
L 2 
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CHAPTER VIL 

LAGRANOS'S THEOREM. 

125. Lagrange'8 Tlifiorem. — Suppose that we are given the 
equation 

Z^X-\-U^{z)y (l) 

in which x and y are independent variables, and it is required 
to expand any function of ^ in ascending powers of y. 

Let the function be denoted by F{z)y or by w, and, by 
Maclaurin's theorem, we have 

« = «. ^l« ^ VL. (^)^ . .^_J^f^) ^&e. (.) 
iW/o i.2\dfJo 1 .2...n\d]/^ Jo ^^ 

where ^0, (;i- ) , &o., represent the values of w, —, &c., when 

zero is substituted for y after differentiation. 

It is evident that Wo = F{^)' 

To find the other terms, we get by differentiating (i) with 
respect to rr, and also with respect to y, 

dz ,f\dz dz , . , f ^dz 

or ^{i-y«'(^)}=i, ^{i-y*'(^))=*(z); 

, dz , . dz 

hence ^ = *(^)^- 

Also, since w is a function of s, we have 

du du dz du du dz 
dx dz dx^ dy dz dy* 
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iMBiioe we obtain 

Again, denoting ^ {z) by Zj we have, by Art. 121, since 
JZis a function of u, 

since a; and ^ are independent variables ; 

To prove that the law here indicated is general, suppose 
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This shows that if the proposed law hold for any integer 
«r, it holds for the integer w + i ; but it has been found to hold 
for n- 2 and n = 3 ; accordingly it holds for all integral valuea 
of w. 

It remains to find the values of -r-, -;— , &c., when we^ 
make y = o. Since on this hypothesis Z or ^ {£) becomes 
^ (ir), and— becomes ^ ' or 2^ (a?), it is evident from (3)^ 
(4)> (5)j (6), that the values of 

du d^u cPu d^^u 

Txf lif ^ • • ' 'd^' 

become at the same time 

....^[{^(^)>'-2^(^)]. 
Consequently formula (2) becomes 

... + —, \£r{*(*)}""-P^('»')l+&c. (7) 

This ezpaiision is called Lagrange's Theorem. 

If it be merely required to expand z, we get, on making- 
F{z) = z, 

z^x + ^^{z)+-^^^[,^ («))»+&o. 

^7^771; £r {*(-))» -&c. (8) 
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126. Laplace's Theorem. — ^More generally^ suppoee that 
we are given 

^=/{« + y«W), (9) 

and that it is required to expand any function F(z) in ascend- 
ing powers of y. 

Let ^ = 0? + y ^ («), then z =/{t)^ and we have 

^ = a? + y0{/(^)). (10) 

Also F{z) = F[/{t)]y and the question reduces to the ex- 
pansion of tne function F [/{f) ] in ascending powers of y by 
aid of (10) ; accordingly, fonnula (7) becomes in this case 

* ,.,..>..) £ {[♦(/(«)!]" ^[/W]j +*.. (..) 

This formula is called Laplace's Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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Examples. 
I. Expand s, being given the equation 

Here » * iif, y = 6, 4»(8) ss «•, 

tind we get, from formula (8), 

« = « + *«' + 3i*«' + 12 JV + ^. 

Lagfrange lias shotm that lida •zpannon repreeents Ihe least lett of the |tto« 
poied oubicii and that a similar f rinciple holds in like cases. 



1.2 "* ^"^ ' 1.2.3 



2. Giyen 2 = a + ^«») find the expansion of 2. 

^«#. 2 = a + a«i + 2ntf2f»-i + 3« ( 

'3« Kxiven e cs i? 4 y^", find the expansion of s. 

4. JT tt a + '# An 2, expand (l) £, (3) sin K. 

(i). -4fi#.2=fl + «8ma+ ,- (8in^)+ ( — ) (sinV)-f fte. 

^2 d 
(2). ,y sin2=:8ina + «sinacosa + -r- (wa^a cos a) + &c. 

I . 2 <M 

5. If 2 = a + - (sJ* - 1), prove that 

a = a + --^ L+ -. ( ) + ... 

I 2 • I . 2 <<i» \ 2 / 

6. Hence prove that 
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CTTAPTEB YUL 

KJCTENSION OF TAYLOR^S THEOREM TO FUNCTIONS OP TWO 
OR MORE VARIABLES. 

127. EzpaxiBion of ^ {x + 7iyp + Jc), Suppose uiohe a, funo- 
tion of two variables a and y, represented by the equation 
tt = (a?, y) ; then substituting ^ + A for a?, we get, by Taylor's 
Theoarem, 

Again, let y become y + ky and we ge(t 

But 

d k^ cP 

<^{xyy + k) = 0(ar,y) + k— {^(a^.y)) + — ^2 t* (^»y)) +*c. 



= w + A; -T- + r-5 + &c. 

1.2 (/v* 



dy 1.2 (/y * 
Also 

, rf , , ... . du ^^ d^u hk^ (Pu p 

^nrvj^ y) ^ ^^ 1^2 dxdy* 

And 

I.^ «fa?» *^ ^ ' ^ ^' «.2d<U* 1.2 riiT^d^ 
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Substituting these values in (i), we get 

1.2 ax^ dxdy 1,2 dy^ ^ ^ 

128. This expansion can also be arrived at otherwise as 
follows : — Substitute x-^at and y-¥^t for x and y,*respectively, 
in the expression ^ {xyy)y then the new function 

i^[x'¥ at,y-¥ pt], 

in which a?, y^ a, /3, are constants with respect to tj may be 
regarded as a function of ty and represented by F{t) ; thus 

(a? + a^, y + /30 = F{t), 

The latter function F{t\ when expanded by Madauiin's 
Theorem, becomes by Art. 79, 

+ i^j'(-)(eO. (3) 

where i^o) is the Talue of F(t) when < = o, i. e., i^ (o) = ^ (a;, y) 
= u ; also ^^'(o), &c., are the values of 

dip eP^ J, 
i' J' ^' 

when ^ = o ; where ^ stands for ^ {x+ at^y + fit). 
Moreover, by Art. 1 17, we have 

dt dx ^dy' 



* Since it is indifferent whether we first change x into jr + A, and afterwards 
change y into y + Ar, or vice verad ; the expansion giyen above famishes an in- 
dependent proof of the results arriyedat in Art 119. 
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but, when ^ = o, ^(a? + a^ y + ^t) becomes w, or F{p)y and ■— 



beeomep a -7- + 13 -7- at the same time. 
dx '^ dy 

Hence J"(o) = „^V^^. 

^ ' dx '^ ay 

Also, by the same Article, 

which, when ^ = o, reduces to 

2^'(o)=««^+.a0^ + ^'^, (4) 

&c. &C. &0. 

These equations may also be written in the symbolio 
form 

Again, (a ^) ^'^ "*^;r^> ^^-j ^^^ "j i^j ^© independent 

of X and y : and hence the general term in the expansion of 
F{t) can be at once written down by aid of the Binomial 
Theorem. 
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Finallj, we have, on substituting h for a^, and h for /3^, 

k^ d'u 
1 . 2 e/y' 



I f d d\*^*^ 



129. Expansion of (a? + A, y + A, 2 + /). — A funetion ^f 
three variables, a?, y, 2r, admits of being treated in a similar 
manner, and accordinglj tiie expression 

(a? + a^, y + j3^, z + yt)^ 

when w is substituted for ^ (ir,y, z), becomes 



I.2\ e]£i? ^dy ' dzj 
i,{x + h,y,k,z + l)^u-,(^h^+k^-^l£ju 

I f.d ,d ,d\ . 

i.2\ «b dy dzj 

^du ^du ,du A' d'u V cPu P d^u 
efo? dy dz 1 .2dx' i .zdy^ 1.2 as* 

+ A*3-^ + A/^-r- + kl^-y + &o. (0) 

dxdy dxdz dydz 

lllie general term in this expansion, and aibo the re- 
mainder after n terms can be easily written down. 
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These results admit of obyious generalization for any 
number of Tariables. 

Also, by making jr, y, z each cypher we hare 

,(M,0-H..<SV<|><|). 

where {-r)i (3-) • • • d^ziote tha values which the fuaotiona 

du du . . , 

-7-, 3-, . . . assume on making :r = o, y = o, and s = o. 

ax ay 

This result may be regarded as the extension of 

Maclaurin's Theorem. 

150. Symbolic EzpressioiL for preceding BesuHs. — Since 



+ ,-(^-f + *^f +&C. 



l«\ dx dy) 
equation (5) may be written in the shape 






^' ^'i^{^>y)=i>{^' + h,y-hk). (7) 

This is analogous to the form given for Taylor's Theorem 
in Art. 67, and may be deduced from it as follows : — 

We have seen that the operation represented by e ^' 
when applied to any function is equivalent to changing x 
into x-vh throughout in the function. 

A- 
Accordingly, e '^^ (a?, y) = (^{x-^-h, y), since y is indepen** 

dent of X. 
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In like manner, the operation e ^^ when applied to anj 
function, changes $/ into ^ + A;, 

.-. « *'" . e ^iji {xy y) = e ^^<^ {x + hy y) - ^{x -{- hj y -k- A), 

or e^ '^(xyy) =<l>(x + hyy + k)j 

assuming that the symbols k— and A— are combined ao- 

•oording to the same laws* as ordinary algebraic e:xpressions. 
In an analogous manner we obtain the symbolic formula 

, «* , <« ,^ 

131. If in the development (2), dx be substituted for h, 
and dy for A;, it becomes 

it^{x + dx,y + dy)=i,'¥^dx + ^dy + 

If the sum of all the terms of the degree niadx and dy 
l)e denoted by d**^, the preceding result may be written in 
the form 

6(x + dXf y -{' dy) := 6 + — + — ^ + — ^ + . . . 
^^ 7if if/ r J J 2 1.2.3 

+ Jp^H.&C. (10) 

In ^ ' 

Since (£r, e/j^, are infinitely small quantities of the first 

* That this is the case appears immediately from the equations ^-j- = -r-^9 



•dx^dy dydx^* * 
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order, each term in the preoeding; expansion is infinitely 
small in comparison with the precedine one. 

Hence, since <P<I> is infinitely snudl in comparison with 
dijfy if infinitely small quantities of the second and higher 
orders be neglected in comparisoii with those of the first, in 
accordance with Art. 38, we get 

(^ = ^(a? + (&, y + rfy) - ^ {x,p) - -£dx + ^rfy, 

which agrees with the result in Art. 97. 

132. Euler's Theorems of Homogeneous Functions. — ^We 
now proceed to give another proof of Euler's Theorems in 
addition to those contained in Arts. 102 and 123. 

n we substitute gx for h and gt/ for A; in the expansion (5), 
it becomes 

, . f du du\ 

*{x^gx,y^gy)^u^g[x--vy-^ 

i.2\ da^ ^ dxdy ^ dy^J 

where u stands for ^ {xy y). 

But ♦(«?+fl'ii?,y+^y) = *{(i+fl')ir, (i+^)y), 

and, if ^ {Xy y) be a homogeneous function of the n*^ degree 
in X and y, it is evident that the result of substituting (1+^)4? 
for X and (1+ ^)y for y in it is equivalent to multiplying it 
by (i +g)^> Hence, we have for homogeneous functions, 

or {i^g)nu = u^g[x^-,y^^j 

ipvhere t* is a homogeneous function of the n'* degree in x 
^eaidy. 
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S-iiM3e the preceding equation holds for allYtlvi^ of ^ if 
we expand and equate like powers of ^, we obtain 

da sh» 
dee ^ dy 

^d^u d^u J^u . . 

^^■^^^^^^■^^"^'^^'•^^^ = '^("- ') ('^- ')^'' 

&e* &c. &e* 

The preceding method of demonstration admits of obvious 
extension to the case of a homogeneous function of three or 
more variables. 

Thus, substituting gx for A, gy for ^, g% for /, in formula 
(6) Art. 129, and proceeding as before, we get . 

du du du 
x-T- + y— + 2— = WW, 
ax dy dz 

^d^U ^d^u ^d^u d^u d^u 

X h y 1- 2 V 2xy + 2x% 

dx^ dy^ d^ dxdy dxdz 

d'u . , 

&c. &c. &c. 

These formulae are due to Euler, and are of ijnportance 
in the general theory of curves and surfaces, aa well as ia 
other applications of analysis. 

The preceding method of proof is taken from Lagrange'ft 
Mecanique Analytique. 
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CHAPTER IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

133. Definition of a Maximum or a Minimum. — If any fnno- 
tion increase continuously as the variable on which it depends 
increases up to a certain value, and diminish for higher values 
of the variable, then, in passing from its increasing to its de- 
creasing stage^ the function attains what is called a maximum 
value. 

In Kke manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a minimum stage. 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence with a few geometrical and algetiriaic examples of this 
class. 

134. Geometrical Example. — To find the area of the greatest 
triangle which can be inscribed in a given ellipse. Suppose the 
ellipse projected orthogonally into a circle ; then any triangle 
inscribed in the ellipse is projected into a triangle inscribed in 
the circle, and the areas of the triangles are to one another 
in the ratio of the area of the ellipse to that of the circle 
(Salmon's Conies, Art. 368). Hence the triangle in the ellipse 
is a maximum when that in the circle is a maximum ; but in 
the latter case the maximum triangle is evidently equilateral, 
and it is easily seen that its area is to that of the circle as 
V 27 to 4 TT. Hence the area of the greatest triangle in- 
scribed in the ellipse is 

. > 

4 

where a, b are the semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 
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Examples. 

1. Prove that the area of the greatest ellipse inscribed in a given triangle is 

IT 

"~7=^ (area of the triangle). 

2. Find the area of the least ellipse cireiunsciibed to a given triangle. 

3. Pkce a chord of a given length in an ellipse, so that its distance from the 
<!entre shall be a maxinnim. 

The lines joining its extremities to the centre must be conjugate diameters. 

4. fihow that the preceding construction is impossible when the length of 
the given chord is > ay 2 or< h\/7. ; where a and h are the semiazes of the 
ellipse. Prove in this case that if the distance of the chord from the centre be 
a Tn^Trinrnni or a minimum, the chord is parallel to an axis of the curve. 

5. A chord of an ellipse passes througb a given point, find wlien the triangle 
formed by joining its extremities to the centre is a maximum. 

135. Algebraic Examples of Maxima and Kinima. — JSsJij 
cases of maxima and minima can be solved by ordinary 
algebra. We shall confine our attention to one simple class 
of examples. 

Let /(a;) represent the function whose maximum or mini- 
mum values are required, and suppose u =f[x\ and solve 
for X ; then the values of u for which x changes from real to 
imaginary y are the solutions of the problem. This method is, 
in general, inapplicable when the equation in a? is beyond the 
second degree. We shall illustrate the process by a few 
examples : — 

Examples. 

I. To divide a number into two parts, such that their product shall be a 
maximum. 

Let a denote the number, x one of the parts, then « (a ~ «) is to be A maxi- 
mum, by hypothesis. 

Here « = a? (a - a?), or «* - oa? + 11 = o ; 

fiolving for x we get 
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accordingly, the mazuntun value of m is — , since greater values would make » 

4 
imaginary. 

2. To find the maximum and minimum values of the fraction 



«2 + i* 






Here u = — , gtx^ 

In this case we infer that the maximum and minimum values of m are - and 

— ; and the proposed fraction accordingly lies between the limits - and — - 

for all real values of x. 

These results can be also easily shown, as follows. We have in all cases 

{x + y)» = {x- yf + ^y. 

Accordingly, if ar + y be given, xy is greatest when * - y = o, or when « = y. 
Conversely, if a:y be given, the least value of d; + y is when x-=y. 

Hence, denoting xy by a*, the minimum value of a? + — is 2a, for positive 

values of x. 

Again, it is evident that when a function attains a maximum value, its 
inverse becomes a minimum, and vice verad. 

Accordingly, the max. value of -— r is — , under the same condition. 

3. Find the greatest value of r-r- . 

^ ■ r (a + *) (A + a?; 

•(« + «) (J + x) . . «* . . . y~r 

B.ere- ^ is to be a mimmum, or — + « w a mm., ,\ x=y aby 

X X 

.and the max. value in question is 



4. Find the least value of a tan + ^ cot 0. Ans, 2\/ab^ 

X •\' a 

5. Prove that the expression -= — 7 r will always lie between two fixed 

X* •{■ ox •¥ c* 

. finite limits if «*+<?*> db and J* < 4 <?• ; that there will be two limits between 
which it cannot lie if a* + c^ > ab and i* > 4 c* : and that it will be capable of all 
values if «« + c^ < a*. 

136. To find the Maximum and MiniTniim values of 

a<x?^ + 2hxy + ey^ 

M 2 
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Let u denote the proposed fraction and substitute z for 
- ; when we get 

y 

_ az^ + ihz •¥ c , ^ 

or {a - cCu)^ + 2(J - Vv)z + - c'w = o. 

Solving for Zy this gives 

(flf - du)z + b-b'u = ± y[b - J'w)* - (a - c^w) {c'-^Tuj. (2) 

There are three cases, according as the roots of the equation 

(6'' - a'O t*^+ (ac' + ca^ - 2bV) u-\-b^-ac = o (3) 

are real and unequal, real and equal, or imaginary. 

(i). Let the roots be real, and denoted by a and /3 (of 
which ]3 is the greater) ; then, if b'^ - aV > o, we shall have 



{a - a'u)z +b-b'u = ± v^(6'* - a'O {u - a) {u - )3). 

Here, so long as u is not greater than a, 2 is real ; but 
when u> a and < ]3, 2; becomes imaginary ; consequently, the 
lesser* root (o) is a maximum value of w ; in like manner, it 
can be easily seen that the greater root (/3) is a mim'TmiTn. 

Accordingly, when the roots of the denominator, a V + 2 J'ar 
+ (f = Oj are real and unequal, the fraction admits of all pos- 
sible, positive, or negative values, with the exception of those 
which lie between a and (3, 

If either a^ = o, or c' = o, the radical becomes 



and, as before, the greater root is a minimum, and the lesser 
a maximum, value of u. 



* In general, in seeking tlie maximum or minimum values of y from the 
equation, y = ^ (x), if for aU values of y between the limits a and fi, the cor- 
responding values of ^ are imaginary, while x is real when y =» a, or y = j9 ; 
then it is evident that the lesser of the quantities, a, i9, is a maximum, and 
the greater, a minimum, value of y. This result also admits of a simple geo* 
metrical proof, by considering the curve whose equation is y = ^ (d?). 
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(2.) When a = j3, the expression under the radical sign, 
is positive for all values of u, and consequently u does not 
admit of either a maximum or a TniniTrmTn value. 

(3.) When the roots a and (3 are imaginaiy, the expres- 
sion under the radical sign is necessarily positive, and u in 
this case also does not admit of either a maximum or a 
Tninimum value. 

Hence, in the two latter cases, the fraction denoted by u 
admits of aU possible values between + 00 and - 00 . 

In the preceding, the roots of the denominator are sup- 
posed real ; if they be imaginary, i. e., if 6'* - aV < o, we 
have 



{a -du)z^h- Vu = ± v/(aV- h') (w - a) (0 - u). 

It is easily seen that z is imaginary for all values of ti 
except those lying between a and /3. Accordingly, the 
greater root is a maximum, and the lesser, a miniTnum 
value of u. 

Hence, in this case, the fraction represented by u lies 
between the limits a and /3 for all values of x, 

137. auadratic for determining z, — ^Again, the value oiz 
corresponding to a maximum or a mim'Tnum value of t^, must 
satisfy the equation 

(fl - a'u)z + 6 - J'w = o. 

Substituting for w in (i) its value derived from this latter 
equation, we obtain the following quadratic in z : 

{aV - ba') z^ + z (flc' - cd) + be - cV - o. (4) 

This equation determines the values of er, which correspond 
to the maximum and mirn'mum values of u. It can be easily 
Been that if the roots of equation (3) are real, so also are those 
of (4) ; and vice versA. 

The, student will observe in the preceding investigation 
that when u attains a max. or a min. value, the corresponding 
equation in z^ obtained from (2), has equal roots. This is, 
as will be seen more fully in the next Article, the essential 
criterion, of a max. or a min. value, in general. 



Digitized by LjOOQ IC 



1 66 Mamma and Minima of Functions of a Single Variable. 
Pind the max. or min. values of w in the following cases :— r 

Examples. 

• I. « = -3 Ana, M = 2, a max., « = tt a nun. 

»2 + 4a;+io 6 

«' - a? + I 2-1* 



ir'^ + ic-i »* + «— i' 

~r — is a max. or a min., accordiDg as is a min. or a max., i. e. 

I 

as a; 18 a max. or a min. 

i-x 

.*. d; = o, or or = 2 ; the former gives a max., the latter a min. solution. 

We now proceed to a general investigation of the condi- 
tions for a maximum and miniTnum, by aid of the principloB 
of the Differential Calculus. 

138. Condition for a Maximum or Minimum. — If the in- 
crement of a variable, Xy be positive, then the corresponding 
increment of any function, /(a;), has the same sign as that 
of f{ix^)y by Art. 6 ; hence, as x increases, f{x) increases or 
diminishes, according as /'(a?) is positive! or negative. 

Consequently, when f{x) changes from an increasing to 
a decreasing state, or vice versd^ its derived function, f^ix)^ 
must change its sign. Let a be a value of x corresponding 
to a maximum or a minimum value of f{x) ; then, in the 
ease of a maximum we must have for small values of A, 

/(«) >/{^ + ^)y and f{a) >f{a - h) ; 
and, for a minimum, 

f{a) <f{a + A), and f{a) <f{a - h). 

Accordingly, in either case the expressions 

f{a + h) -f{a\ and f{a - h) -^f{a). 

have both the same sign. 
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Again, by formulro* (29) Art. 75, we have 
Aa + h) .f{a)^h/{a)+~r{a + Bh) 

/(a-A)-/(«) = -A/W+7^/'(«-M). 

Now, when h is very small, and f\a) finite, the second 
term in the right-hand side in each of these equations is very 
small in comparison with the first, and hence f{a + h) -/{a) 
and f{a - h) - f{a) cannot have the same sign unless 
f{a) = o. 

Hence, the values of x which render f{x) a maximum or a 
minimum are in general roots of the derived equation f^{x) = o. 

This result can also be arrived at from geometrical 
considerations ; for, let y = f{x) be the equation of a curve, 
then, at a point for which the ordinate y id^tains a maximum 
or a minimum value, the tangent to the curve is evidently 
parallel to the axis of x\ and consequently, f{x) = o, by 
Art. 10. 

Moreover, if x be eliminated between the equations 
f{x) = u and f{x) = o, the roots of the resulting equation in 
u are, in general, the maximum and minimum values oif{x). 

This is the extension of the principle arrived at in Art, 134. 

Again, since/' (a) = o, we have 

/(« + A)-/(«) = 7^/> + e/0 

fla-h)-f{a) = f-/'ia-Bji) 

* In the investigatioii of maxima and minima given above, Lagrange's form 
of Taylor's Theorem has been employed. For students who are unacquainted 
-with uiis form of the Theorem, it may be observed that the conditions for a 
maximum or minimum can be readily established from the form of Taylor's 
Series, given in Art. 54, viz., 

/(« + h) ^f(a) = hf(a) + i^r w + f:7:^/"'W + *«• ; 

for when h is very small and the eoefficients /'(«), /"(a), &e. finite, it is evident 
that the sign of the series at the right-hand side depends on tbat of its first 
term, and hence all the results arrived at in the above and the subsequent 
Articles can be readily established. 
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But the expressions at the left-hand side in these equations 
are both positive, for small values of A, when f'\{a) \A 
positive ; and negative, when f\a) is negative ; therefore 
f{a) 18 a maadmum or a minimum according as f\a) is negative 
or positive. 

If, however, f^\a) vanish along with f^{a), we have, by 
Art. 75, 

f{a-h) -Aa) = T=^/"(«) + , /' P^{a - U). 

Hence it follows that, in this case, f(a) is neither a 
maximum nor a minimum^ unless f^'{a) also vanish; but if 
f'\a) = o, then /(a) is a max. when /^^ (a) is negative, and a 
minimuTn when /^^ (a) is positive. 

In general, let /(**)(«] be the first derived function that 
does not vanish ; then, ii n be odd, /(a) is neither a max. nor 
a min. ; if w be even, f{a) is a max. or a min. according as 
/(«+!)(«) is negative or positive. 

!rhe student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometrical interpretation of the results arrived at in this 
and the subsequent Articles. 

Examples. 

I. M = a8in:r + ^cosa;. 

Here the max. and min. values are given by tlie equation 

du ^ ^ 

-r- = « cosic- i sina? = o, or tan ar = -. 
dx ' b 

Hence, the max. value of u is v a* + b% and the min. is - v^a* + d*. This is 
also evident independently, since u may be written in the form 

V a* + i* sin {x + a), 

where tan a = -. 
a 

2. M = « — sino;. 

du d^u d^u 

In this case -_ = i - cosrc, •— r = sina?, -7-: = cosar. 

dx ^ dx^ dx^ 
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Application to Rational Algebraic JExpreasions. 1 69 ^ 

Accordingly, if •— = o, we nave :7-; = o, and -n = i. 

Consequently, the function a? - sin a? does not admit of either a maximum or a 
minimum Yalue. 

This result can also he easily seen from geometrical considerations. 

3. u=iacoax + hcoa 2X, a and b heing hoth positive. 

du 

Here -— = — « sin » - 2 J sin aa?, 

uX 

tPu 

— -^ = - a COS a? - 4* cos 2a;. 

The max. and min. values are given hy the equation a sin a; + 2& sin 2a7 = o : 

— a 

.'. we have, (i) sina; = o, or (2) cos a: = — . 

The simplest solution of (i) is a; = o, in which case 

«="+»' 4? 

consequently, this gives a max. solution. 

Again, let a? = t, and we have f*=ft-«, t-j = a- ^b; consequently this 

ax* 

gives a max., or a min. solution, according as a is < or > 4^. 

If a = 4J, we get a; = IT, ^-j = o. 
ax' 

On proceeding to the next differentiation, we have 

dht 

-—r = a (sin a? + 2 sin 2a;) = o, when x=ir. 

dXr 

d*u . . 

Again, -z-^ cs a (cos a? + 4 cos 2a;) = 3«. Consequently the solution is a 

minimum in this case. 

Again, the solution (2) is impossihle unless a he less than 46. In this 

case, i. e. when a < 4^, we easily find -^ positive, and accordingly this gives a 

min. value of u, viz., — -rr — *. 

139. Application to Rational Algebraic Expressions. — 
Suppose /{x) a rational fimction containing no fractional 
power of a;, and let the real roots of /{x) = o, arranged in 
order of magnitude, be a, /3, 7, &c., no two of which are 
supposed equal. 

Then /(^) = (^-«)(^-/3)(^-7) • • • 

and r(a) = (a-j3)(a-7) . . . 

but by hypothesis, a - j3, a - 7, &c., are all positive ; hence 
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170 Maxima and Minima of Functions of a Single Function. 

f\a) is also positive, and consequently a corresponds to a 
TniniTmiTTi value oif{x). 

Again /'(/3) = 0-«)(/3-7) ..: 

here /3 - a is negative, and the remaining factors are positive ; 
hence /"(j3) is negative, and/(/3) a maximum. 
Similarly, /(y) is a minimum, &c. 

140. Maxima and SCinima Values occur alternately. — We 
have seen that this principle holds in the case just considel'ed. 

A general proof can easily be given as follows : — Suppose 
f[x) a maximum when x^ a^ and also when x = b, where b i& 
the greater; then when a? = a + A, the function is decreasing^ 
and when a? = J - ^, it is increasing (where ^ is a small incre- 
ment) ; but in passing from a decreasing to an increasing 
state it must pass through a minimum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

141. Case of Equal Boots. — Again, if the equation /'(^). 
= o has two roots each equal to a, it must be of the form 

f{x) = [x-ay^l.(x). 

In this case/'' (a) = o,/'" (a) =2\p (a), and accordingly^ 
from Art. 138, a corresponds to neither a maximum nor a 
minimnm value of the function /(a?). 

In general, iif^x) have n roots equal to a, then 

r{x) = {x-a)-4^{x). 

Here, when n is even, /(a) is neither a max. nor a min. solu- 
tion ; and when n is odd, /(a) is a max. or a min. according^ 
as -ip (a) is negative or positive. 

142. Case where /'(a?) = 00. — The investigation in Art» 
138 shows that a function in general changes its sign in pass^ 
ing through zero. 

In like manner it can be shown that a function changes 
sign, in general, in passing through an infinite value ; i. e., if 
^ (a) = 00 , (a - A) and (a + A) have in general opposite 
signs, for small values of h. 
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Case where f^ {x) ^ ^ . 171 

T^osj if u and - represent any function and its reciprocal^ 
they have necessarily the same sign ; because if «« be positive^ 
- is positive, and if negative, negative. 

Suppose Uiy thy U3, three successive values of u^ and 

— , — , — , the corresponding reciprocals. 

Then if «2 = o ; by Art. 138, Ui and th have in general 
opposite signs. 

Hence, if -^ = 00, — and — have also opposite signs : and 

U^ Ui Uz Jrx- . o 7 

we infer that the values of a which satisfy the equation /'(^r) 
= 00 may furnish maxima and minima values of/ (x). 

143. We now return to the equation 

f\x)={x-ar^P{x), 

in which n is supposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when x = a^f'(x) is zero or infinity according 
as n is positive or negative. 

To determine whether the corresponding value of f{x) is 
a real maximum or minimum, we shall investigate whether 
/'(a?) changes its sign or not as x passes through a. 

When a: = a + h,f(a + A) = h''y\,{a^1i)y 

„ * x^a-h,f{a-h) = {-hYxlj(a-h), 

now, when h is infinitely small, \p{a + h) and \p{a - h) be- 
come each ultimately equal to \p{a) : and therefore /'(a + h) 
and/' (a - h) have the same or opposite signs according aa 
( - i)** is positive or negative. 

(i). If 9} be an even integer, positive or negative,/' (a?) does 
not change sign in passing through a, and accordingly a cor- 
responds to neither a maximum nor a Tnim'Tnum solution. 
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172 Maxima or Minima of Functiom of a Single Variabk. 

(2). If n be an odd integer, positive or negative,/' {a + h) 
-and/' {a - h) have opposite signs, and a corresponds to a real 
maximum or minimum. 

(3). If n be a fraction of the form + — , then (- i)* ^ 

r 

= 1 ^ = I, and a corresponds to neither a max. nor a min. 

(4).Ifnbeoftheform+^-^~^,then(-i)*-7" = (-i)*7> 

is imaginary if j9 be even, but has a real value (- i) when p 
is odd. In the former case,/' {a - h) becomes imaginary ; in 
the latter, /'(« + h) and /'(a - h) have opposite signs, and/ (a) 
is a real maximum or TniTi iTrmTn. 

Thus in all cases of real max. and min. values the index n 
must be the quotient of two odd nimibers. 



Examples. 

I. / (x) = <M?2 + %hx + e. 

Here /' (x) s= i(ax + i) = o, hence « = - 



a 



ae - *2 :.. . 

And is a max. or a min. value of ax^ + ihx + c^ according as a la nega^ 

a 

tive, or positive. 

2 /(«)=2a;»- i5«2^. j5a;+ 10. 

f(x) = 6(a;« - 5^ + 6) = Kx - 2) (a: - 3). 
(i.) Let a? = 2 J then/"(«) is negative ; 
hence/ (2) or 38 is a maximimi. 

(2). Let « = 3 ; then/" («) is positive ; 
hence /(3) or 37 is a minimum. 

It is evident that neither of these values is an ahsolute maximum or mini- 
mum ; for when « = 00 , f(jr) = 00 , and when a; = - 00 ,/(») = - 00 ; accord- 
ingly, the proposed function admits of all possible values, positive ox, negative. 

Again, neither + 00 nor — 00 is a proper maximum or minimum value, because 
for lar^e values of «,/(«;) constantly increases in one case, and constantly dimi- 
nishes m the other. 
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It is easily seen that as x increases from - 00 to + 2,/(^) increases from - 00 
to 38 ; as rr increases from 2 to 3, f^x) diminishes from 38 to 37 ; and as a; in- 
creases from 3 to oo , / ^a?) increases from 37 to oo . When considered geome- 
trically, the preceding myestigation shows that in the curve represented by tho^ 
equation 

y = 2«* - i5aJ» + 36a; + 10, 

the tangent is parallel to the axis of x at the points x = 2, y = 38 ; and x ^ 3,. 
y = 37, and that the ordinate is a nuudmum in the former, and a Tninitni^m xa. 
the latter case, &c. 

3. /(a?) = a + h{x - tf)^« Ans, x = e. Neither a max. nor. a min.. 

4. f(x) =b-\-e{x-' a)i + d(x - a )t. 
Substitute a + A for x, and the equation becomes 

f[a + h)^b + ehii-dhi; 
also /(a - A) o J + ehi + dhi, 

but when h is very small h^ is small in comparison with h^, and accordingly 
d is a minimum or a maximum value off{x) according as <; is positive or nega- 
tive. 

5. /(a;) = 5a!* + laa^ - 15a;* - 402:8 ^ 1^3.2 ^ ^q„ ^ ,y^ 

Am. X =± I gives neither a max. nor a min. ;x^— 2 gives a min. 

(aj-i)(a;-6) 

6. -i -. Let X — lO^z, and the fraction becomes 

«- 10. 

(g + 9)(g4-4 ) ,,„^„^36 
,or2+i3+--. 

The maximum and minimum values are given by the equation i - — = o. 

z^ 

••. « = ± 6, and hence a? = 16 or 4 ; the former gives a min., the latter a max.. 
value of the fraction. 



Qc + iy- 

Hence /'(,)= ^^ (* + 5). 

If a; = I ,/(«) is neither a max. nor a min. ; if a? = - 5, f(x) is a max. 

Again, the reciprocal function -p — - is evidently a max. when a? »- — i ^ 

{x — i)^ 

for if we substitute for ar, — i + A, and - i - A, successively, the resulting values 

are both negative ; and consequentiy the proposed function is a minimi^TT^ in this 

case. 

This furnishes an example of a solution corresponding to /'(a;) s=oo . Seo 

Art. 142. 
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144. We shall now return to the fraction 

«aj* + zhxy + cy^ 
dn^ + 2V xy + cy 

the max. and min. values of which have been already considered 
in Art. 136. 

Write as before the equation in the form 



z\a-du) + 2z{h - Vu) + [c- c'u) = o, 



where z = -. 

y 



du 



Differentiate with respect to s, and, as— = o for a max. 

az 

or a min., we have 

z{a - du) + (6 - Vv) =0. 

Multiply this latter equation by Zy and subtract from the 
former when we get 

z^ - 1/u) + (c - c'u) = 0. 

Hence, eliminating 'z between these* equations, we obtain 

(a - du) [c - c'u) = (J - b'u)\ 

-or u\aV - b'') -u{ac-\- cd - zbb') + {ac - b^) « o, (3) 

the same equation (3) as before. 
The quadratic for Zy 



z\aV -bd)-\-z{a(f - cd) + be' - cV = o, 



(4) 



is obtained by eliminating u from the two preceding linear 
equations. 

This equation can also be written in a determinant form, 
-as follows: — 

I - z s^ 



a 
d 



■■ o. 



Digitized by VjOOQ IC 



Jf(za?. and Mm. of —f— ~- 7—. 175 



It may be observed that the coefficients in (3) are f»- 
imianU of the quadratic expressions in the nnmerator and 
•denominator of the proposed fraction, as is evident from the 
principle that its maximum and minimum values cajmot be 
altered by linear transformations. 

This result can also be proved as follows : — 

-where X, T denote any functions of x and y ; then in seeking 
the maximum and minimum values of u we may substitute 

^ for -=, when it becomes 

az^ + 26.2: + c 
u = 



aV+26'^+c" 

and we obviously get the same maximum and minimum values 
for Uj whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, Y be linear functions of x and y, 

i. e. X= Ix + myy Y = tx ■\- ray^ 
then u becomes of the form 

Aq^ + iBxy + Cy'^ 
'A^TiWxfTUf' 

where -4, J?, (7, -4', 5^, C\ denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 
mine the max. and min. values of «« must have the same roots 
in both cases, we have 

AC-W^Xiao- h% AC + CA'- zBB'^ X {ae'+ci/ - 2bb'], 

A' a- BT^^X [dd - V% Q.E.D. 

It can be seen without difficulty that 

X = {Im' - mr)\ 
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176 Maxima and Minima of Functions of a Single Variable. 

We shall illustrate the use of the equations (3) and (4) by 
appljdng them to the following question, which ooours in the^ 
determination of the principal radii of curvature at any point 
on a curved surface. 

145. To find the Maxima and Minima Values of 

r cos^a + 2S cos a cos /3 + ^ cos^^jS, 
where cos a and cos /3 are connected by the equation 

(i -\-p^) QQ^^a + 2pq cos a cos/3 + (i +q^) oos'jS = i, 
andj?, qy r, s, t are independent of a and /3. 

Denoting the proposed expression by u and substituting- 

p cos a , 

z for p., we get 

cos /3 

rz^ + 28Z -\-t 
u = 



(i + p'^)z^ + 2pqz + (i + ^Y 



The maximum and minimum values of this fraction, by 
the preceding Article, are given by the quadratic 

u^{i+p'-^q^]^-u[[i +q^)r-2pq8^-[i^-p^)t]+rt-s^^o; (6) 
while the corresponding values of z or -p. are given by 

s*{(i +p')8'-pqr] + z[{i +p')t - (i + qy) 

+ W - (i + ^'W = o * (7) * 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and consequently, the 
values of the fraction lie between the roots of the quadratio 
(6), in accordance with Art. 136. 



* Lacroix, Dif. CaL, pp. 575, 576. 
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Max, and Min, Radius Vector of an Ellipse. 177 

146. To find the ITaTinniTii and WiniTnnm Radius Vector 
of the Ellipse 

aa^ + 2hxy ■\- cy^ = i. 
(i). Suppose the axes rectangular ; then 

r* = ii^ + y'istol)ea m^TiTmiTn or a minimum. 

Let - = z. and we sret 
y ^ 



as* + 2bz + c 



Henoe the quadratic which determines the maximum and 
minimum distances from the centre is 

r^{ac -b^) - r* (« + c) + i = o. 

The other quadratic, viz., 

ba^ - {a-c)xy - by^ = o, 

gives the directiom of the axes of the curve. 

(2.) If the axes of co-ordinates be inclined at an angle oi, 
then 

r^ = a? + y^ -\- 2xy cos w 

^ 2* + 2S cos 01 + I 

"" az^-\-2bz + c ' 

and the quadratic becomes in this case 

r* (ac - S*) - r* (a + c - 2b cos w) + sin^ w = o, 

the coefficients in which are the invariants of the quadratic 
expressions* forming the numerator and denominator in the 
expression for r*. 

The equation which determines the directions of the axes 
of the conic can also be easily written down in this case. 

* Salmon's Conic Sections, Arts. 155, 159. 
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147. To investigate the Maxinrnm and WiniTniiTn Values 
of 

aar^ + ^^hci^y + Z<^^ + ^V^ 

Substituting % for -, and denoting the fraction by w, we have 

_ ^^ "*" 3^^' + 3gg + <;? 
~ dz^ + 3iV + ^c'z + ef ' 

Proceeding, as in Art. 144, we find that the values of u and z 
are given by aid of the two quadratics 

az^ + 2bz + c = {c^z^ + 2l/z +/)Uj 

hz^ -^ 2CZ -\- d = ij/z^ + 2c'z + (f)U. 

Eliminating u between these equations, we get the following 
biquadratic in z : — 

z'{ab'-b(^) + 2z'{ac'-ca^)+z^ad'-a'd+3{b<f-cb')] 

+ 2z {bd'- db") + {cct-c'd) = o. (8) 

Eliminating z between the same equations we obtain a 
biquadratic in u^ whose roots are the maxima and minima 
values of the proposed fraction. Again, as in Art. 144, it 
can easily be shown that the coefficients in the equation in u 
are invariants of the cubics in the numerator and denominator 
of the fraction. 

148. To cut the MayimuTn and MinimuTn Ellipse from a 
Kight Cone which stands on a given circular base. — Let AD 
represent the axis of the cone, and 
suppose BP to be the axis major of 
the required section, its centre, a, J, 
its semi-axes. Through and P 
draw LM and PRy parallel to BC, 
Then BP = 2 a, V ^ LO . OM 
(Euclid, Book iii., p. 35) ; but LO 

= ^, OM^—, .-. V = ^-.BC.PR. 

2 ' 2 4 

Hence BP^ . PR is to be a maximum 

or a miTiiTmiTn . Fig. 7. 
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Let L BAD = a, PBC= 0, BC=c. 

—« ^ ^ ^ ^sin BCP c cos a 

Then BP = BC^ 



emBPC eoa(tf-a)' 

P7? - pp SinP.g.g _ ccos(0 + a) 
"* sin PUB " cos(0-a) ' 

eos(0 + a) . 
•'• ^ = — TTTi — T IS a i^ax- or a mm. 

--r du sin 20 -2 sin 2a . ^ 

Hence -77. = t-tt* ^^ — = Oj •'• sm 20 = 2 sin 2a. 

d9 cos* (0 - a) ' 

The solution becomes impossible when 2 sin 2a > i ; L e. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°. For, if 01 be the least value of derived from the 

equation sin 20 = 2 sin 2a ; then the value — 0i evidently 

gives a second solution. 

Again, by differentiation, we get 

d^U 2COS20 , , . ^ . . 

this is positive or negative, according as cos 20 is positive or 

negative. Hence the greater value of corresponds to a 

maximum section, and the lesser to a mim'TTium. 

In the limiting case, when o = 15°, the two solutions 

<5oincide. However, it is easily shown that the corresponding 

section gives neither a max. nor a min. solution of the 

problem. For, we have in this case = 45° ; which value 

d^u 
gives ^2 = o. On proceeding to the next differentiation, we 

find, when = 45°, 

d^u -4 64 

^ " cos* (45° -a) " " "9" 

Hence the solution is neither a max. nor a min. 
When a > 15°, both solutions are impossible. 

N 2 
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149. The prinoiple that when a function is a max. or 
a min. its reciprocal is at the same time a minimiim or a 
maximimi, is of frequent use in finding such solutions. 

There are other considerations by which the determina* 
tion of maxima and minima values is ofben facilitated. 

Thus, whenever t* is a max. or a min., so also is log {u)y, 

unless u vanishes along with — . 

Again, any constant may be added or substracted, i. e. if 
f{x) be a max., so also isf(x) ± c. 

Also, if any function, w, be a maximum, so will be any 
positive power, of w, in general. 

150. Again, if z = f{u)f then dz = f{u)du^ and conse* 
quently 2 is a max. or^a min. ; either (i) when du = o, i, e» 
tchen u is a max. or a mm. ; or (2) whenf{u) = o. 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly in such cases any root of f{u) = o does not 
furnish a real max. or min. solution, unless it lies between 
the ^ven limiting values of u. 

We shall illustrate this by one or two geometrical 
examples. 

(i). In an ellipse^ to find when the rectangle under a pair of 
conjugate diameters is a max. or a min. Let r be any semi- 
diameter of the ellipse, then the square of the conjugate 
semi-diameter is represented by c?-\-h^- r*, and we have 

u^r^ {a^ + 6* - r*), a max. or a min. ; 

du 
here -7- = 2 (a' + J'* - 2r*) r. 

dr ^ ^ 

Accordingly the max. and min. values are, (i) those for 
which r is a max. or a min. ; i, e. r = a, or r =h\ and, (2) 
those given by the equation 

r {a^ -^b^- 2r^) = o. 



* See Cambridge Mathematical Journal, vol. iii., p. 237. 
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Examples on Maadma and Minimu. - 1 8 r 



or r = o, and r 



■r-T 



The solution r = o is inadmissible since r must lie between 
the limits a and b: the other solution corresponds to the 
^juiconjuffate diameters. It is easily seen that the solution 
in (2) is the maximum, and that in (i) the minimum value 
of the rectangle in question. 

15 1. As another example, we shall consider the following 
problem :* — 

Griven in a plane triangle two sides {a^ b) to find t/ie 
maximum and minimum values of 

. A 
cos — 

2 

C s 

where A and c have the usual significations. 

Squaring the expression in question, and substituting x 
for c, we easily find for the quantity whose max. and min. 
values are required, the following expression : 

I 2b c^-V^ 
X a^ x^ ^ 

neglecting a constant multiplier. 

Accordingly, the solutions of the problem are — (i) the 
maximum and minimum values of ir, i. e. a-\- b and a-b. 

(2) the solutions of the equation —, i. e. of 

OfX 

x"^ a^ x" "" ' 

or d?' + 46a?-3(a'-J'*) =0, 

whence we get x = \/z^^ + ft* - 26 ; 
neglecting the negative root, which is inadmissible. 

Again, if J > a, ^/^cF+V^ - 2ft is negative, and accordingly 
in this case the solution given by (2) is inadmissible. 

* This problem occurs in Astronomy, in finding when a planet appears 
I>righte6t ; Uie orbits being supposed circular. 



Digitized by LjOOQ IC 



1 82 Maxima and Minima of Functions of a Single Variable, 



If a > J, it remains to see whether ^/^^TT^ - zb lies 
between the limits a -\- b and a - b. It is easily seen that 

v^3a* + b^ - 2bi3> a~b; the remaining condition requires 

a-\- b> \/3a^ + b^ - 26, 
or fl + 36 > v^3a* + b\ 

or a* + 6ad + 96^ > 3a* + J', 

i e. 46* + sab > a^, 

10 16 44 

or finally b> -. 

We see accordingly that this gives no real solution unless 
the lesser of the given sides exceeds one-fourth of tho 
greater. 

When this condition is fulfilled, it is easily seen that the* 
corresponding solution is a maximum : and that the solutions 
corresponding to x = a + b, and x = a - by are both minima 
solutions. 

152. Maxima and Minima Values of an Implicit Function. 
— ^Suppose it be required to find the max. or min. values of 
y from the eqijiation 

f{x, y) = o. 

Differentiating, we get 

du du dy _ 
dx dy dx ^ 

where u represents /(ir, y). But the max. and min. values of 

y must satisfy the equation H^ = o: accordingly the maximum 

and minimum values are got by combining* the equations. 

da . 

3- = o, and u = o. 

ax 

* This result is eyident also from geometrical considerations. 
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Maximum Quadrilateral of Given Sides, 183 

153. Maximum and MininniTn in case of a Function of 
two dependent Variables. — To determine the maxiniTim or 

' TniniimiTn values of a function of two variables, x and y, which 
are connected by a relation of the form 

f{x,y)=o. 

Let the proposed function, ^(o?, y) be represented by u ; 
then by Art. loi, we have 

d<p df d(l> df 
du dx dy dy dx 
dx df 

dy 

But the maxima and minima values of n satisfy the 

du 
equation ;^ = o, hence the values of x and y derived from 

the equations /(a?, y) = o and 

d^ df d^ df 

dxdy dy dx ' 

furnish the solutions required. To determine whether the 

solution so determined is a maximum or a TninimuTn it is 

d'^u 
necessary to investigate the sign of -7-5. We add an 

(tx 

example for illustration. 

154. Given the four sides of a quadrilateral, to find when its 
area is a maximum. 

Let fl, 6, c, d be the lengths of the sides, the angle 
between a and b, \p that between c and d. Then absin.^ + 
crfsini// is a max.; also «*+ P- 2aJcos0 = c*+ d^- 2cdG0B\p, 
being each equal to the square of the diagonal. 

Hence ab cos0 + cdao^^-j- = o, for a max. or a min. ; 

also aJsin0 = crfsin;//^, 

.*. tan0 + tan;// = o, or + i// = 180°. 
Henoe the quadrilateral is inscribable in a circle. 
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1 84 Maxima and Minima of Functions of a Single Variable. 

Thai the solution arrived at is a maximum is evident from 
geometrical considerations ; it can also be proved to be so by 
aid of the preceding principles. 

For, substitute , . , instead of -^, and we get 
' cd sm\p d^ ® 

du _ ab sin (0 + 1^) 
d<^ sin i/^ * 

Tx d^u ab cos (* + J/) / d\L\ , . , . 

Hence -j-z = 7^ — — [i + -t-] + a term which 

dijr Bmxfj \ dip) 

vanishes when 6 + \L = 180° ; and the value of •^— . becomes 

d<jr 

in this case 

- ^^ f ^^\ 
sin 1// \ cdj' 

which being negative, the solution is a maximum. 
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!EiXAKPLES. 

8 /ft 

I . Prove that a sec + d cosec ^ is a minimum when tan ^ = Xl -. 

^ a 

' 2. Find when 4** — i^x'^ + iix — i is a maximum or minimum. 

Ana. a; = }, a max., a; = 2, a min. 

"3. If a and h be such that /(a) -f{h), show that f{x) has, in general, a 
max. or a min. yalue for some value of x between a and b. 

-4. Find the value of x which makes 

sin X .Qo^x 



C08*(6o°-a;) 
a maximum. Ana. x = 30°. 

5. If ^-{ — ^^ be a maximum, show immediately that --7-7 is a minimum. 

' 6. Find the value of cos a:, when — is a maximum. 

V 5-4cosa? 

Ana. cos a; = 2 • 



*^ 7. Find when - , is a maximum. ,, a; = — . 

a;' + ara? -*- J 
8. Apply the method of Ex. 5 to the expression -j— ^ t» 

-9. What are the values of x which make the expression 

2a? - 2 la;' + 363; - 20 

a maximum or a minimum P and (2) what are the maximum and minimum 
values of the expression F Ana. a; = i, a max. ; a; = 6, a min. 

/ % ^ ma . 

10. tt = x:>»{a — a?>. Ana. x = , a maximum. 

11. Given the angle C of a triangle J prove tliat sin' -4 + sin* ^ is a 
maximum, and cos'^ -f cos^^ a minimum, when A^ B. 

1 2. Find the least value of a^« + *«'*«. Ana. 2\/(ib. 

(a + x)(b-\-x) ^ /-r 
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1 86 Maxima and Minima of Functions of a Single Variable. 

14. Show that hA- c{x- a)^, when a; = a, is a minimuia or a maximuin^ 
according as ^ is positive or negative. 

15. u^ X cos a;. Ans, x = cot x. 

16. Prove that a;* is a maximum when « = *. 

17 . Tan"» X . tan»» (a - a:) is a maximum, when tan (a - 2x) = tan a ? 

18. Prove that z is a minimum when x = e, 

log a? 

19. Given the vertical angle of a triangle and its area, find when its base is 
a minimum. 

20. Given one angle ^ of a right-angled spherical triangle, find when th& 
difierence between the sides which contain it is a maximum. 

Here tan c cos A = tan b ; and since c — i is a maximum, tt = ' • 

Hence we find tan b = v cos A, ^*' 

This question admits of another easy solution ; for as in Art. 1 1 2, we have- 
sin (c — b) ^ .A 

-r—. 77 = tan* - , 

sin {c + b) 2 

consequently sin (e — b) becomes a maximum along with sin (e + b), since A ia 
constant ; and hence c — bia a. maximum when c-\-b = 90°. 

This problem occurs in Astronomy, in finding when the part of the equatioa 
of time which arises from the obliquity of the ecliptic is a maximum. 

''21. Provfe that the problem, to describe a circle with its centre on the 
circumference of a given circle, so that the length of the arc intercepted within 
the given circle shall be a maximum, is reducible to the solution of the equation 
= cot 6. 

22. A perpendicular is let fall from the centre on a tangent to an ellipse, find 
when the intercept between the point of contact and the foot of the perpendicular 

is a max. Prove that p = yabf and intercept = a— b. 

23. A semicircle is described on the axis-major of an ellipse ; draw a line 
from one extremity of the axis so that the portion intercepted between the 
circle and the ellipse shaU be a maximum. 

24. Draw two conjugate diameters of an ellipse, so that the sum of the 
perpendiculars from their extremities on the axis-major shall be a maximum. 

25. Through a point on the produced diameter AB of a semicircle draw a 
secant QMS', so that the quadrilateral ABER' inscribed in the semicircle sbaU 
be a maximum. 

26. If sin ^' = ^ gin y^, and t|/ + t|/' «= «, where a and h are constants, prove 
that cosi|/ cos^' is a maximum when tan^^'= tani|/ tani|/'. 
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27. Find the area of the ellipse 

ax"* + 2hxy + iy« = <? 
in terms of the coefficients in its equation, by the method of Art. 146. 



(i) for rectangular axes. Ana, 



ire 



, V « ,v ire sin « 

(2) for oblique. 

28. A triangle inscribed in a given circle has its base parallel to a given line- 
and its vertex at a given point, find an expression for the cosine of its vertical 
angle when ths area is a maximum. 

29. Find when the base of a triangle is a minimum, being given the vertical 
angle and the ratio of one side to the difference between the other and a fixed 
line. 

30. Of all spherical triangles of equal area, that of the least perimeter is- 
equilateraL 

31. Let w^ + >c3 _ ^axu = o ; determine whether the value x — o gives u a 
maximum or minimum. Ans, Neither. 

32. Show that the maximum and minimum values of the cubic expression 

aa^ + Z^^^ + 3^ + ^ 
are the roots of the quadratic I ■ 

aH'* - iGz + A = o, 
where fr — cP-d—yibo + 25^, and A = €?d^ + ^a^ \ 4^^ - %(>^^ - dahcd, 

33. Through a fixed point within a given angle draw a line so that the> 
triangle formed shall be a minimum. The line is bisected in the given point 

34. Prove in general that the chord drawn through a given point so as to- 
cut o£E the minimum area from a given curve is bisected at that point. 

35. If the portion, AB^ of the tangent to a given curve intercepted by two- 
fixed lines, 0-4, OB^ be a minimum, prove that FA = NB : where P is tho 
point of Contact of the tangent, and iV'the foot of the perpendicular let fall on 
the tangent from 0. 

36. The portion of the tangent to an ellipse intercepted between the axes is- 
a minimum ; find its length. Am* a-\-b. 
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CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE IN- 
DEPENDENT VARIABLES. 

155. Maxima and Minima for two Variables. — ^In accordance 
with the principles established in the preceding chapter, if 
4> {x, y) be a maxinmin for the particular values, x^ and y^ 
of the independent variables, x and y, thei^ for all small 
positive or negative values of h and k^ ^ (Jk^ y^ must be 
greater than {xo + A, 2^0 + A) ; and for a Tnirnmum it must 
be less. 

Again, since x and y are independent, we may suppose 
either of them to vary, the other remaining constant ; 
accordingly, as in Art. 138, it is necessary for a maximum 
or minimum value that 

_ = o,and^ = o; (i) 

omitting the case where either of these fimctions becomes 
infinite. 

156. Lagrange's Condition. — ^We now proceed to con- 
sider whether the values found by this process correspond to 
real maxima or minima, or not. 

Suppose oJo, yo to be values of x and y which satisfy the 

equations 

du , du 

^ = o,and^ = o, 

fT^iJi tJ^tL d^tii 

and let A. J?, C be the values which -7-1, -7-^-, ^-r -assume 

dx^ dxdy dy^ 

when x^ and y^ are substituted for x and y\ then we shall 

have 

0(iPo+ A, yo+ *) - ^(iPo, yo) = (^A^+ 2Bhk + CW) + &c. • (2) 
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Examples of Maxima and Minima of Two Variables, 189 

But when h and k are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah^ + zBhk + Ck^; accordingly the sign of 
j> {xo + A, ^0 + A) - ^ (^0, Po) depends on that of 

A 

Now, in order that this expression should be either always 
positive or always negative for all small values of h and k^ 
it is necessary that AC - B^ should not be negative ; as, if 
it be negative, the numerator in the preceding expression 
would be positive when A = o, and negative when Ah + J?A = o. 
Hence, the condition for a real maximum or miTn'mum is. 
that AC should not be less than B^, or 

dhicPu _ / (Pu Y ^ 

dx^ dif \dxdy) ' 

and, when this condition is satisfied, the solution is a maxi* 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

li B^\>Q> AC the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first estab-- 
lished by Lagrange,* by whom also the corresponding condi- 
tions in the case of a function of any number of variables 
were first discussed. 

Again, if -4 = o, B = o, (7 = o, then for a real maximum 
or miTiiTrmTn it is necessary that all the terms of the third 
degree in h and k in expansion (2) should vanish at the 
same time, while the quantity of the fourth degree in h and k 
should preserve the same sign for all values of these quan- 
tities. See Art. 138. 

The spirit of the method, .as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from n given points situated in 
the same plane shall be a minimum. 

* Th6orie des Fonctions. Deuxi&me Partie. Ch. onzibme. 
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Let the co-ordinates of the given points referred to 
rectangular axes be 

[oii Ji), (^2, 62), («3, S3) . . . [any &n), respectivcly ; 
{xj y) those of the point required ; then we have 

u={x-a,y+{y-hy+{x-a^y'\-{y-hy+... 

a minimum. 

du . . 

,\ — =x-ai+x-a2+...-^x-an = nx-[ai-\-a2+,..-\-an) = o. 
ax 

— = y-bi-\-y-b2-^...+y-bn-=ny-{bi+b2+..,-\-bn) = o. 
__ fll + ^2 + . . . + fl« Ji + 62 + . . . + 6« 

Hence x = , y = . 

n n 

and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 

tf t^ _ d^u __ f,_^^ _ 

dx^ ^ dxdy ' dy^ 

In this case AC - B^ is positive, and A also positive; 
and accordingly the result is a minimum. 

158. To find the Maximum or MininniTn value of the ex- 
pression 

a^ + by'^ + zhxy + zgx + 2fy + c. 

Denoting the expression by w, we have 
I du 

- — = hx-\-by+f = o. 
2dy 



Digitized by LjOOQIC 
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Multiplying the first equation by a?, the second by y, and 
subtracting their sum from the given expression, we get 



u = 


gx +fy + c ; 




Tvhenoe, eliminating x and y between the three equations, 
we obtain 




a h g 




u[ah-h^)^ 


h b f 
9 f 


(3) 


This result may also be written in the form 




where A denotes the discriminant of the proposed expression. 


. . d^u 
Agam, ^^, = 2a, 


d^u _ d^u 
dx^ ' dicdy 



Hence, if ab - h^ be positive, the foregoing value of u is a 
max. or a min. according as the sign of a is negative or 
positive. 

If h^ > aby the solution is neither a maximum nor a 
minimimi. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for X and y in the equation of a conic, w = o, the resulting 
value of u is either a maximum or a minimum if the curve 
be an ellipse, but is neither a maximum nor a TniniTrmTn for 
a hyperbola ; as is also evident from other considerations. 

159. To find the DCazima and Tffinima values of the 
Praction 

aar^ + by^ + 2hxy + 2gx + 2/y ■¥ c 
aV+ jy + 2h'xy-\- 2g'x+2/y-{-c'' 

Let the numerator and denominator be represented by 
^1 and 02 ; then denoting the fraction by w, we get 

01 = Uji2 • • • (a) 
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192 Maxima and Minima for two or more Variables, 
Differentiate "with respect to x and y separately, then 



dy' 



d<l>i dii d^2 d<l>i du 

dx dx^^ dx^ dy dy^' 

but for a max. or a min. we must have 

du du 

dx dy 

Hence, the required solutions are given by the equations 

ax + hy ->(- g = u(dx + Ky + /), 
hx + by + f = u (Jix + Vy +/). 

Multiplying the former by ^, the latter by y, and subtracting 
the sum from the equation (a), we get 

gx -\-fy + c = u {gx ^fy + c'). 
These equations may be written 

{a - cCu)x + (A - }iu)y -^ g-g'u = o, 

(Ji - Ku)x + (6 - Vu)y -^f-fu = o, 

(^ - /^)^ + {f-f'^)y -^c-c'u = o. 

Eliminating x and y, we get the determinant 

a-a'u h-Ku g- ^u 

h-Ku b-Vu f-fu =0. (4) 

^-/^ f-fu c-c'u 

The roots of this cubic equation in w are the maxima and 
minima required. 

This cubic is the same as that which gives the three 
systems of right lines that pass through the points of 
intersection of the conies 0i = o, ^2 = o.* 



* Salmon's Conic Seodons, Art. 370. 
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The cubic is written by Dr, Salmon in the form 

AV + eV + Gw + A = o, (5) 

where A, A' denote the discriminants of the expressions ^i and 
^2, and 9, 9' are their two other invariants. 

On the proof of the property that the coefficients are in- 
variants, compare Art. 144. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case either A = o, or A' = o. 

If both the numerator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 

9'w + 9 = o, 

and has but one solution, as is evident also geometrically. 
(160. To find the DCazima or Minima Values of a?' + y* + z^^ 

where ax^ + Jy* + cz^ + 2hxy + 2gxz + zfzy = i. 

X V 

Let w = 0?* + y' + ^^^ ; substitute x' and y' for - and ~, and 

z z 

we have 

x'^ + 3/^+ 1 

ax'^ + hxf^ + c + ihoiif + 2^0/ + ify ' 

Accordingly the cubic of formula (4) becomes in this case 

\ -uT^ h g 

h b-ir' f =0. (6) 

g f e-ur"^ 

This is the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation ; when expanded it becomes 

tr» - (a -\-b + c)u'^ + {ab + be + ae -/* - g^'-K')tr'^ 

+ [qT + ^f + ^** " ^^^ " ^f9^) = ^• 

* See Salmon's Geometry of Three Dimensions, 3rd ed., Art 8a. 
O 
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194 Maxima and Minima for two or more Variables. 

i6i. Application of Lagrrange's Condition. — ^In applying 
this condition to the general case of Art. 159, we write the 
equation in the form 



from which we get, on making ^ = o, and — o, 

da? dx" ^' d^' 

d^<tii ^ d^<p2 d^u 

dxdy dxdy ^^ dxdy ' 

-^""■^ ■'*'#" 

Hence 

Accordingly, the sign of -4(7 - J5* is the same as that of 
the quadratic expression 

[ah - A*) - [aV ^hd - ihhT) u + [c(V - A'^) u\ (7) 

where w is a roo^ of the cubic (4) or (5). 

If A2 represent the determinant in (4), the preceding 

quadratic expression may be written in the form -^. 

Again, Wi, W2, Ws representing the roots of the cubic (4) ; a, 
/3, those of the quadratic (7) ; if Ui be a real maximum or 
TTiiniTTmTn value of u we must have [ui - a) (wi - )3) [c(V - A'*) 
a positive quantity. 

Accordingly, if c(V - A'* be j)ositive, Wi must not lie be- 
tween the values a and ]3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and /3, 
they correspond to real maxima or minima, but any root 
Tvhich lies between a and /3 gives no max. or min. 

In the particular case discussed in Art. 160 the roots of 
the cubic (6) are all real, and those of the quadratic 

} a - u '^f h \ 

i I = o are mterposed between the roots of the 

I h, b-ur'\ 

•cubic. (See Salmon's Higher Algebra, Art. 44). Accord- 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid ; viz., the axes a and c 
are real maximum and minimum distances from the centre to 
the surface, while the mean axis b is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

162. DCaxima or Minima of Functions of three Variables. — 
Next, letu- (ic, y, z)y and suppose a?o, yo, -2^0 to be values of 
^9 f/y ^9 which render u a maximimi or a minimum ; then if 
4?, t/y z be independent of each other, by the same reasoning as 
before, it is obvious that a^b, y©, -2^0' must satisfy the three 
equations 

du du du 

dx dy dz 

omitting the case of infinite values. 
Accordingly we must have 

^ [xo + hyi/o + A, 2:0+ /) - (a?o, yo, Zo) = A + 5 + C 

i • 2 1.2 1.2 

+ ITcU Ghl + Hhk + &c. 
where -4, By (7, Fy Gy My are the values that 

d^u d^u d^u d^u d^u d^u 



dx^^ d'lf'* dz*^ dydz* dxdz\ dxdy 

respectively assume when x^y y©, 2o are substituted for 4?, y, z 
in them. 



o 2 
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Now, in this, as in the case of two independent variables, 
it is necessary for a real maximum or minimum value that 
the preceding quadratic function should be either always 
positive or always negative for all small real values of A, ky 
and /. 

Substituting al for A, and fil for k, and suppressing the 
positive factor 7^, the expression becomes 

Aa' + 5/3^ + (7 + 2 J|3 + 2(7a + 2j?a/3, (8) 

(JE^/3 + G)- 



or 



A^a^+ 2a m±^'^ + B^^ + 2F(i + C. 



Completing the square in the first term, and multiplying by 
Ay we get 

{Aa+Hli-^Gf^{AB-E')li'^2{AF'-GH)li + {AC-'GPl 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
sary' that the quadratic 

{AS - B') /3* + 2{AF- CS)(3 + AC- G' 

should be positive for aU values of /3 : hence we must have 

AB-E'>o, (9) 

and {AB - H') (AC- G') > {AF - GE)\ 

or A{ABC + 2FGS - AF^r - BG' - CH') > o, (10) 

i.e., A and A muBt have the same sign, A denoting the dis^ 
enminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that Xoy yoy Zq should correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions are fulfilled, if the sign of A be 
positive, the function in (8) is also positive, and the solution 
is a minimum ; if -4 be negative, the solution is a maximum. 

163. Maxima and DCinixna for any number of Variables. — 
The preceding theory admits of easy extension to functions 
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of any number of independent variables. The values which 
give maxima and minima in that case are got by equating 
to zero the partial derived functions for each variable sepa- 
rately, and the quadratic function in the expansion must 
{)reserve the same sign for all values ; i. e., it must be equiva- 
ent to a number of squares, multiplied by constant coefficients, 
having each the same sign. 

The number of independent conditions to be fulfilled in the 
•case of n independent variables is simply n - i, and not 2** - i, 
as stated by some writers on the Differential Calculus. A 
simple and general investigation of these conditions will be 
given in a note at the end of tiie Book. 

164. To investigate the Maximum or Minimum Value of 
the Expression 

<w^ + Jy* + cz^ + 2hxy + zgxz + ifyz + 2px + zqy + 2rz + rf. 

Let u denote the function in question, then for its maxi- 
mum or minimum value we have 



du 
dx 
du 
dy 
du 
dz 



= 2{ax + hy + gz -vp) = o, 
= 2{hx + hy '\-fz + ^) = o, 
= 2{gx^fy -¥ cz +r) = o; 



hence, adopting the method of Art. 158, we get 

u =px + qy + rz + d. 
Eliminating Xy y, z between these four equations, we obtain 
a h g p 



h h f q 
9 f c r 
p g r d 



a h g 
h b f 

g f c 



. . . d^u d^u , ^ 

Again, smce ^ = 2a, — = 2J, &c., 



Digitized by VjOOQIC 





a h g 


be positive, and 
h h 


h b / 
9 f c 



198 Maxima or Minima for two or more Variables, 
the result is neither a maximum nor a minimum unless 



has the same sign as «. 



The student who is acquainted with the theory of surfaces 
of the second degree, will find no difficulty in giving the geo- 
metrical interpretation of the preceding result. 

165. To find a point such tliat the sum of the squares of 
its distances from n given points shall be a IMCinimum. — ^Let 
[a, by c), {a\ b\ c'), &o., be the co-ordinates of the given points 
referred to rectangular axes ; ^, y, Zy the co-ordinates of the 
required point ; then 

[x - ay + (y - by + {z- cy . 

is equal to the square of the distance between the points 
(a, by c) and (a?, y^ z). 
Hence 

u=[x-ay-v{y'-by + {z-cy+{x-a^y-¥{y''by-v{z-'cy 

-f &c. = 2(a: - ay + ?(y - by + 2(-2r - c)S 

where the summation is extended to each of the n points* 
For the maximum or minimum value, we have 

du ^, . ^ 

-7- = 2^[x-a)^2nx - 2^a = o, 

ax ^ ' 



= i^iy-b) = 2ny -2S6= o. 



du 
dy 

-7- = 22fs - c) = 2nz - 22<? = o, 

dz ^ ' 



Xo = 



2a 



26 



2c 
n 



i. e., Xoy yo, 2o are the co-ordinates of the centre of mean posi« 
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tion of the given points. This is an extension of the result 
established in Art. 157. 

. . cU^u (Pu dPu d^u p 

Again, - = 2«, - = 2«, ^,= 2«. ^^ = °'&«- 

The expressions (10) and (11) are both positive in this case, 
and hence the solution is a minimum. 

It may be observed with reference to examples of maxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a miTn'miim, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange's conditions. 
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Examples. 
Find the maximum or minimum yalues, if any such exist, of 

ax A- by -^-e ^ <? + \/fl* -¥ b"^ ■\- e^ 

I. ; -. Ans, —=-2^^ ' 

«» + y^ + I 2 

gjg+fty + c 

3. a?* + y* - a?' + »i^ - y*. 

(a). jT = o, y = o, a maximum. 

(i8). a; = y = + -, a minimum. 

(-y), a? = - y = + ^^^ — , a minimum. 
2 

4. fl«c* + Ja?y + dz^ + rxz + myz, 

x = y = zsso, neither a maximum nor a minimum. 

a a 

5. If « = aafiy* - x^y^ - s^y^y prove that a; = - , y = -, liiakes u a maximum. 

2 3 

6. Proye that the Talue of the minimum found in Art. i6c is the -th part of 

n 
the sum of the squares of the mutual distances between the n points, taken two 
and two. 

7. Find the Tnax^T^nm value of 

{ax-^by^ez)e "^^ ^^.^^_ + _ + _ j ^ . 

S. Find the values of a; and y for which the expression 

{aix + hiy + <?i)«+ (aza; + % + r2)* + . . . + (an» + Ji4^ + <?»)* 
becimies a minimum. 
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CHAPTEE XI. 

METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLICIT 
FUNCTIONS. 

1 66. DCethod of TJndetermined Multipliers. — ^In many cases 
of maxima and minima the variables which enter into the 
function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let w = {xij X2, iTa, Xi)y 

where Xiy X2, x^y x^ are connected by the equations 

F,{xi, Xiy Xsy x^) = o, Fiixiy X2y Xz, Xi) =0. (l) 

The condition for a maximum or a minimum value of u 
evidently requires the equation 

d<b ^ ddi y d<h . dib - 

-J- dxi ■\- -J- aXi -\- -y- dxz ■\^ -J- dXi = o. 

axi (IX2 dxz dXi 

Moreover, the differentials are also connected by the rela- 
tions 

dFi dFi dFi dFi 

-^ — dxi + -3— dx2 + -3 — dxz + -r— dxi = o, 
axi 0X2 aXz dXi 

dFi dFi dFi dFi 

-T— dxi + -; — dxi + — r- dxji + -;— dxi - o. 

dxi dXi dxz dxi 

Multiplying the first of the two latter equations by the arbitrary 
* This method is also due to Ijagrange. See Meo. Anal., tome i., p. 74. 
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202 Method of Undetermined Multipliers, 

quantity Ai, the other by A2, and adding their sum to the pre- 
ceding equation, we get 

\dxi dxi dxij \dx2 dx^ dxi) 

. dFx . dF\ . (d^ . dF^ . rfJ^N . 
aa?3 w,2?3/ \aar4 au'4 dx^) 



\dxz 



As Ai, A2 are completely at our disposal, we may suppose 
them determined so as to make the coeflBlcients of dxi and dx. 
vanish. Then we shall have 



dx^ = o. 



(d^ . dFx , dF\. (di^ . dF, . dF.\ 
\dxz dxz dx^J \dXi dx^ dx^J 

Again, since we may regard rrs, a?4 as independent variablcsy 
and Xiy X2 as dependent on them in consequence of the equa- 
tions (i), it follows that the coefficients of dx^ and dx^ in the 
last equation must be separately zero ; consequently, we must 
have 

d(h . dFy^ . dFi 
/-+Ai-r— + A2-T- = o, 
dxz dxz dxz 

d6 . dFi . dF2 
-^+Ai-T- + A2-T- = o. 
dxi dx^ dXi 

These, along with equations (i) and 

d6 . dFi . dFi 
:,-+Ai-7- + Aj-^— = 0, 
dxi dxi dxi 

d(b . dFi , dFi 
T^ + Ai -T-- + Aj -r- = o 
dx2 dx2 dx2 

are theoretically sufficient to determine the six unknown 
quantities, a?i, X2y x^, ^4, Ai, A2 ; and so to furnish a solution 
of the problem in general. 

This method is especially applicable when the functions 
Fly Fiy &c., are homogeneous ; for if we multiply the preceding 
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differential equations by x^ X29 a?3, Xi^ respectively, and add, 
we can often find the result with facility by aid of Euler's 
Theorem of Art. 103. 

There is no difliculty in extending the method of undeter- 
mined multipliers to a function of n variables, Xiy ir,, x^, . . , 
Xny the variables being connected by m equations of condition 

J\ = o, j; = o, j; = o, . . . Fn,-- o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Xi, A2, . . . Xm respectively ; by the same 
method of reasoning as that given above, we shall have the n 
following equations, 

di^ ^. dF, ^ . dF„, 



dxi dxi * ' dxi 

di^ dF^ . dFn 

3 V Ai -3 1- . . . + Am 3 — 

dxi dXi dXi 



dij^ . dF, . dF,n 

These, combined with the m equations of condition, are theo- 
retically sufficient for the determination of the m-{-n imknown 
quantities 

Xlj X'Zy . . • Xny Al, A2, • • • A|». 



Examples. 

r. To find the triangle of maximum area inscribed in a given circle. 
Let JS denote the radius of the circle, A^ B^ C^ the angles of an inscribed 
triangle, u its area ; then 

dbe 
u = — rr- = 25" sin i4 sin J? sm (7. 

Also -4 + 5 + C= i8o*, .-. dA + d3 + dC^ o 

and, taking logarithmic differentials, we get 

cot AdA + cot BdB + cot CdC = o, 
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204 Method of Undetermined Multipliers. 

and consequently tan A = tan B = tan C; hence A=^ B =^C= 60° ; 
and therefore the triangle is equilateral. 

2. Find a point such that the sura of the squares of the perpendiculars drawn 
from it to the sides of a given triangle shall he a minimum. 

Let Xy y, z denote the perpendiculars : a^bjC the sides of the triangle, then 

f* = «• + y^ + «» is to he a minimum, 

also ax ■{■ hy •{■ cz = douhle the area of a triangle = 2 A (suppose). 

.'. xdx + ydy -^-zdz =0, adx + bdy + «fo = o, 

.», X = \a, y ^ \h^ t ^ \e\ multiplying these equations hy a, i, tf^ respectirely, 
and adding, we ohtain 

<w + ^ + «s = X •(«* + *«+ c2), or x=-^--^^_j, 

__ ' 2A« _ 2AJ _ 2Atf 

which determine the poa:ion of the point. The minimum sum is ohviously 

o2 + A2 + ci' 

3. Similarly, to find a point such that the sum of the squares of its distances 
from four given planes shall he a minimum. Suppose A^ B, C, JD to represent 
the areas of the faces of the tetrahedron formed hy the four planes ; x, y, «, tr, 
the perpendiculars on these faces respectively ', then, as in the preceding example, 
we have 

Ax + -By + Cfe + Dtv = three times the volume of the tetrahedron = 3 F (supjwse), 

and « = a?* + y2 4 g2 4. «;«^ a minimum. 

.*. xdx + ydy + zdz + tcdw = o, 

Adx + Bdy + Cdz f Ddto = o, 
hence « = ^A, y = xJB, z = \C, «? = aJ) ; 

and proceeding as hefore we get u = -— — ~ — ■;-■ — =-. 
^ o » o A* + B^ -^ C*+ D^ 

4. To prove that of all rectangular parallelepipeds of the same volume the 
■cuhe has the least surface. 

Let X, y, z represent the lengths of the edges of the parallelepiped; then, if 
A denote the given volume, we have 

xyz = Ay and xy + xk + y^; ^minimum. 

.*. yzdx -f xzdp + xydz = o, 

(y + a) <fe; + (a: + «) <fy + (a; + y) dz = o, 
hence y« «= a (y + a), ar« = A (« + a), ay =s a (« + y) ; 

from which it appears immediately that x=^ y = z. 
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167. To find the Maximum and Minimum Valines of 

au^ + Jy* + cz^ + 2hx7/ + zgxz + 2/yz, 

where the variables are connected by the equations 

Lx + My + Nz = Oy and a?^ +y + z^ = i. 

In this case we get the following equations : 

ax + hr/ -\- gz + XiL + XiiX! = o, 

kx + by +/s + XiM + Xzy = o, 

^^ +/y + cs 4- Xi-ZV + Aa^ = o. 

Multiply the first by x, the second by y, the third by z^ an4 
add ; then 

u + Xa = o, or A2 = - w. 
Hence [a-u] x + ht/ + gz -{■ Xii= o, 

AiP + (6 - w) y +/s + AiJf = o, 

gx +fy + (c - w) s + XiiV' = o, 

Lx + Jfy + iVk = o ; 

eliminating a?, y, 2^, and Ai, we get the determinant equation 



-u, 


h, 


ffy 


X, 


h, 


b-u. 


f, 


M 


9, 


/, 


c-u. 


iV 


L, 


M, 


JV, 






= o. 



(2) 



The roots of this quadiJa!Hp determine the maximum and 
minimum values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose equa- 
tion is given in rectangular co-ordinates. 
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Again, the term independent of w in this determinant is 
evidently 

a, h^ g, L 
h h /, M 

i, M, Ny o 

and the coefficient of u^ is L^ + 3P -\- IP. Accordingly, the 
product of the roots of the quadratic (2) is equal to the frac- 
tion whose numerator is the latter determinant, and denomi- 
nator i* + -3f * + JfP. From this can be immediately deduced 
an expression for the measure of curvature* at any point on a 
surface. 



Salmon's Geometry of tLree Dimeneions, Art 295. 
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ki 



«! + «!..; +«**• 



Examples. 

1. Find the minimum yalue of 

«J +«; + «• + ... +a:„3, 
where iti, o^, . . . d;» are suhject to the condition 

tfi«i + <hiX2 + . . . + a,»fl?n = k. Am, 

2. Find the maximum value of 

vrhere the variahles are suhject to the condition 
ax -V by ^^ cz = L 

<b 

3. If tan - tan - = m, find when sin 9 — m sin ^ is a maximum. 

4. Find the maximum yalue of (d? + 1) (^ + i) (z + i), where a^b9{* = A, 

{log(Aabe)y 



Ans, 



27 log a . log 6 . log c * 



5. Find the yolume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 

-j+j^, + :^ = i. Ant, — jr 

«* *' ^ 3v^3- 

6. Find the max. or the min. yalues of m, being given that 

u = a2a;2+ JV+ «'«'» «' + y'f a^ = i, and Ix + my-\-nz = o. 
Proceeding by the method of Art. 167, we get 

a«ar + xa? + /i/ = o, h*y + Xy + /*»»« o, c*« + x« + /mi = o. 
Again, multiplying by «, y, «, respectively, and adding, we get x = - u. 

.'. (m - a*) a? = /i/, (u - i*) y=fim, (u-c^) z = fjLn. 
Hence, the required values of u are the roots of the quadratic 

5 + 75 + r * o. 
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2o8 Method of Undetermined Multipliers. 

/p3 yl jfl 

7. Given -; + ?i + -j = i, and Ix + my + w« = o, find when a;8+ y* + «* is a 
a* 0* c* 

maximum or minimum. Proceeding, as in the last example, we get the quadratio 
: + li + 3 = o- 



This question can he at once reduced to the last hy substituting ixx, our equations 
ax^ by^ and czy instead of x, y^ z. 

» 8. Inscribe in a given circle a triangle, having two of its sides in a given 
ratio, and such that the sum of the third side and the perpendicular on it from 
the opposite angle shall be a ^naximum. 

9. Divide the quadrant of a circle into three parts such that the sum of the 
products of the sines of every two shall be a max> or a min. ; and determine 
which it is. 

10. Of all polygons of a given number of sides circumscribed to a circle the 
regular polygon is of minimum area ? For, let ^1, ^^ ... ^m be the external 
angles of the polygon, then its area can be easily seen to ba 

r» f tan^ + tan^ + . . ; + tan^V 

where 4)1 + ^ . . . + 4)n = 2t. 

Hence ^1 = ^ = 4)3 = . . . = ^„. 

11. Of aU polygons of a given number of sides circumscribed to any closed 
oval curve which has no singular points, that which has the TniTiimiiTn area 
touches the curve at the middle point of each of the sides. 

12. Given the ratio sin ^ : sin tfr, and the angle 0, find when the ratio 
sin (^ + 0) : sin (4^ + 9) Ib a maximum or a minimum. 

13. Bequired the dimensions of an open cylindrical vessel of given capacity^ 
so that the smallest possible quantity of materiaJ shall be employed in its construc-^ 
tion, the thickness of the base and sides being given. 

Ana, Its altitude must be equal to the radius of its base. 

14. Show how to determine the maximum and minimum values of jr' + ^* + 2* 
subject to the conditions 

(x^ + y»+ ««)'* = a^x'i + b*y^ + c2«», 

te + *»y + fw = o. 

15. Of all triangular pyramids having a given triangle for base, and a given 
altitude above that base, find that whose surface is least. 
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CHAPTEE XII. 

ON TANGENTS AND NORMALS TO CURVES. 

1 68. Equation of the Tangent. — ^If (iP, y)^ (a?i, yi), be the 
co-ordinates of any two points, P, Q, taken on a curve, and 
if (X, T) be any point on the 
line which joins P and Q ; then ^ 
the equation of the line PQ is 



Y-y^{X-x) 



Xi-X 




If now the point Q be taken ^ 
infinitely near to P, the line PQ ^^«- ^• 

becomes the tangent at the point P, and, as in Art. lo, we 
have for its equation 



F-y=(X-rr) 



dx' 



(0 



where X, T are the co-ordinates of any point on the line, 
and ir, y those of its point of contact. 

For example, to find the equation of the tangent to 
the curve 

Taking the logarithmic differentials of both sides, we get 

ny 



n mdy 

X y dx ' 



' dx 



mx 



and the equation of the tangent becomes 



nX mT 

+ — = fn + n. 

X y 
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2 lo . On Tangents and Normals to Curves. 

If we make X = o, and F= o, separately, we get x 

and y for the lengths of the intercepts made by the 

tangent on the axes of x and y, respectively. This result 
furnishes an easy geometrical method of drawing the tangent 
at any point on a curve of this class. 

If w = I, n = I, the preceding equation represents a 
hyperbola ; if w = 2, and n = - i, it represents a parabola. 

169. If the equation of the curve be of the form 
/{xy y) = o, and if f{xj y) be denoted by w, we have from 
Art. 100, 

du 
dy dx 
dx du^ 

dy 

and hence the equation of the tangent becomes 

,—, .du .^^ .du / V 

(X-.)_ + (r-,)^ = o. (a) 

The points on the curve at which the tangents are 

du 
parallel to the axis of x must satisfy the equation — = o ; 

they are accordingly given by the intersection of the curve, 
« = o, with the curve whose equation is — = o. The y co- 
ordinates at such points are evidently in general either 
maxima or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the line y = mx-\-n. The 
points of contact must evidently satisfy 

du du _ 
dx dy 

The points of intersection of the curve represented by 
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Tangents parallel to a Given Line, 2 1 1 

this equation with the given curve are the points of contact 
of the system of parallel tangents in question. 

The results in this and in the preceding Article evidently 
apply to oblique as well as to rectangular axes. 



Examples. 
I. To find the equation of the tangent to the ellipse 

— du %x du ay 

dx ««* rfy J«' 

and the required equation is 

^ yr^^2 y.^ 

2. . Find the equation of the tangent at any point on the curve 

x» ffm Xa^-^ ry~-i 

3. If two curves, whose equations are denoted by m = o, u' = o, intersect in 
a point (x, y), and if « be their angle of intersection : prove that 



tan 01 = 



du di/ di/ du 

dx dy dxdy 

du du' du du'' 

dx dx dy dy 



4. Hence, if the curves intersect at right angles, we must have 

du di/ du dii 
dx dx dy dy 

5. Apply this to find the condition that the curves 

should intersect at right angles. Am. a^ - i* = a'-- A'*. 

P 2 
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On Tangents and Normuh to Curves, 



1 70. Equation of the Normal. — Since the normal at any 
point on a curve is perpendicular to the tangent, its equation, 
when the co-ordinate axes are rectangular, is 



or 



T-:y X-x 
du du 

dy dx 



(3) 



Examples. 



I. Find the equation of the normal at any point («, y) on the ellipse 



-1: + 



Jina. = a* - ^2. 

X y 



2. Find the equation of the normal at any point on the curve 

y^ = aa^. Ans. nYy + mXx = ny* + mx'^. 



171. Subtangent and Subnormal. — ^In the accompanying 
figure, let FT represent the y 
tangent at the point P, PIf 
the normal ; OM^ PM the 
co-ordinates of P; then the 
lines TM and JfZV" are called 
the subtangent and subnormal 
correspondmg to the point P. 




Fig. 9. 



To find the expressions for their lengths, let = Z PTMy 



then 



PM . ^ dy 


dx 


MN , ^ dy 
PM^^'^^d^ 


'^-y% 
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The lengths of PT and PN axe sometimes called the 
lengths of flie tangent and the normal at P: it is easily 
seen that 



"J- * (IT 



■■4<i)- 



dy 
dx 



Examples. 

1. To find the length of the subnormal in the ellipse 

Hen, *'S=-7.': 

the negatire sign signifies that MN is measnred from M in the negative 
direction along Uie axis of x, i. e. the point N lies between M and the centre ; 
as is also evident from the shape of the curre. 

2. Prove that the subtangent in the logarithmic curve, y^oF^is of constant 
length. 

3. Prove that the subnormal in the parabola, y* = imx, is equal to m. 
-^ 4. Find the length of the part of the normal to the catenary 

y = i ('" + *')• 

intercepted by the axis of «. -4««. — . 

5. Find at what point the subtangent to the curve whose equation is 

IS a TnHTimniw. An9» X s: - y ^ M, 

2 



172. Perpendicular on the Tangent. — ^Let^ be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 
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then the equation of the tangent may be written 

Xcosdi + T^sinw =i?, 

where w is the angle which the perpendicular makes with 
the axis of x. 

Denoting F{x^ y) by w, and comparing this form of the 
equation with that in (2), and denoting the common value of 
the fraction by A, 

du du du du 

dx dv dx dy ^ 

we get = —-^ = ^ = A. 

cosw smw p 



•Hence 



__ fduV fdu\^ 



du du 



, dx "^ dy . . 

*^^ i^ = ^TT====- (4) 



jfduV /duV 



CoR. If F(xy y) be a homogeneous expression of the w'* 
degree in x and y, then by Euler's formula, Art. 102, we have 

du du 
x-r- + y—- = nu = nc, 
jdx "^ dy 

and the expression for the length of the perpendicular 
becomes 

nc 



i/^Y fdu 
4\dx) ■*■ \dy^ 

173. In the curve 

— + — = I 
a^ Jm 

to prove tliat 



p^i ^ (a cos u))^'^ + (J sin w)"^^ (5) 
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By Ex. 2, Art. 169, the equation of the tangent is 

comparing this with the form 

Xcosdi + Fsinoi =p^ 
cosfti af^^ sincii tf^^ 



we get 



fl*» ' p J»» ' 



or 



1 1 

(a cos w\*""^ _ « / J^sinoiN*"-^ _ 



1 

y 



Hence, substituting in the equation of the curve, we obtain 
the result required. 

174. liocus of Foot of Perpendicular in the same Curve. — 
Let Xj Y be the co-ordinates of the point in question, and 

X Y 

we have evidently, cos w = — , sin w = — ; substituting these 

values for cps oi and sin oi in (5), it becomes 



(X» + F»)«-^ = (a X)«»-^ + {h F)"^S 

Bincei)' = X^+ Y\ 

175. Another form of the equation to a tangent. — If the 
equation of a curve of the n** degree be written in the form 

where «» denotes the homogeneous part of the n'* degree in 
the equation, Wn-i that of the (n - i)**, &c. ; then, by Cor. 
Art. 103, we have 

X-^ + y-j- = - [Uf^i + 2Un-2 + &c. . . . + nwo). 
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Henoe the equation of the tangent in Art. 169 becomes 

X-^ + Y-^ + Un.1 + 2Un^2 + . . . + WMo = O ; (6) 

an equation of the (n - i)** degree in x and y. 

176. Number of Tangents from an external point. — To 
find the number of tangents which can be drawn to a curve 
of the n** de^ee from a point (a, /3), we substitute a for X, 
and /3 for F in (6), and it becomes 

^-T- -^ P-T- + ^t^i + 2w^ + . . . + nuo = o. (7) 

cue ay 

This represents a curve of the (n - i)*^ degree in x and y, 
and the pomts of its intersection with the given curve are the 
points of contact of all the tangents wmch can be drawn 
from the point (a, /5) to the curve. Moreover, as two curves 
of the degrees n and n- \ intersect in general in nin-i) 
points, real or imaginary (" Sahnon's Conic Sections," Art. 
214), it follows that there can in general be n(n - i) real or 
imaginary tangents drawn from an external point to a curve 
of the rf^ degree. 

If the curve be of the second degree, equation (7) 
becomes 

d^ ^d<b 

an equation of the first degree, which evidently represents 
the polar of (a, /3) with respect to the conic. 
In the curve of the third degree 

Ui + U2-{'Ui-{'Uo = o, 

equation (7) becomes 

d6 rkd6 

which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, /3). 

^ This conic is cSlled the polar conic of the point. For the 
origin it becomes 

th + 2Ui + 3«^o = o. 
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177. Number of Normals wlxicli pass through a g^ven 

Point. — If a normal pass through the point (a, /3), we must 

have from (3), 

/ .du 2 .da 
(«-^)^=0-y)^. 

This represents a curve of the w** degree which intersects the 
given curve in general in n* points, real or imaginajy, the 
normals at which all pass through the point (a, j3). 
For example, the points on the ellipse 

at which the normals pass through a given point (a, /3), 
are determined by the intersection of the eUipse with the 
hyperbola 

xt/ (a' - b^) = a^aj/- b^jix. 

For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon's " Higher 
Plane Curves," Arts. 66, 67, in. 

178. Differential of the Arc of a Curve. Direction of the 
Tangent. — If the length of the arc of a curve, measured from 
a fixed point A on it, be denoted by s, then an infinitely 
smaU portion of it is represented by ds. Again, if ff/ repre- 
sent the angle QPL (fig. 8), we have 

. PX , . . QL 

<^os* =PQ»andsm0 = ^; 

but in the limit, PL = dx, QL = tfy, and PQ = ds,* and also / 
becomes PTX, or ^ (fig. 9). 

♦ In Art. 38 it has been proved that the difference between the length of an 
infinitely small arc and its chord is an infinitely small quantity of the third 

order in comparison with the length of the chord; i. e. ^-r is infinitely 

«mall of the second order, and therefore this fraction yanishes in the limit. 

„ BICPQ 
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Hence 

dx , dy 

008^ = -, Bm« = ^; 

squaxing and adding, we get 
Hence, also, we have 



(8) 



(9) 



and therefore 



ds 



'J 






(10) 



On account of the Importance of these results, we shall 
give another proof, as follows : — 

Let, as before. Pit be the tangent to the curve at the 
point P, 

OM^x,PM=y, Y 

MN=^ PL = Air, QL = Ay, 

L PTX = ^, arc PQ = A«. 

Then if the curvature of 
the elementary portion PQ 
of the curve be continuous, 
we have evidently the line 
PQ<arcPQ<PiJ+Qi?; o ^ m N 

Fig. lo. 
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or \/Ax^ + Ay* < A« < Ao? sec ^ + Ay - Aa? tan^. 



. / /AyV A« . -if X . 

• /i +-T-^ < -—<secA + — ^ -tan*. 

\ \Aa?/ Ax ^ An. T 



Ay 
Ax 



Again, in the limit g = | = tan «, and f+{^^ 
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becomes \i + f^J or sec^; accordingly each of the pre- 
ceding expressions converges to the same limiting value, and 



we 



have T" = J I + (;/ ) ; which establishes the required 

result. 

179. Polar Co-ordinates. — The position of any point in a 
plane is determined when its distance from a fixed point 
called a^ofe, and the angle which that distance mates with a 
fixed line, ore known ; tibese are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector ^ and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the forms, 

r =/(»), or F{r,e) = o, 

according as r is given explicitly or implicitly in the terms of 0- 
Also, if a be positive when measured above the prime vector, 
it must be regarded d.8 negative when measured below it. 

1 80. Angle between Tangent and Radius Vector. — ^Let O 

be the pole, P and Q two near points 

on the curve, PM a perpendicular on 

OQ, OP = r, POX = 0, and 1// the angle 

between the tangent and radius vector. 

PM PM 

Then tan OQP = |J, sin OQP = ^, 

cos OQP = -^p : but in the limit when 

Q and P coincide, the angle OQP ^'ig- "• 

becomes equal to xp, and* 

QM dr PM rdd , ,, 

"tTT^ = T"> "nTk = "T~> fl-t the same time ; 
PQ ds PQ efe ' 

, dr . . rdO . , rd9 , . 

or cos;/. = -, smi/; = — , tani^ = — . (11) 

* These results can be easily established from Art. 38. 

Digitized by VjOOQIC 




220 



Also 
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MY. (*)■.,. 

\ds J \dsj 



(12) 



Hence, also, we can determine an expression for the 
differential of an arc in polar co-ordinates ; for, since 

we get, on proceeding to the limit. 



or 



-= / 
4 



dr' 






dr. 



(13) 



These results are of importance in the general theory of 
•curves. 

181. Application to the liOgarithmic Spiral. — The curve 

whose equation i%r = cfi is called the logarithmic spiral. In 

this curve we have 

, . rdB I 

tan \h = -y- == \ . 

dr log a 

Accordingly, the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral, 

182. Polar Subtangent and Subnormal. — ^Through the 
origin let 8T be drawn perpendicular s 
to OPy meeting the tangent in T, and 
the normal in 8. The lines OT and 
08 are called the polar subtangent and 
subnormal, for the point P, To find 
their values, we have 



Or= OP tan OPT =r tan 1/^ = 



dr' 
dr 



08 = OPtanOP/Sf = r cot^ = ^. 

dQ 



Also, if 



r du 
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Again, if ON be drawn perpendicular to PT, we have 

PN= OP cos ^ = r^. (15) 

ds 

183. Expression for Perpendiciilar on Tangent. — As- 
before, letj? = OiV, then 

I ds^ dr^^r^dO^ _ dr" i_ 
hence ^ - ^^g, - ^^^ " ^W ^ "?' 

The equations in polar co-ordinates of the tangent and 
the normal at any point 9n a curve can be found without 
difficulty : they have, however, been omitted here as they 
are of little or no practical advantage. 



Examples. 

I. To find the length of the perpendicular from a focus on the tangent to an 
ellipse. 

The focal equation of the curve is 

a(i-tf*) I— *co8^ 
r = — ^ -, or w =» —. r 



hence 



du e sin B 



de a(i-c*)* 

I i+e*— 2dcos^_ I fia \ 
•'• pi " <j2(i_c2)a " «3 (I - e'i) XV " '/ 

2. Proye that the polar subnormal is constant in the curve r = aB. 
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184. Inverse Curves. — If on any radius vector OP, drawn 
from a fixed origin 0, a point P' be taken such that the 
rectangle OP . OP^ is constant, the point P' is called the 
inverse of the point P ; and if P describe any curve, P' 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 

from that of the original curve by 

A;* 
substituting — instead of r in its 

equation ; where k^ is equal to the 
constant OP . OP'. 

Again, let P, Q be two points, 
and -r , Q'the inverse points; then 
since OP , OP" = OQ . OQfy the 
four points P, Q, Q', P', lie on a 
circle, and hence the triangles 
OQP and OP^Qf are equiangular. 




Fig. 13- 



PQ OP OP .OQ OP. OQ 



FQ! OQf OQ.OQf 



(17) 



Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and ds , the preceding result becomes 






(18) 



185. Direction of the Tangent to the Inverse Curve. — 
Let the points P, Q belong to one curve, and P', Q' to its 
inverse ; then when P and Q coincide, the lines PQ, P^Qf 
become the tangents at the inverse points P and P' ; again, 
since the angle /SPP' = the angle /SQ'Q, it follows that the 
tangents at P and P' form an isosceles triangle with the 
line PP". 

By aid of this property the tangent at any point on a 
•curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
two curves intersect at any anglcy their inverse curves intersect at 
the same angle. 
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1 86. Equation to the Inverse of a given Curve. — ^Suppose 
the curve referred to rectangular axes drawn through the 
pole 0, and that x and 1/ are the co-ordinates of a point P 
on the curve, X and Y those of the inverse point P' ; then 

x_ _ op^ _ OP. or _ x-^ • -1 1 1. _ ^' 

X^ OF^ OP^ "" X^+ Y^' sumlarly ^ - x'+Y'' 
hence the equation of the inverse is got by substituting 

and 



instead of x and y in the equation of the original curve. 

Again, let the equation of the original curve, as in Art. 
174, be 

Un + Uf^x + W»_2 + . . . + 1*2 + t^i + t^o = O. 

When-T and - . are substituted for x and y, w^ 

becomes evidently " 



Accordingly, the equation of the inverse curve is 

+ t^o (^ + 2^')" = o. (19) 

Por instance, the equation of a conic is of the form 

«*2 + «<i + Wo = o ; 

bence, that of its inverse with respect to the origin is 

A%2»+ l^Ux {x^ + y^) + Uq (x^ -¥y'^y ^ o, 

^hich represents a curve of the fourth degree of the class 
called " bicircular quartics.'* 

If the origin be on the conic the absolute term Uq vanishes, 
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and the inverse is the curye of the third degree jrepre- 
sented hy 

k^th + Wi [o^ + y^) = o. t 

This curve is called a " circular cubic." 

If the focus be the origin of inversion, the inverse is a 
curve called the Lima9on of Pascal. The form of this curve 
will be given in a subsequent chapter. 

187. Pedal Curves. — If from any point as origin a per- 
pendicular be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called the pedal of the curve 
with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original : and so on. With respect to its pedal, the 
original curve is styled the^rs^ negative pedal, &c. 

: 88. Tangent at any Point to the Pedal of a given Curve. — 
Let OiV, ON^ be the perpen- 
diculars from the origin 
on the tangents drawn at two 
points P and Q on the given 
curve, and T the intersection of 
these tangents, join iViV' ; then 
since the angles ONT and 
ON'T are right angles, the 
quadrilateral ON ITT is inscrib- 
able in a circle, 

.-. lON'N^lOTN. 

In the limit when P and Q coincide, z OTN=L OPNy 
and NN' becomes the tangent to the locus of N; hence the 
latter tangent makes the same angle with ON that the 
tangent at P makes with OP. This property enables us 
to draw the tangent at any point N on the pedal locus 
in question. 

Again, if ^ represent the perpendicular on the tangent at 
iVto the first pedal, from similar triangles we evidently have 

P 



Digitized by VjOOQ IC 




Reciprocal Folars. 22$ 

Hence, if the equation of a curve be given in the form 

r ^f{p)y that of its ^x^i pedal is of the forni=^ = f (jp)y in 

which J3 and j^'are respectively analogous to r B,ndp in the 
original curve. In like manner, the equation of the next pedal 
can be determined, and so on. 

189. Beciprocal Polars. — If on the perpendicular Olf a 
point P' be taken, such that OP^ . ON is constant (A* sup- 
pose), the point P' is evidently the pole of the line PjY" with 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters A 
and JB, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the pole of the line 
joining the poles of the lines.* Now, if the lines be taken as 
two infinitely near tangents to the curve A^ the line joining 
their poles becomes a tangent to B ; accordingly, the tangent 
to the curve B has its pole on the curve A, Hence A is the 
locus of the poles of the tangents to JB. 

In consequence of this reciprocal relation, the curves A and 
B are called reciprocal polars of each other with respect to the 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve is 
the inverse to its pedal with respect to the origin. 

We have seen in Art. ^I'S^that the greatest number of tan- 
gents from a point to a curve of the w^ degree is w (n - i) ; 
hence the greatest number of points in which its reciprocal 
polar can be cut by a line is » (n - i), or the degree of the 
reciprocal polar \&n{n - i). For the modification in this re- 
sult, arising from singular points in the original curve, as well 
as for the complete discussion of reciprocal polars, the student 
is referred to Sahnon's " Higher Plane Curves.' ' 

As an example of reciprocal polars we shall take the curve 
considered in Ait. 173. 
^ » ^ _ 

* Townsend's ** Modem Geometry," vol. i., p. 219. 
Q 
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If r denote the radius vector of the reciprocal polar cor- 
responding to the perpendicular^ in the proposed curve, we 
have 

r 

Substituting this value for p in equation (5), we get 



JM-l 



= (a COS w) + {b sin w) , 



or ;fem-l = (fl5;t.)*»-l+(Jy)m-l, 

which is the equation of the reciprocal polar of the curve re- 
presented by the equation 

^f» Jot " • 

In the particular case of the ellipse, 

the reciprocal polar has for its equation 
A* = aV + by. 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section ( U) of all the tangents to a given curve 
A, we shall get a new curve B ; and it can be easily seen as 
before that the poles of the tangents to JB are situated on the 
curve A. Hence the curves are said to be reciprocal polars 
with respect to the conic U, 

It maybe added, that if two curves have a common point, 
their reciprocal polars have a common tangent ; and fi the 
curves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this " principle 
of duality," and of reciprocal polars as a method of investi- 
gation, the student is referred to Salmon's Conies, ch. xv. 
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We next proceed to illustrate the preceding by discussing 
a few elementary properties of the ourres which are comprised 
under the equation r^ = a? cos mO. 

190. Pedal and Beciprocal Polar of y^ = a** COS m9. — 
We shall commence by finding the N 

angle between the rac^ms vector and 
the perpendicular on the tangent. / ^^^^^p 

La the accompanying figure we 

have tan PON= cot OPN= - ~. 

rdO 

Fig. 15. 
But m log r = m log a + log (cos mO) ; 

hence — ^ = - tan md. 

rdO 

and accordingly Z. PON = m9. (20) 

Again p = ON = r cos mO = — ^ , 

or r"**^ = a'^p. (21) 

The equation of the pedaly with respect to 0, can be im- 
mediately found. 

For, let z. AON= w, and we have 

ci> = (w + i) 0. 

Ai.o.^M(a.,. (;)"-(!r- 
Hence, the equation of the pedal is 

J? =a cos . (22) 

Consequently, the equation of the pedal is got by substi- 

in 

tutinff instead of m in the equation of the curve. 

° m+i ^ 

Q 2 
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By a like sul)stitution the equation of the second pedal is 
easily seen to be 

_!!L -^L_ ^Q 

r = a cos . 

2m + I 

And tliat of the w** pedal 



mt 



mn + I 



(^3) 



Again, from Art. 184, it is plain that the inverse to the 
curve r^ = a^ cos mO, with respect to a circle of radius a, is 
the curve r^ cos mQ = a"*. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 



r cos = a . (24) 

It may be observed that this equation is got by substitut- 
ing for m in the original equation. 

Accordingly, we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whose equa- 
tions are of the same form as that of the proposed. 

In a subsequent chapter the student will find an additional 
discussion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 



EXAHPLES. 

I. The equation of a parabola referred to its focus as pole is 
r (i + cos B) = 2fl, 
to find the relation betweeen r and p. 

a 

Here r* cos - = e^, and consequently p^ = ar, 

a well-known elementary property of the curre. 
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2. The equation r* cos 2$ = a^ represents an equilateral hyperbola ; prove 
ih&t pr = a^. 

3. The equation r' = a' cos 2$ represents a Lemniscate of Bernoulli ; find 
the equation connecting p and r in this case. Ans, r^ = a*p, 

4. Find the equation connecting the radius vector and the perpendicular on 
the tangent in the cardioid whose equation is 

r = a (i + cos ^). Ans, t^ = zap\ 

It is evident that the cardioid is the inverse of a parahola with respect to 
its focus ; and the Lemniscate, that of an equilateral hyperbola with respect to 
its centre. Accordingly, we can easily draw the tangents at any point on either 
of these curves by aid of the Theorem of Art. 185. 

191. Expression for FN, — ^To find the value of the inter- 
cept between the point of con- 
tact F and the foot If of the 
perpendicular from the origin 
on the tangent at P. 

Let i? = ON, io^L NOA, 

FN=t; then lNTN'= /-NON' 

= Acu,also SN'^TS sin 8TN'i 

8N' 
.'.TS= . ^', ; but in the 
Bin NON 

limit, when PQ is infinitely small, -; — =r=7r=r=> becomes ^ , 

and TS becomes FN or t 

■■■'-I- <^=) 

Also 0P^ = 02P+PN\ 




192. To prove tliat 



=-P + x- (27) 



du) dijj 

On reference to the last figure we have 

ds .. ., .FT+TQ dt .. ., ,QN'-FN 

— = limit of — -y — = hmit of — — ;: ; 

act) A(u dijj A(u 
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but Pr+ TQ - QN' + PN^ TN-^ TN\ 

hence -; r =linut of ^^ « limit of — — 

diji) dt») Acu Aa# 

^ ds ^ dt 
du) dio 

Thjg result is of importance in the Integral Calculus, in 
connexion with the rectification of curves. 

If -^ be substituted for ty the preceding formula becomes 
d(M} 

ds d^p , _. 

This shape of the result is of use in connexion with curva- 
ture, as will be seen in a subsequent chapter. 

193. Direction of Normal in Vectorial Co-ordinates. — In 
some cases the equation of a curve can be expressed in terms 
of the distances from two or more fixed points or foci. Such 
distances are called vectorial co-ordinates. For instance, if 
ri, ra denote the distances from two fixed points, the equation 
ri + r2 = const, represents an ellipse, and ri - r^ = const., a 
hyperbola. 

Again, the equation 

n + mri = const. 

represents a curve called a Cartesian oval. 
Also, the equation 

ri rg = const. 

represents an oval of Cassini, and so on. 

The direction of the normal at any point of a curve, in 
such cases, can be readily obtained by a geometrical construe- 
tion. 
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For let 




~P?\>^T 


F (n, ra) = const. 




"be the equation of the curve, where 




ywr^ 


J\P=n, JlP = n, 


/ 


^ \ 


then we haye 


Fi 


p. 

Fig. 17. 



dF dri dF dr^ _^ 
dri da dri ds 
Now, if PT be the tangent at P, then by Art. 1 80 we ha\ e 

-^ = cos \Li, -p = cos 1/^2, where lix = z TPFi^ rp^^ z. TPF2. 
(18 as . 

Hence -7- cos tii + -7- cos ;/'2 = o. (29) 

dri ^ dri 

From any point R on the normal, draw RL and RM 
respectively parallel to F^P and PiP, and we have 

PL : LR = sinPPJf : sin RPL = cos yp^ : - cos 1^1 
^dF ^ dF 
dri ' dr^ * 
Accordingly, if we measure on PPi and PP2, lengths 

PL and PJf, which are in the proportion of -7— to -7-, then 

cCri ar2 

the diagonal of the parallelogram thus formed is the normal 

required. 

This result admits of the following generalization : — 
Let the equation of the curve* be represented by 

F (n, r2, ^3, . . . r„) = const. 

* The theorem giyen ahove is taken from Poinsot's '* Elements de Statique/' 
Keuyi^me Edition, p. 435. The principle on which it h founded was, however, 
given by Leibnitz ("Journal des Sayans/* 16^3), and was deduced from 
mechanical considerations. The term resultant is borrowed from mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point. Thus, to find the resultant of a nimiber of 
lines P«, Fbf Fe, Tdf . . . issuing from a point P, we draw through a a right 
line aP, equal and parallel to Fd, and in the same direction ; through ^, a right 
Hue BCf equal and parallel to Pc ; and so on, whatever be the number of lines : 
then the line Pi2, which closes the polygon, is the resultant in question. 
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where ri, r2, . . . r„ denote the distances from n fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure off 
lengths proportional to 

dF dF dF dF ^. , 

^/ ^' ^— •• ^„^«Peetively; 

then the direction of the normal is the resultant of the lines 
thus determined. 

For, as before, we have 

dFdndFdr^ dF drn_ 

dvi ds dvz ds ' * * dr^ ds 

^ dF , dF . dF ^ , . 

Hence — cos ;//i + — cos 1/^2 + ... -ry cos \pn = o. (30) 

XT dF . dF . dF . 

JNOW, -7- cos U/i, -T— cos U^2, ... -7- cos ]L«, 

dri ^ dvi ^ drn 

are evidently proportional to the projections on the tangent 
of the segments measured off in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 

. the tangent is zero ; and, accordingly, the resultant is normal 

^ to the curve ; which establishes the theorem. 

It can be shown without difficulty that the normal at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 

Examples. 

1. A Cartesian oval is the locus of a point, P, such that its distances, FM^ 
J*M*f from the circumfevences of two given circles are to each other in a constaikt 

' ratio ; prove geometrically that the tangents to the oval at P, and to the circles 
at if and JIf', meet in the same point. 

2. The equation of an ellipse of Cassini is rr^ = ab, where r and r' are the 
distances of any point P, on the curve, from two fixed points, A and B. If 
be the middle point ofABy and PiV the normal at P, prove that I APO = I BFN. 

3. In the curve represented by the equation r^ 4 r^ = a^ prove that tbft 
normal divides the diatanoe between the foci in the ratio of r2 to n. 
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194. In like manner, if the equation of a curve be given 
in terms of the angles 61, 62?... 6„ which the vectors drawn 
to fixed points make respectively w\th a fixed right line, the 
direction of the tangent at any point is obtained by an analo- 
gous construction. 

For, let the equation be represented by 

F[Si, 02, . . . Qn) = const. 
Then, by differentiation, we have 

dF dO, dF d02 dF dOn 

ddi ds d02 da * ' * dUn da 

Hence, as before from Art. 1 80, we get 
I dF . , 1 dF . , I dF . , , . 

Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 

j_dF J_dF I dF 

77 dQ,' r^ dV" rn ddn' 

and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Curves Symmetrical with respect to a Line, and 
Centres of Curves. — It may be observed here, that if the 
equation of a curve be unaltered when y is changed into - y, 
then to every value of x correspond equal and opposite values 
of y ; and, when the co-ordinate axes are rectangular, the 
curve is symmetrical with respect to the axis of x. 

In like manner, a curve is symmetrical with respect to 
the axis of y, if its equation remain unaltered when the sign 
of X is changed. 

Again, if, when we change x and y into - x and - y, re- 
spectively, the equation of a curve remains unaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the origin. This 
takes place for a curve of an even degree when the sum of 
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the indices of x and y in each term is even ; and for a 
curve of an odd degree when the like sum is odd. Such a 
point is called the centre* of the curve. For instance, in oonics, 
when the equation is of the form 

ax^ + zhxy + hy^ = (?, 

the origin is a centre. Also, if the equation of a oubicf be 
reducible to the form 

u^ + Wi = o, 

the origin is a centre, and every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we substi- 
tute X + a for Xy and 1^ + j3 f or y, in its equation, and equate 
to zero the coefficients of X*, XFand T^^ as well as 'the abso- 
lute term, in the new equation ; as we have but two arbitrary 
constants (a and /3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions is 
obviously greater for curves of higher degrees. 

♦ For a general meaning of the word " centre/* as applied to curves of higher 
degrees, see Chasles* "Aper^ Historique/' p. 233, note. 

t This name has heen given to curves of the third degree hy Dr. Salmon, in 
his '* Higher Plane Curves," and has heen generally adopted hy suhsequeut 
writers on the subject. 
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Examples. 

I. Find the lengths of the subtangent and subnormal at any point of the 
curve 



yn = flw-lar. 




Am. nxy — . 


2. Find the subtangent to the curve 






^mtjfi jB <j***i»^ 




. fix 

Am. . 

m 


3. Find the equation of the tangent to the curve 






a^ = a V. 


Am. 


5X 2r_ 

X y 



4. Show that the points of contact of tangents from a point (a, 0) to tUo 
curve 

are situated on the hyperbola (m + «) a;y = nfix + way. 

5. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocycloid, a:l + </* 
= oi ; and prove that the portion of the tangent intercepted between the axes is. 
of constant length. 

7. In the curve a^ + y« = a*, find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find aUo the intercept made by 
the axes on the tangent. 

Ans. i>= y ; intercept = -— ,jri-^- 

8. If the co-ordinates of every point on a curve satisfy the equations 

a; = sin 20 (i -h cos 20), y = cos 20 (i — cos 20), 
prove that the tangent at any point makes the angle with the axis of a;. 
9. The co-ordinates of any point in the cycloid satisfy the equations 
d? = o (0 - sin 0), y = a (i - cos 0), 

prove that the angle which the tangent at the point makes with the axis of |^ 


is -. 

a 
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Here -r- = -r = cot -. 

dx ax 2 

dd 

10. Prove that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curve turned through an angle. 

11. Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral, is another spiral equal to the original one. 

12. An equiangular spiral touches two given lines at two fixed points, prove 
that the locus of its pole is a circle. 

13. Find the equation of the reciprocal polar of the curve 

r* cos - = ah 
3 

with respect to the origin. Am, The cardioid H = t^ cos - . 

14. Find the equation of the invei-se of a conic, the focus heing the pole of 
inversion. 

15. Apply Art. 184, to prove that the equation of the inverse of an ellipse 
with respect to any origin is of the form 

where Fi and JJ are the foci, and pt pufn represent the distances of any point 
on the curve from the points 0, /i and /g, respectively; /i and/, being the 
points inverse to the foci, Fi and -F2. 

16. The equation of a Cartesian oval is of the form 

r + kf' ^a^ 

where r and / are the distances of any point on the curve from two fixed points, 
and a, h are constants. Prove that the equation of its inverse with respect to 
any origin is of the form 

«Vi + iSp2 + 7P3 = o, 

where pi, />2, f)3 are the distances of any poiut on the curve from three fixed 
points, and a, /3, 7 are constants. 

17. In general prove that the inverse of the curve 

opi + iB/)2 + ypz = o, 
with respect to any origin, is another curve whose equation is of similar form. 

iS. If the radius vector, OP, drawn from the origin to any point Pon a 
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curve be produced to Pi, until PPi be a constant length ; prove that the normal 
at Pi to the locus of Pi, the normal at P to the original curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 

This follows immediately £rom the value of the polar subnormal given in 
Art. 182. 

19. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 

*» y2 

20. In the ellipse -r- + — = i, if a: = a sin ^, 

ds y i. i ■ ■ 

prove that tt = «v ' ~ ^* sin^^^ . 

21. If <fo be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that * - 

,. « V I -<?* sin* A , , a* - h^ 

d8 = k^ ■-■ ~ r--^ rf^, where n ■» — - — . 

22. If 09 be the angle which the normal at any point on the ellios^ 
— +~ = i makes with the axis-major, prove that 

, i» do, 

d8= — 



a {t — e* sin^ 

23. Express the differential of an elliptic arc in terms of the semi-axis major,. 
fij of ^e confocal hyperbola which passes through the point. 



^'»'-\i-ri^^- 



24. In the curve r»» = o"» cos md, prove that 

as" ^* 
cos"* mO 

25. If F {x, y) = o be the equation to any plane curve, and <p the angle be- 
tween the peiTpendicular from the origin on the tangent and the radius vector to 
the point of contact, prove that 

dF dF 



y X — 

dx dy 
tan (fr = ' . 

^ dF dF 

dx dy 
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CHAPTEE Xni. 

ASYMPTOTES. 

1 96. Intersection of a Curve and a Bight Line. — ^Before enter- 
ing on the subject of this chapter it will be necessary to con- 
sider briefly the general question of the intersection of a right 
line with a curve of the rf^ degree. 

Let the equation of the right line be 2^ = /ua? + v, and sub- 
stitute /iic + V instead of y in the equation of the curve ; then 
the roots of the resulting equation in x represent the abscissae 
of the points of section of the line and curve. 

Moreover, as this equation is always of the vf^ degree, it 
follows that efoery right line meets a curve of the vf^ degree in n 
jpoints^ real or imaginary y and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the Une becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 175, viz. : 

Un + Un-\ + Wn-2 + . . . + «*2 + ««1 + Wo = O ; 

then, since w» is a homogeneous function of the n** degree in 
-X and y, it can be written in the form x'^fo ( - ) ; similarly 

e^n-i = ^Vif-\ Wn-2 = ^- V* f-\ &0. 

\xj \xj 

And accordingly, the equation of the curve may be written, 

^/o (^) + orv. (f) + ^y, (I) + &c. = p. (r) 

Substituting /it + - for -, in this, it becomes 

X X 
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Or, expanding by Taylor's Theorem, 

^Vo W + ^' [^fo W +/i W } + ^' [j^/o' W + 1/1' (m) 

+/2(/u)) +&c.=o. (2) 

"The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above : — 

1°. Every line must intersect a curve of an odd degree in 
at least one real point ; for every equation of an odd degree 
has one real root. 

2°. A tangent to a curve of the n*^ degree cannot meet it 
in more than n-2 points besides its point of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other reed point besides its point of contact. 

4°. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Definition of an Asymptote. — An asymptote is a 
tangent to a curve in the limiting position when its point of 
contact is situated at an infinite distance. 

1°. No asymptote to a curve of the n'* degree can meet it 
in more than n-2 points distinct frOm that at infinity. 

2°. Each asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

198. Method of finding the Asymptotes to a Curve of the 
n*^ Degree. — ^If one of the points of section of the line y =fjix + v 
with the curve be at an infinite distance, one root of equa- 
tion (2) must be infinite, and accordingly we have in that* 
case 

/«W = o. (3) 

* This can be easily established by aid of the reciprocal equation ; for if we 

substitute - for a? in equation (2), the resulting equation in z will have one root 

zero when its absolute term vanishes, i, e., when /oC/a) = o ; it has two roots 
«ero when we have in addition vfo(ji) +/1O*) = o » ^^^ so on.] 
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Again, if two of the roots be infinite, we have in addition 

v/o'(iu) +/i(/u) = o. (4) 

Accordingly, when the values of fi and v are determined 
so as to satisfy- the two preceding equations, the corres- 
ponding line 

y = fijx-\- V 

meets the curve in two points in infinity, and consequently 
is an asymptote. (Salmon's "Conic Sections," Art. 154.) 
Hence, if /ii be a root of the equation /o(/Le) = o, the line 

y = tx,x -jn-z (5) 

/o (Ml) 

is in general an asymptote to the curve. 

If f\{fx) = o and /o(iu) = o have a common root {fx\ 
suppose), the corresponding asymptote in general passes 
through the origin, and is represented by the equation 

y = iwiir. 

In this case u^ and t*„.i evidently have a common factor. 

The exceptional case when ff{fx) vanishes at the same 
time will be considered in a subsequent Article. 

To each root of /o(At) = o corresponds an asymptote, and 
accordingly, every curve of the nt^ degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel lines may be considered 
as meeting in the same point at infinity — a principle intro- 
duced by Desargues in the beginning of the seventeenth 
century, and which must be regarded as one of the first 
important steps in the progress of modem geometry. 

CoR. No line parallel to an asymptote can meet a curve 
of the n** degree in more than {n - 1) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a curve of an odd degree has one real 
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asymptote, at least, and has accordingly an infinite branch 
or branches. Hence no curve of an odd degree can be a 
closed curve. 

For instance, no curve of the thii*d degree can be a 
finite or closed curve. 

The equation /© (/u) = o, when multiplied by af*y becomes 
Wn = o ; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /o (jj) = o either vanishes or is 
infinite ; i. e., where the asymptotes are parallel to either 
co-ordinate axis. This case will be treated of separately in 
a subsequent Article. 

If all the roots of /o (ji) '= o be imaginary the curve has 
no real asymptote, and consists of one or more closed 
branches. 

Examples. 

To find the asymptotes to the following curyes : — 

I. yS = ax^ + sfi. 

Substitating /jlx •\- v ior y, and equating to zero the coefficients of 2^ and x^y 
separately, in the resulting equation, we obtain 







M»- 


-1 = 0, 
M = ', 


and 3/iV = a; 

a 

■-->'■ 


hence the 


curve 


has but one real asymptote, viz., 








y = 


■"!• 



a. y* - a* + lax^y = Px-. 

Here the equations for determining the asymptotes are 

fi* - I =3 0, and 4/iV + ifffx = o ; 

accordingly, the two real asymptotes are 

a a 

y = «--, and y + « + - = o. 

3. «5 + 3»*y - ary' - sy' + »* - 2a?y + 3^* + 4« + 5 = <>• 

Am, y + - + - = o, y = * + -, y ^^ x - -. 
3 4 4 » 
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1 99. Case in whiclx Un-o represents the n Asymptotes. — 
If the equation of the curve contain no terms of the (n- i)'* 
degree, that is, if it be of the form 

Un + Vn-% + Wn-3 + &0. . . . + «^ + Wq = O, 

the equations for determining the asymptotes become 

/o {fi) = o, and v/q (ju) = o. 

The latter equation gives v = o, unless /o'(iu) vanishes along 
'with/o(/i), i.e., unless /o(fc) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation «« = o are 
the n asymptotes, unless two of these lines are coincident. 
This exceptional case will be considered in Art. 202. 
The simplest example of the preceding is that of the 
hyperbola 

ax^ + ikopy + by^ = c, 

in which the terms of the second deffree represent the 
asymptotes (" Salmon's Conic Sections," Art. 195). 

Examples. 
Find the asymptotes to the curves 

1. .jy2_.4;2y asa«(a;4.y) + ^. Am. xtsOf y=o, a;-y = o. 

2 . f/^ — «3 _ ^?j., ^„^, There is hut one real asymptote, viz., y — ar = o. 

3. «* - y* = aHy + iV- Ana. a; + y = o, x- y ^ o, 

200. Asymptotes parallel to the Co-ordinate Axes. — Sup- 
pose the equation of the curve arranged according to powers 
of X , thus 

a^^ + {a^ + 6)a^-^ + &c. = o ; 

then, if flo = o and a^y + b = Oy or y = — , two of the roots 

of the equation in x become infinite ; and consequently the 
line flfiy + 6 = o is an asymptote. 
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In other words, whenever the highest power of a is 
wanting in the equation of a curve, the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If «o = o and 6 = 0, the axis of x is itself an asymptote. 

If x^ and ixf*^^ be both wanting, the coefficient of a^^ re- 
presents a pair of asymptotes, real or imaginary, parallel to 
the axis of x ; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can be determined. 

Examples. 

Find the asymptotes in the following curves : — 

1. y'd? — ay* = a^ + a«* + 3^. Ans. x = Oj p = x-^a^ y + d;-l-aso. 

2. y(a2- 3*3; + 2^2) = it3_ ^ax^ ^ ^3^ « = *, a? *= ai, y + 3a =3 3; + 3*. 

3. arV = «M*^ + y^)- x = ±a, i/ = ±a, 

4. z^y'^a^ix^-f/'). y + « = o, y-a = o. 

5. y^a — y^x = x^. The only real asymptote ia x = a. 

201. Parabolic Branches. — Suppose the equation /o (a*) =0 
has equal roots, then fo{fii) vanishes along with /o{fx), and 
the corresponding value of v found from (5) becomes infinite, 
imless/i(/x) vaniSi at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola whose equation is of the form 

{ax + PyY = Ix + mt/ + Hy 

furnishes the simplest example of this principle, having 
the line at infinity for an asymptote. (" Salmon's Conic 
Sections," Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote 
are called hyperbolic, 

202. From the preceding investigation it appears that 
the asymptotes to a curve of the n^^ degree depend, in 
general, only on the terms of the nf^ and the {n- i)*^ degrees 



R 2 
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in its equation. Consequently, all curves which have the 
same terms of the tivo highest degrees have generally the same 
asymptotes. 

There axe, however, exceptions to this rule, one of which 
wiU be considered in the next Article. 

203. Parallel Asymptotes. — ^We shall now consider the 
case where /o(/w) = o has a pair of roots equal to /xi, suppose, 
and where /i(/ii) = o, at the same time. 

In this case the coefficients of af^ and o?""^ in (2) both 
vanish independently of v, for the root /xi ; we accordingly 
infer that all lines parallel to the line y = fiyx meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are, however, two lines which are 
more properly called by that name ; for, substituting /xi for fx 
in (2), the two first terms vanish, as already stated, and the 
coefficient of ^**"* becomes 

:^/o'V) + ''/.V)+/.(iuO- 
Hence, if vi and vz be the roots of the quadratic 

^/o'VO + v//(/u,) +Mix;) = o, (6) 

the lines y = fxix + vi, and y = iiix + V2, 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corres- 
ponding asymptotes are abo imaginary. 

Again, if the. term Wn_i be wanting in the equation, and 
if /o(iu) = o have equal roots, the corresponding asymptotea 
are given by the quadratic 



1 . 2 



In order that these asymptotes should be real, it is 
necessary that/20LCi) and/o''(/xi) should have opposite signs. 

There is no difficulty in extending the preceding in- 
vestigation to the case where fo{n) = o has three or more 
equal roots. 
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Examples. 

1. (« + yf{x^ + y' + xy) = flV + fl»(«-y;. 

Here /oM = (i+m)'(i + At + At^), /iW=o, fzW^-^V; 

.'. Ml = - I, /o'VO = 2, /2(/ti) = - a2 ; 
accordingly, yi = «, n - - «, 

and the corresponding asymptotes are 

y + « — a = o, and y + aj + a = o. 
The other asymptotes are evidently imaginary. 

2. a?*(a? + y)2 + 2ay*(a; + y) + %a^xt/ + «3y _ ©. 
Here /oM=(i+Ai?, /lO*) = 2«/i2(i+/i), f2(fi) = ^a^fi ; 

.-. /«i = - I, /o"(/*i) = 2, /i'(mi) = 2a, /2Gu'0 = - 8«2, 
and the corresponding asymptotes are 

y + re - 2« = o, and y + a: + 4a = o. 

204. If the equation to a curve of the «^* degree be of 
the form 

(y + a^ + /3) ^1 + ^2 = o, 

where the highest terms containing a and y in ^i are of the 
degree n - i, and those in <p2 are of the degree >* - 2 at most, 
the line 

y + aa? + /3 = o 

is an asymptote to the curve. 

For, on substituting -0^-/3 instead of 2^ in the equation, 
it is evident that the coefficients of Af^ and a^"^ both vanish ; 
hence, by Art. 1 98, the Hne y + aa? + j3 = oisan asymptote. 

Conversely, it can be readily seen that if y + a j? + /3 be an 
asymptote to a curve of the n*^ degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n*^ degree 
be of the form 

{}/-\-aiX + i5,){f/ + a^ + (5-^.. .{y + anX + Pn)-^(p2 = 0, (7) 
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where ^2 contains no term higher than the (w - 2)** degree, 
the lines 

y + aia? + /3i = O, 2^ + a2a? + j32 = o, . . . y + a„a? + j3„ = o 

are the n asymptotes of the curve. 

This follows at once as in the case considered at the 
commencement of this Article. 

For example, the asymptotes to the curve 

£Cf/ {x -\- i/ + ai) {x + y + a^z) + bi^ + ^4/ = o 

are evidently the four lines 

a? = o, y = o, X -v y + tti ^ Oy a + y + a^ = o. 

If the curve be of the third degree, 02 is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 

{y + aix+ Pi){y-\-a^+ [52){y-\- a2;v+ Ps) -{- Ix -[■ my + n = o. (8) 

Hence we infer that the three points in which the asymp^ 
totes to a cubic meet the curve lie in the same right line, viz., 

Ix + my + n = o. 

The student will find a short discussion of a cubic with 
tliree real asymptotes in a subsequent Chapter. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
dimim^hes indefinitely as its distance from the origin increases 
indefinitely. 

If y + aa? + /3 = o be the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 

; (y + ao? + /3) 01 + 02 = o, 

where 02 is at least one degree lower than 0i in ^r and y. 
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Hence y + a^ + j3 = - ^, 

and the perpendicular distance of any point {x^y y^ on the 
curve from the line ^ + aa? + /j = o is 

or ' 



where the suffix denotes that Xd and y^ are substituted for x 
and y in the functions <pi and 02. 

Now, whqn iTo and y^ are taken infinitely great, the value 
of the preceding fraction depends, in general, on the terms 
of the highest degree (in x and y) in ^i and 02 ; and since the 
degree of 02 is one lower than that of 0i, it can be easily 

seen by the method of Ex. 7, Art. 89, that the fraction — 

becomes, in general, infinitely small when x and y become 
infinitely great. Hence, the distance of the line y + aa? + j3 
from the curve becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is both indefinite and imsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculatingy is referred to a 
paper by M. Pliicker, in Liouville's Journal, vol. i., p. 229. 

206. Asymptotes in Polar Co-ordinates. — If a curve be 
referred to polar co-ordinates, the directions of its points at an 
infinite distance from the origin can be in general deter- 
mined by making r = 00, or t* = o, in its equation, and solving 
the resulting equation in 0. The position of the asymptote 
corresponding to any such value of is obtained by finding 
the length of the corresponding polar subtangent, i.e., by 

finding the value of — corresponding to u = o. 
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It should be observed that when -7- is positive, the 

asymptote lies above the corresponding radius vector, and 
when negative, helmo it ; as is easily seen from Art. 182. 

If we suppose the equation of the curve, when arranged 
in powers of r, to be 

r«/o(0) + ^--%(0) + . . . + rUx{B) +/„(0) = o, 

the transformed equation in w is 

««/n(0) + vr^U,(0) + . . . + uM9) +/o(0) = o : (9) 

consequently, the directions of the asymptotes are given by 
the equation 

/o(fl) = O. (10) 

Again, if we differentiate (9) with respect to 0, it is easily 
seen that the values of ^ corresponding to w = o are given 
by the equation 

/.(fl)^+/.'W = o, ' (II) 

provided that none of the functions 

A{9), M9), . . ./n{0) 

become infinite for the values of 6 which satisfy equation (10). 

Consequently, if a be a root of the equation /o(6) = o, the 

curve has an asymptote making the angle a with the prime 

vector, and whose perpendicular distance from the origin is 

represented by - J}. { . 
Jo [a) 

It is readily seen that the equation of the corresponding 

asymptote is 

rsin(a-0)-f^ = o. 
/o [a) 

This method will be best explained by applying it to one 
or two elementary Examples. 
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Examples. 



Here 



I. Let the curve be represented by the equation 
r = aBece + bUaiB, 
cos 9 



a + b BiaO' 



•rrr, * «" , - <f « — I 

When 9 = -, we have « = o, and - = 7. 

2' * dS a-\-b 

Accordingly, the corresponding polar subtangent is a + &, and hence the line 
perpendicular to the prime vector at the distance a + b from the origin is an 
asymptote to the curve. 

Again, u vanishes also when = — , and the corresponding value of the 

polar subtangent is a - ^ ; thus giving another asymptote. 

2. r = a sec m0 + ^ tan md, 

coamB 



Here 



a + 6 sin md' 



le du — m 

"When — — , we have w = o, and -r- = r, 

2w dB a + b 

whence we get one asymptote* 

. . , 3i«' ^ du m 

Again, when B - — , « = o, and -- = r, 

° ' zm dB a-b 

which gives a second asymptote.^ 

On making B = — , we get a third asymptote, and so on. 
2m 

It may be remarked, that the first, third, . . . asymptotes all touch one 
^ed circle ; and the second, fourth, &c., touch another. 

3. Find the asymptote to the curve 

r^ sin (0 - a) + ar sin (6 - 2a) + a^ = o. 



207. Asymptotic Circles. — In some curves referred to 
polar co-ordinates, when 6 is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 
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approaches more and more nearly to the circular form at the 
same time : in such a case the curve is said to have a 
circular asymptote. 

For example, in the curve 

_ ad 

so long as Q Is positive r is less than a, o being supposed 
positive ; hut as d increases with each revolution, r con- 
tinually increases, and tends, after a large number of 
revolutions, to the limit a ; hence the circle described with 
the origin as centre, and radius «, is asymptotic to the 
curve, which always lies inside the circle for positive values 
of 0. Again, if we assign negative values to 0, similar 
remarks are applicable, and it is easily seen that the same 
circle is asymptotic to the corresponding branch of the 
curve ; with this difference, that the asymptotic circle lies 
within the curve in the latter case, but outside it in the 
former. The student will find no difficulty in applying this 
method to other curves, such as 



aO aO^ 



r = T, ; — r, r = 



6l + sin«' «^ + a^' + sin6> 



«(0 + COS0) „ 

= a , .-ii y &c. 
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Examples. 



Find the eqiiations of the asymptotes to the following curves : — 

1. y(a2 - a?2) = i^{2x + e). Arts, y = o, a; + a = o, x-a = o, 

2. a^ — x^tj^ + (j^x^ + i* = o. x^-f/ = OfX-i/ = OyX = o. 

3. **-»2y« + a;2 + y2-a2 = o. a;-i=o, a:+i=o, af-y = o, x+y = o^ 

4. (a + xy (*' - ««) = arV*. a^ = o- 

5. (a + a:)2(52 + a;») = a!V- » =o> y = a: + «, y + a? + a = o. 

6. ar^y _ 2x^1/^ + ary* = d^x^ + i'y'. a? = o, y = o, x — y = ± \/ a' + ^*. 

7. a:'-4ry2-3aj2+i2a?y-l2y^+8jj+2y+4 = o. 

-4««. a; + 3 = o, a? - ly = o, a; + 2y = 6* 

8. a^y^ — ax{x + y)^ — 2o*y^ — «* = o. a; + 2« = o, a: — a = o. 

9. If the equation to a curve of the third degree be of the form 

tt3 + «i + «o = o, 
the lines represented by vs = o are its asymptotes. 

10. If the asymptotes of a cubic be denoted by o = o, i3 = o, 7 = 0, thfr 
equation of the curve may be written in the form 

afiy =^ Ja-[-Bfi+ Cy, 

11. In the logarithmic cnrve 

X 

y = «^ 

prove that the negative side of the axis of x is an asymptote. 

12. Find the asymptotes to the curve 

rcoswd = a, 

13. Find the asymptotes to 

rcosm0 = acos^tf. 

14. Show that the curve represented by 

«' + aby — axy = o 
has a parabolic asymptote, x^ -^ bx -\- i^ = ay. 
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2^2 Asymptotes. 

15. Find the circular asymptote to the curve 

_ «a + * 

16. Find the condition that the three asymptotes of a cubic should pass 
through a common point. 

Let the equation of the curve be written in the form 
«o + Zhox + ihy + 3Coa;2 + ecixy + ic%y^ + daii^ + 3<fi»2y + idixy^ + dzy^ = 0, 
then the condition is 



do 


di 


d2 


di 


d% 


dz 


Co 


C\ 


€2 



This result can be easily arrived at by substituting x + a and y-\-$ instead 
of * and y in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation should vanish. See Art. 204. 

17. When the preceding condition is satisfied show that the co-ordinates, 
« and $f of the point of intersection of the three asymptotes, are given by the 
equations 

_ Cidi — Codz _ <odi — Cido 

dodz — di^ di^ — dT^ 

18. If from any point, 0, a right line be drawn meeting a curve of the n* 
degree in J2i, 7^2, .. . Mm and its asymptotes in n, r2, . . . rnt prove that 

ORi + OR2 + . . . Oi2» = Ori + Or2 + . . . Or„. 

N.B. — The terms of the «"» and («-i)** degrees are the same for a curve 
and its asymptote?. 

19. If a right line be drawn through the point (a, 0) parallel to the asymptote 
of the cubic {x — of — x^y = o, prove that the portion of the line intercepted by 
the axes is bisected by the curve. 

20. If from the origin a right line be drawn parallel to any of the asymptotes 
of the cubic 

y{ao^ + ^hxy + hy"^ + ^gx + ^fy + c)-x^ = o, 

show that the portion of this line intercepted between the origin and the line 
^^ +fy + c = o is bisected by the curve. 
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CHAPTER XIY. 

MULTIPLE POINTS ON CURVES. 

208. In the following elementary discussion of multiple 
points of curves the method given by Dr. Salmon in his 
"Higher Plane Curves" has been followed, as being the 
simplest, and at the same time the most comprehensive 
method for their investigation. The discussion given here is- 
to be regarded as merely introductory to the more general 
investigation in that treatise, to which the student is referred 
for fuller information on this as well as on the entire theory 
of curves. 

We commence with the general equation of a curve of 
the rf^ degree, which we shall write in the form 

+ M + hxy 

+ Co«' + Cxxy + c^y^ 

+ &c. + &c. 

+ /oip" + kix^^y + &c. + Iny'' = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 

Wo + «*i + ^ + • • • + ^^n-i + '^n = O. 

We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to polar 
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co-ordinates, by substituting r cos d and r sin instead of 
-x and jfy we get 

Oo + (60 cos + Ji sin 0) r 
+ (roCOs*0 + CiCO80sin0 + C2sin*6)r^ + . . . 
+ (/oCOs'*0 + /iCOS'»-^0sin0+ . . .+ /nsin*»0)r'* = o. (i) 

If be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
of intersection of the radius vector with the curve. 

If (?o = o, one of these roots is zero for all values of ; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides ao = o, we have 
^0 cos + Ji sin = o. The radius vector in this case meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

Jo cos + Ji sin = o ; 

accordingly, the equation of the tangent at the origin is 

Soa? + Jiy = o. 

Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part (wi) in its equation represents the tangent at 
that point. 

If ho = o, the axis of a? is a tangent ; if 61 = o, the axis 
•of 3/ is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and nr ioi x and y ; where 

sin [io ~ 0) _ sin 

m = — ; 'y and n = -; ; 

sm 01 sm (a9 

io being the angle between the axes of co-ordinates. 

* Two points which are infinitely close to each other on the Bame branch Oi 
A curve are said to be consecutive points on the curve. 
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Double Points. 255 

From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 

% 

is « - y = o, a line bisecting the internal angle between the 
co-ordmate axes. In like manner, the tangent at the origin 
can in all similar cases be immediately determined. 

209. Equation of Tangent at any Point.— »-By aid of the 
preceding method the equation of the tangent at any point 
on a curve whose equation is algebraic and rational can be 
at once foimd. For, transferring the origin to that point, 
the linear part of the resulting equation represents the 
tangent in question. 

Thus, if /{xy y) = o be the equation of the curve, we 
substitute X -h a?i for ir, and T + r/i for y, where (^1, yi) is a 
point on the curve, and the equation becomes 

/(X + ir„ F+yO = o. 

Hence the equation of the tangent referred to the new axes is 

= o. 

1 

On substituting x - Xi, and y - yi, instead of X and Y, we 
obtain the equation of the tangent referred to the original 
axes, viz.. 






This agrees with the result arrived at in Art. 169. 

210. Double Points. — ^If in the general equation of a 
curve we have aJq = o, 60 = o, 61 = o, the coefficient of r is 
^ero for all values of 0, and it follows that all lines drawn 
through the origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 

Moreover, if be such as to satisfy the equation 

Co cos^0 + Ci cos sin + C2 sin'd = o, (2) 
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the coefficient of r* will also disappear, and three roots of 
equation (i) will vanish. 

As there are two values of Q satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 

The equation (2), when multiplied by r*, becomes 

Cffio^ + Cixy + Czy^ = o. 

Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are, consequently, tangents to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (^2), the origin is a double 
point, and the equation u^ = o represents the pair of tangents at 
tJiat point. 

For example, let us consider the Lemniscate, whose equa- 
tion is 

{^ + fy^a'(x'-f). 

On transforming to polar co-ordinates its equation becomes 

r* = oV (cos'^d - sin'0), or, r' = a^ cos 20. 

Now, when 61 = o, r = ±«, 
and if we confine our atten- 
tion to the positive values of 
r, we see that as increases 

from o to — , r diminishes^ 

from a to zero. When > — 

4 

and < — , r is imaginary, &c., "^^^* '^' 

4 
and it is evident that the figure of the curve is as annexed,, 
having two branches intersecting at the origin, and that the- 
tangents at that point bisect the angles between the axes ; the 
equations of these tangents are 

a? + y = o, and ^ - y = o, 
results which agree with the preceding theory. 
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Nodea^ Ct^s, and Corrugate Points. 257 

211. Nodes, Giups, and Gonjugate Points.* — The pair of 
lines represented by tta = o will be real and distinct, coinci- 
dent, or imaginary, according as the roots of equation (2) 
are real and unequal, real and equal, or imaginary. 

Hence we conclude that there are three kinds of double 
points — 

(i). For real and unequal roots^ the 
tangents at the double point are real 
and distinct, and the x>oint is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(2). If the roots be equal, i. e., ilth Yis i 

be a perfect square, the tangents coin- 
cide and the point is called a cusp : the two branches of the 
curve touching each other at the point. 

These points are distinguished into two classes, according 
as the bran<3hes are restricted to one side of the double point, 
or extend to both sides. 

We shall style the former class single cusps, or cusps 
simply, and the latter double cusps. This class arises from 
the existence of two consecutive cusps. 
Cusps are again subdivided into two 
species, as the two branches lie at oppo- 
site, or at the same side of the common 
tangent. The former are styled cu^s 
of the first species^ the latter those of the ^^^' ^^• 

second species. The distinction is exhi- 
bited in the annexed figures. When 
the curve extends at botn sides of the 
double point, it is sometimes called a 
point of osculation; however, as the Fig. 21. 

two branches do not in general osculate each other, we prefer 
to style them double cusps. Cusps are called ^oinfo de rebrous- 
sement by French writers. A fuller discussion of the different 
classes of cusps will be given in a subsequent chapter. 





•These 
Professor 



ise have been respectiydiY styled erunodes, spinodes, and acnodes, hj 
Cayley. See Salmon's Higher Plane Guryes, Art. 38. 

S 
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258 Multiple Points on Curves. 

(3). If the roots of u^ be imaginary, the tangents are 
imaginary, and the double point is called a conjugate or iso- 
lated point ; the co-ordinates of the point satisfy the equa- 
tion of the curve, but the curve has no real points consecutive 
to this point, which lies altogether outside or inside the curve 
itself. 

It should be observed also that in some cases the origin is 
a conjugate point even when U2 is a perfect square, as will be 
more fully explained in a subsequent chapter. 

We add a few elementary examples of these different 
classes for illustration. 



Examples. 

1. y2(a2 + a;2) = a;2(a2-a;2). 

Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 

2. ay* = afi. 

In this case the origin is a cusp of the first species ; this curye is called the 
eemi-cubical parabola. 

3. y^ =: a^ {x+ a). Ans. The origin is a cusp of the first species. 

4. (y — a;2)2 = a^, ^ Here the origin is a cusp ; also y = x^±x^ ; 
hence, when x is less than unity, both yalues of y are positive, and consequently 
the cusp is of the second species. 

5. b (x* + y2) = a?. Ana. The origin is a conjugate point. 

6. sfi — '^axy + y^ = o. 

Ans. The two branches at the origin touch the co-ordinate axes. 

212. Double Points in General. — ^In order to seek the 
double points on any algebraic curve, we transform the origin 
to a point (a?i, yi) on the curve ; then, if we can determine 
Talues of a?!, yi for which the linear part disappears from the 
resulting equation, the new origin {x^ y^ is a double point 
on the curve. 
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From Art. 209 it is evident that the preceding condition 
gives 

moreover, since the point (a?i, yi) is situated on the curve, 
we must have 

As we have but two variables, a?i, ^i, in order that they 
should satisfy these three equations simultaneously, a con- 
dition must evidently exist between the constants in the 
equation, of the curve, viz., the condition arising from the eli- 
mination of ^1, pi between the three preceding equations. 

Again, when the curve has a double point (xi, yi), if the 
origin be transferred to it, the part of the second degree in 
the resulting equation is evidently 

Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 

/ (Pu Y . ^ /^\ /^u\ 

\dxdyh ~ wWiWWi* 

It may be remarked here that no cubic can have more 
than one double point ; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible. 

Again, every line drawn through a double point on a cubic 
must meet the curve in one, and but one, other point ; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in which case it cannot meet the curve else- 
where, the points of section being two consecutive on one 
branch, and one on the other branch. 

In many cases the existence of double points can be seen 
immediately from the equation of the curve ; a few instances 
are added for the sake of illustration. 

s 2 
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Multiple Points on Curves, 




Fig. 22. 



Examples. 

To find the position and nature of the douhle points in the following 
curves. 

I. {hx- ry)' = (a? - a)*. 

The point a; = a, y = — , is evidently a cusp 
c 

of the first species, at which bx — ei/ = oiB the 

tangent, as in the accompanying figure. 

The point x = at y = e, is& cusp of the first 
species if a > 3, or if a = ^ : but is a conjugate 
point if a < *. 

3- y* = « (a? + ay. 

The point ys=o, «s~aisa conjugate point. 

4. a?t + yf = a^' 

The points a; = o, y = + « ; and y = o, a; = + «, are easily seen to he cusps. 

213. Parabolas of the Third Degree. — The followiiig 
example* will assist the student towards seeing the distinc- 
tion, as well as the connexion, between the different kinds of 
double points. 

Let ^* = (j» - «) (^ - b) {x - c) 

be the equation of a curve, where a < b < c. 

Here y vanishes when a? = a, or a? = S, or « = c ; accordingly, 
if distances OA = «, OB = J, OC = c, be taken on the axis of 
^, the curve passes through the points A, JB, and C. 

Moreover, when a? < a, y* is negative, and therefore 

y is imaginary 
„ op>a and< J, y^ is positive, and therefore 

y is real. 
„ x>b and<!c,y* is negative, and therefore 

y is imaginary. 
„ x>Cy y^ is positive, and therefore 

y is real; and 
increases indefinitely albng with a. 

• Lacroix, " Cal. Dif.,** pp. 395-7. Salmon's " Highet Cuifves/' Art. 39. 
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Hence, since the curve is sym- 
metrical with respect to the axis of 
a?, it evidently consists of an oval 
lying between A and JB, and an 
infinite branch passing through 
(7, as in the annexed figure. It 
is easily shown that the oval is 
not symmetrical with respect to 
the perpendicular to AB at its 
middle point. Again, if J = 
the equation becomes 

f={x-a) (x-h)\ 

In this case, the point -B co- 
incides with C, the oval has 
joined the infinite branch, and 
B has become a double point, 
€ts in the annexed figure. Fig. 24. 

On the other hand, let 6 = «, and the equation becomes 

y^ = {x-ay{x-c)\ 

in this case the oval has shrunk 
into the point -4, and the curve 
is of the annexed form, having 
A for a conjugate point. 

Next, let a = 5 = c, and the 
equation becomes 

y''= {x-aY; 

here the points -4, J?, (7, have 
come together, and the curve has 
a cusp at the point -4, as in the 
annexed figure. 

The curves considered in this Article are called parabolas 
of the third degree. 

As an additional example, we shall investigate the fol- 
lowing problem : — 

214. Given the position of a double point on a cubiCy and its 
three asymptotes^ to find its equation. 




Fig. 26. 
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Taking two pf its asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be «i» + 6y + c = o, the 
equation of the cubic, by Art. 204, is of the form 

Qcy {ax + by + c) = Ix -^ my + n. 

Again, the co-ordinates of the double point luust satisfy 
the equations 

du du 

or {zax ^- by ^^ c) y = ly (i), {ax + zby -\- c) x = my (2) ; 

from which / and m can be determined when the co-ordinates 
of the double point are given. 

To find w, we multiply the former equation by x, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cxy = zlx + 2my + 3W; 

from which n can be found. 

In the particular case where the double point is a cusp, 
its co-ordinates must satisfy the additional condition 

d^ d^ _ f d^u Y 
dx^ dy^ ~ \dxdy) ' 

or {2ax + 2by + cY = ^abxy, 

and consequently the cusp must lie on the conic represented 
by this equation. 

It can be easily seen that this conic* touches at their 
middle points the sides of the triangle formed by the asymp- 
totes. 



• From the form of the equation we see that the lines a; = o, y = o are 
tangents to the conic, and that 2ax + 2by + c = o represents the line joining the 
points of contact ; hut this line is parallel to the third asymptote ax ■¥ bp + c - o, 
and evidently passes through the middle points of the intercepts made hy this 
asymptote on me two others. 
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The precefling theorem is due to M. Pliicker,* and is 
stated by him as follows : — 

" The locus of the cusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes." 

It can be easily seen that the double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. Multiple Points of Higher Orders. — ^By following out 
the method of Art. 208, the conditions for the existence of 
multiple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three branches of the curve at the origin are given by 
the equation Uz=o. 

The different kinds of triple points are distinguished, ac- 
cording as the lines represented by W3 = o are real and dis- 
tinct, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
be of the m** degree, the origin is a multiple point of the m*^ 
order, &c. 

Again, a point is a triple point on a curve, provided that 
when the origin is transferred to it, the terms below the third 
degree disappear from the equation. The co-ordinates of a 
triple point consequently must satisfy the equations 

^du du d^u d^u d^u 

dx dy dx^ dxdy dy^ 

Hence in general, for the existence of a triple point on a 
curve, its coefficients must satisfy four conditions. 

The complete investigation of multiple points is based on 
the method of trilinear co-ordinates. The discussion of curves 
from this point of view is beyond the limits proposed in this 
elementary Treatise. 

We shall conclude this chapter with a few remarks on the 



* Liouville's Joamal, vol. ii., p. 14. 
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multiple points of curves whose equations are given in polar 
co-ordinates. 

216. Midtiple Points of Curves in Polar Co-ordinates.— If 
a curve referred to polar co-ordinates pass through the origin, 
it is evident that the direction of the tangent at that point 
is found by making r = o in its equation ; in this case, if the 
equation of the curve reduce tof{ff) = o, the resulting value 
of gives the direction of the tangent in question. 

IJ the equation /(0) = o has two real roots in 0, the origin 
is a multiple point, the tangents being determined by these 
values of 0. 

If the values of be equal the origin is a cusp ; and so on* 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
polar equations, so that the theory already given must apply- 
to curves referred to polar, as well as to algebraic co-oidi- 
nates. 

It may be observed, however, that the order of a multiple 
point cannot, generally, be determined unless with reference 
to Cartesian co-ordinates. 

For example, in the equation 

r = a cos*0 - b sin^fl, 
the tangents_^at the origin are determined by the equation 
tan = ± /-, and the origin would seem to be only a double 

point ; however, on transforming the equation to rectangular 
axes, it becomes 

from which it appears that the origin is a multiple point of 
the fourth order. 
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Examples. 

I. Determine the tangents at the origin to the curve 

y2 = aj*(i — a;'). -4««. a; + y = o, a? -y=o. 

3. Show that the curve 

a^ - '^axy + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

«* — ax*y + iy* =• o. 

4. Show that the origin is a conjugate point on the curve 

ay2 — x^ + bx'* ^ o 
when a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the curve 

y«(«2_a2) = ««. 

6. Prove that the origin is a cusp of the first species on the curve 

(y - a;«)2 = x^, 

7. In the curve 

(y-«2)2 = ««, 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the numher and the nature of the singular points on the curve y-- 

a;* + 4fla;' — 2a*fi + ^cflz^ — 3a2y» + 4a^ = o. 

9. Show that the points of intersection of the curve 



©•^ (I) 



with the axes are cusps of the first species. 
lo. Find the double points on the curve 

«* - 4058 _|. ^aV - jy + 2ft«y - a* - ft* = o. 
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1 1. Prove that the four tangents from the origin to the curve 

are represented by the equation 4W1 «3 = u\. 

12. Show that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Prove that the origin in the curve 

a;* — 2ax2i/ - axy^ + fl*^* = o 
is a cusp of the second species. 

14. Show that the cardioid 

r = a (i + cos B)y 
has a cusp of the first species at the origin. 

15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 

16. Find the nature of the origin in the following curves : — 

•^ ' ' ' be + c 

17. Show that the origin is a conjugate point on the curve 

x^ — ax'^y + axy"^ + a'y^ = ©. 

18. If the inverse of a conic be taken, show that the origin is a double point 
on the inverse curve ; also that the point is a conjugate point for an ellipse, a 
cusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that the cubic 

«y2 + 4m;3 ^ ix'^ j^ cx ^^^ d •\- 2ey = o 
has a double point, is the same as the condition that the equation 

a«* + bx^ + cx^ -{- dx - e^ = o 
has equal roots. 

20. In the inverse of a curve of the «'* degree show that the origin is a 
multiple point of the n^ order, and that the n tangents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XY. 

ENVELOPES. 

217. Method of Envelopes. — ^If we suppose a series of different 
values given to a in the equation 

fi^yy^o) =0, (i) 

then for each value we get a distinct curve, and the abovo 
equation may be regarded as representing an indefinite 
number of curves, each of which is determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter^ and the 
equation /(iT, y, a) = o is said to represent ei, family of curves ;^ 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard a as varying continuously, and suppose 
the two curves 

f{^y yy a) = O, /(a?, y, a + Aa) = O 

taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equation 

fix, y, a + Aa) -f{x, y, a) ^ 
Aa 

Now, in the limit, when A a is infinitely small, the latter 
equation becomes 

d.f{x,y,a) _ 

da ' ^'^ 

and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations ( i ) 
and (2). 
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The locus of the points of ultimate intersection for the 
entire system of curves represented by /(a?, y, a) = o, is ob- 
tained by eliminating a between the equations (i) and (2). 
This locus is called the envelope of the system, and it can be 
-easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
Pi to be the point of intersection of the first and second, and 
P2 that of the second and third, the line Pi P2 joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus : — The direction of the tangent at the point x, y, to the 
curve/ (a:, y, a) = o, is given by the equation 

df df dy 

-— + — — -— - = o * 

dx dy dx ' 

in which a is considered a constant. 

Again, the equation of the tangent at the point a;, y, to the 
envelope may be regarded as of the same form, in which a is 
determined by aid of equation (2) ; consequently, the tangent 
to the envelope satisfies the equation 

4f^^dy^^^da_^da ^\^ 
dx dy da da \dx dy dx) ' 

df df dy 
or — + — ~ = o ; 

dx dy dx 

since —■ = o for the point on the envelope. 

Consequently, the values of -^ are the same for the two 

curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illustrate 
this theory. 
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Envelope o/La^ + zMa + N. 269 

The equation a? cos a + y sin a = j», in which o is a variable 
parameter, represents a system of lines situated at the same 
perpendicular distance J? from the origin, and consequently 
all touching a circle. 

This result also follows from the preceding theory ; for 
we have 

/(a?, y, a) = 0? Cos a + y sin a -p = o, 

— \ — • = - 0? sm a + V cos a = o, 
da 

and, on eliminating a between these equations, we get 

x' + f^p^ 

which agrees with the result stated above. 
Again, to find the envelope of the line 

m 

where o is a variable parameter. 

Here /(^>y> a)=i/-ax = 0, 

a 



m \m 

— = o, .*. a = I—. 



da 
Substituting this value for a, we get for the envelope 



which represents a parabola. 

2 1 8. Envelope of La^ + iMa + N= o. Suppose X, Jf, Ny 
to be known functions of a? and y, and a a parameter, then 

/(a?, y, a) = ia^ + 2 Jfa + iV = O, 

3- = 2La + 2Jf =0; 
da 

accordingly, the envelope of the curve represented by the pre- 
ceding expression is the curve 
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2*]o Envelopes, 

Hence, when i, Jf, N are linear functions in x and y, 
this envelope is a conic touching the lines i, N^ and having 
M for the chord of contact. 

Conversely, the equation to any tangent to the conic 
LN = itf * can be written in the form 

La^ + 2 Jfa + iV = o,* 

where a is an arbitrary parameter. 

219. Undetermined Multipliers applied to Envelopes. — ^In 
many cases of envelopes, the equation of the moving curve is 
given in the form 

/(^, y> a, /3) = ci, (3) 

where the parameters a, /3 are connected by an equation of 
the form 

(a, /3) = c^. (4) 

In this case we may regard /3 in (3) as a function of a 
by reason of equation (4) ; hence, differentiating both equa- 
tions, the points of intersection of two consecutive curves 
must satisfy the two following equations : 

df df d[i ^ dih d6 dB 

da dp da du dp da 







df 


df 




Consequently 




da 

d^ 

da 


dfi 
d^ 




If each of these fractions be equated 


to the undetermined 


quantity A, we 


get 


da 
^^ -K 


d^- 
da 

in J 


(5) 



* Salmon's " Conies," Art. 248. 

Digitized by LjOOQ IC 



Undetermined Multipliers applied to Envelopes. 271 

and the required envelope is obtained by eliminating a, /3 and 
A between these and the'two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and j3 ; 
for suppose them to be of the forms 

where the former is homogeneous of the w^* degree, and the 
latter of the m'*, in q, and j3. Multiply the former equation 
in (5) by a, and the latter by j3, and add, then by Euler's 
theorem of Art. 102, we shall have 

nci = mcoX, or A = — ^, (6) 

mCi ^ ' 

by means of which value we can generally eliminate a and /3 
from our equations. 

Examples. 

1. To find the envelope of a line of given length (a) whose extremities move 
alon^two fixed rectangular axes. 

Taking the given Imes for axes of co-ordinates, we have the equations 

a p 
Hence ^2=^«» "jl" " ^^' 

from which we get A, = — „• 

.-. a = (a%)i, )3 = (a2y)», 
and the required locus is represented by 

a;! + ^1 = al. 

2. To find the envelope of a system of concentric and coaxal ellipses of con- 
stant area. 






Here "2+^='' "^ = ''^ 



ic« y^ 

hence -3 = ^i3, -^ A.a, .*. 2\(J = i, 
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272 Efwekpea. 

and the required enyelope is the equilateral hyperbola 

zxy= e. 

3. To find the envelope of aU the normals to an ellipse. 
Here w^e have the equations 

a fi a* ^ 

where a and /3 are the co-ordinates of any point on the ellipse. 

Hence, — = a ^, -^^-^-^^ 

consequently a, = a* — J', and we get 






substituting in the equation of the ellipse we get for the required enyelope, 
(aa:)l + (^)l=(««-A2)l. 
This equation represents the wolute of the ellipse. 

4. Find the enyelope of the line - + - = i, where a and /3 are connected by 

a p 

the equation 

m m m 

220. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, w, of variable parameters, wmch are 
connected by w - i independent equations. The method of 
TOOcedure is the same as that already considered in Chapter 
Xl. on maxima and minima, and does not require a separate 
investigation here. 
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Examples. 

I. Prove tliat the envelope of the system of lines - + — = i, where I and m 

I w 

I m 

are connected by the equation - + — = i, is the parabola 
a o 



©'* (I)'- 



2. One angle of a triangle is fixed in position, find the envelope of the 
opposite side when the area is given. Ans, A hyperbola. 

3. Find the envelope of a right line when the sum of the squares of the 
perpendiculars on it from two given points is constant. 

4. Find the envelope of a right line, when the rectangle under the perpen- 
diculars from two given points is constant. 

Ans. A conic having the two points as foci. 

5. From a point P on the hypothennse of a right-angled triangle, perpen- 
diculars FMf FN are drawn to the sides ; find the envelope of the line MN. 

6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

«* + y* - 2a$x + a* — ^2 = o, 

where a is an arbitrary parameter ; and find when the contact between the 
circle and the envelope is real, and when imaginary. 

(a). Show from this example that the focus of an ellipse may be regarded as 
an infinitely small circle having double contact with the ellipse, the directrix 
being the chord joining the points of contact. 

8. Show that the envelope of the system of conies 

a a-h 

where a is a variable parameter, is represented by the equation 

(x ± ^/Kf + y» = o. 

Hence show that a s^rstem of conies having the same fod may be regarded 
as inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 

-where the parameters a and /3 are connected by the equation 

n u mn 

T 
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274 Envelopes. 

10. On any radius vector of a curve as diameter a circle is described, prove 
geometrically that the envelope of all sncli circles is the first pedal of the curve 
with respect to the origin. 

11. If circles be described on the focal radii vectores of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic 
as diameter. 

12. Prove that the envelope of tlie circles described on the central radii of 
an ellipse as diameters is a Lemniscate. 

13. Find the envelope of semicircles described on the radii of the curve 

r» = a*>c08nO 
as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of the given curve, with respect to the given point. 

15. Pind the envelope of a circle whose centre moves along the circum- 
ference of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having tlie 
sum of their semiaxes constant ; find their envelope. 

17. Find the equation of the envelope of the line A^ + /^y + v = o, whero 
the parameters are connected by the equation 



a\^ + bfj? + cyi + iffjiv + 2gv\ + : 


ZAAft = 0. 


Am, 


a, h, y, X 

K K /, y 
^y y, I, 


= 0. 



18. At any point of a parabola a line is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point ; 
prove that the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola ; and hence that its equation is ri cos - = ol, the focus 

3 
being pole. 

N.B. — This curve is the eausHe by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at F draw a Une, PQ, making with the tangent an angle equal to the 
angle between OP and the tangent. Show that the envelope of FQ is the first 
negative pedal of the curve 

r« = 2fl^sin-0 8in-d, 
3 3 

the centre being pole, and axis minor ^rtm^ vector. 

N.B. — This gives the eauatie by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 
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CHAPTEE XVI. 

CONVEXITY AND CONCAVITY. POINTS OF INFLEXION. 

221. Convexity and Concavity. — If the tangent be drawn at 
any point on a curve, the neighbouring portion of the curve 
generally lies altogether on one side of the tangent, and is 
convex with respect to all points lying at the opposite side of 
that line, and concave for points at the same side. 

Thus, in the accompanying j&gure, the portion QPQf is 
convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 
and OY, then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on * 
the tangent corresponding to ^^' *7' 

the same abscissae, the curve is said to be concave towards 
the positive direction of T. 

Now, suppose y = <p {^) to be the equation of the curve, 
then that of the tangent at a point Xy y, by Art. i68, is 

r-..(x-.,)|. 

Let P be the point x, y, and MIf = h = MN\ QN = yi, 
TN = Fi, and we have 

yi = <l>{x + h) = 0(a?) + h(l/{x) + <p'\x) + fji''\x) + &e. 

Fi = y + h(f>'{x) = <p{x) + h<l/{x), 

... y. - F, = -^^f{x) + T^rO-) + &o. (I) 

T 2 
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When h is very small, the sign of the right-hand side of 
tliis equation is the same in general as that of its first term, 
and accordingly the sign of yi - Yi, or of QT, is the same as 

Hence, for a point above the axis of x, the curve is 
convex towards that axis when fp'\x) is positive, and concave 
when negative. 

We accordingly see that the convexity or concavity at 

any point depends on the sign of (l>''{x) or y^, at the point. 

222, Points of Inflexion. — If, however, ((/'(x) = o at the 
point P, we shall have 

yi- Fi = — ^0'» + — 0iV^) + &c. (2) 

^ i.z.y ^ ^ 1.2.3.4^ 

Now, provided i/'^x) be not zero, t/i - Ti changes its sign 

with h, i. e., if MN'= MN^ h, ly 

and if Q lies above T, the | 

corresponding point Qf lies 

below T\ and the portions of 

the curve near to P lie at 

opposite sides of the tangent, 

as in the figure. 

Consequently, the tangent _ 
at such a point cuts the curve, - 
Qs well as touches it, at its Fig- ^^^ 

point of contact. Such points on a curve are called points 
of inflexion. 

Again, if ^'"(a?) as well as 0"(a?) vanish at the point P, 

we shall have 

A* 
yi - Fi = 0i^(ar) + &c. 

and, provided ^^^(a?) be not zero at the point, pi - Yi does 
not change sign with A, and accordingly the tangent does 
not intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order ; as 
can be easily seen by the preceding method. 
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Points of Undulation. 2Tj 

From the foregoing discussioii it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of x, or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion, 

22^. The subject of inflexion admits also of being treated 
by the method of Art. 196. The points of intersection of 
the line y = fix + v with the curve y = 0(ic), are evidently 
determined by the equation 

{x) = fix-^^ V, (3) 

Suppose Ay jB, Cy D, &c., to represent the points of section in 

question, and let iPi, a^y.., Xn 

be the roots of equation (3) ; ^ — ^^ y^ "^^ 

then the line becomes a /^ ^^^- ^^ ^ N. 

tangent, if two of these '^ ^ 

roots are equal, i. e., if l^'ig- 29. 

^'(^1) = A*? where Xi denotes the value of x belonging to the 
point of contact. 

Again, three of the roots become equal if we have in 
addition <^'\xi) = o ; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points Ay By C become coincident, the portions AB 
and BC become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner, if f^"\x^ also vanish, the tangent must 
be regarded as cutting the curve in four consecutive points ; 
such a point is called a point of undulation. 

It may be observedji that if a right line cut a continuous 
branch of a curve in three points, -4, By (7, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and O, and consequently it 
must have a point of inflexion between these points ; and so 
on for additional points of section. 

Again, the tangent to a curve of the n** degree at a point of 
inflexion cannot intersect the curve in more than n - 3 other 
points: for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curve 
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of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in- 
jflexion on a cubic be taken as origin, and the tangent at it as 
axis of Xy the equation of the curve must be of the form 

x^ + y0 = o, 

where ^ represents an expression of the second and lower 
degrees in x and y. 

For, when y = o, the three roots of the resulting equation 
in X must be each zero, as the axis of x meets the curve in 
three points coincident with the origin. 

The preceding equation is of the form 

tlz + ih -I Ui = o, 

or, when written in full, 

ix^ + y[ax'^ + ihxy ■\-hy'^) ■\- y [zgx ■\- zfy + c) = o. (4) 

Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 1 76, lie on the curve 

Hi + 2ih = o, 

i. e., on the curve 

The factor y = o corresponds to the tangent at the point 
of inflexion, and the other factor gx -v fy -^^ c = o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence we infer, that from a point of inflexion on a cubic 
hut three tangents can he draicn to the ctirve, and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

^r* + jBr + C = o. 

If r', r" be the roots of this quadratic, we have 

1 ^ = -^ 
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Now, if p be the harmonic mean "between r' and /', this 
gives 

2 1 I B ^ 2^ cos + 2/ sin 

Hence the equation of the locus of the extremities of the 
harmonic means is 

gx^fy + c = o. Q.E.D. 

This theorem is due to Maclaurin (De Lin. Geom. Prop. 
Gen. Sec, iii. Prop, 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place 
in the general theory of cubics.* 

224. Stationary Tangents. — Since the tangent at a point 
of inflexion may be regarded as meeting the curve in three 
consecutive points, it follows that at such a point the tangent 
does not alter its position as its point of contact passes to the 
consecutive point, and hence the tangent in this case is called 
a stationary tangent. 

The equation ;t3 = o follows immediately from the last 

consideration ; for when the tangent is stationary we must 

have --^ = Oy where 0, as in Art. 171, denotes the angle which 
a*c 

the tangent makes with the axis of x ; but tan ^ = ^ » 

hence -7^ = o, which is the same condition for a point of in- 
ax 

flexion as that before arrived at. 



♦ Chasles, " Aper(ju Hiatorique,*' note xx. ; Salmon's " Higher Plane 
Curves," Art. 179. 
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Examples. 

1 . Show that the origin is a point of inflexion on the eurve 

«3y =s bxy + ca^ + dx^. 

2. The origin is a point of inflexion on the cuhic »3 + mi = o ? 

3. In the curve a^'^y= ««, 

the origin is a point of inflexion if f» be greater than 2 ? 

4. In the system of curves 

And under what circumstances the origin is {a) a point of inflexion, (V) a cusp. 

5. Find the co-ordinates of the point of inflexion on the curve 

«' — 3 hx^ + «*y = o. Ans. xx:h,y^ — r- . 

6. If a curve of an odd degree has a centre, prove that it is a point of in- 
flexion on the curve. 

7. Prove that the origin is a point of undulation on the curve. 

«i + «4 + W5 + &c., + «„ = o. 

8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the equation 

a^u , 1 

w + -Tio = o, where w = -. 

d&^ r 

9. In the curve rB^ = a, prove that there is a point of inflexion when 

= \/ in (i - m), 

10. In the curve y = <; sin -, prove that the points in which the curve meets 

a 

the axis of x are all points of inflexion. 

11. Show geometrically that to a node on any curve corresponds aline 
touching its reciprocal polar in. two distinct points ; and to a cusp, corresponds a 
point of inflexion. 
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n. If the origin be a point of inflexion on the curve 

«J+«2 + W3+-.. + Wn = 0. 

prove that U2 must contain ui as a factor. 

13. Show that the points of inflexion of the cubical parabola 

yi = (x-«)«(a;-d), 
lie on the line 

3a; 4- a = 4* ; 

and hence prove that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate pointy it has two real points of inflexion, besides that at 
infinity. 

14. Prove that the points of inflexion on (he curve p* = a?' (a^ + 2pv + q) 
are determined by the equation lar' + 6px* + 3Cp* -t y) * + ^PQ = c. 

15. If y« =/(«) be the equation of a curve, prove that the abscissae of its 
points of inflexion satisfy the equation 

{/'(«)}' = 2/(*)-/"W. 

16. Show that the maximum and minimum ordinates of the curve 

y=2/(*)/"(*)-{/'(^)}' 

correspond to the points of intersection of the curve y* =/(a?) with the axis 
■of a?. 

17. "When y' =f{x) represents a cubic, prove that the biquadratic in x 
which determines its points of inflexion has one, and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two. 

18. Prove that the point of inflexion of the cubic 

op^ + Zbxy* + 2cx^t/ + <^^ f 3^«' = o, 
lies in the right line at/ + bx = o, and has for its co-ordinates 

3a*tf , ^abe 
« = --^,andy = -^, 

where 6^ is the same as in Example 32, p. 187. 

19. Find the nature of the double point of the curve 

and show that the curve has two real points of inflexion, and that they subtend 
a right angle at the double point. 
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CHAPTEE XYII. 

RADIUS OF CURVATURE. EVOLUTES. CONTACT. RADII OF 
CURVATURE AT A DOUBLE POINT. 

225. Curvature. — Every continuous curve is regarded as 
having a determinate curvature at each point, this curvature 
being greater or less according as the curve deviates more or 
less rapidly from the tangent at the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities — 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle is called ^the angle of contingence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AB 
and ah of two circles be of equal 
length, then the total curvatures 
of these arcs are measured by the 
angles between their tangents, or 
by the angles ACB and acb at 
their centres : but Fig. 30. 

.^^ ^ diTQ AB arc ab i i 

L ACB : Lacb -— - : =—-:—. 

AC ac AC ac 

Consequently, the curvatures of the two circles are to each 
other inversely as their radii ; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r] and 
A^ the angle between the tangents at its extremities, we have 

As 
r = — . 
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i The curvature of a curve at any point is found by deter- 
'mining the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at tho 
point. 

.2^6. Badius of Curvature. — Let ds denote an infinitely 
small element of a curve at a point, d(p the corresponding^ 

ds 
angle of contingence expressed in circular measure, then -j- 

evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the pointy 
and is usually denoted by the letter p. 

To find an expression for p, let the curve be referred ta 
rectangular axes, and suppose x and y to be the co-ordinates 
of the point in question, then if ^ denote the angle which 
the tangent makes with the axis of x, we have 

dy 6/.tan^ cPy 

'^-t'i-d^-- 

d<b d<bdx d<b , d^y 

''^'^ Trl-dr'^'^dx = '^'^d^- 

L . my 

Hence i^seg£^ V W^ . (,) 

ds doi^ dx^ 

At a point of inflexion -~^o: accordingly the radius of 
ax 

curvature at such a point is infinite : this is otherwise evident 
since the tangent in this case meets the curve in three conse- 
cutive points. (Art. 222.) 

Again, as the expression ( ^ + ( ;/ ) ) ^^s always two 
values, the one positive and the other negative, while the 
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•curve can have in general but one definite circle of curvature 

*t any point, it is necessary to agree upon which sign is to be 

taken. We shall adopt the positive sign, and regard p as 

(Py 
being positive when ^ is positive ; i. e., when the curvp is 

convex at the point with respect to the axis of x, 

22T. Other Expressions for p, — ^It is easy to obtain other 
forms of expression for the radius of curvature ; thus by Art. 
178, we have 

dx , dy 

Hence, if the arc be regarded as the independent variable, 
we get 

di^ d^x d<b d^t/ 

from which, if we square and add, we obtain 

?=(f-(SJ^(S)' 

Again dx = cos^cfe, di/ = sia^rf^s, 

give in general by differentiation (substituting — for cf^ |, 

, . ' [dfiY „ . ,, ids)' , . 

drx = cosc^a^s-sm^^^ — -y d^y = sm c^a^« + cos ^ ^^ — -. (3) 

9 9 

Whence, squaring and adding, we obtain 

{d^xY ^ {iT-ijf ^ {d'sY + ^, 

ds^ , / \ 

or p = , — -,- :. V4; 

y{d^'xy-^{d'i/r-{d'sy 
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Again, if the former equation in (3) be multiplied by- 
sin f^y and the latter by cos 0, we obtain on subtraotion, 

oo&<pd^y -siii6d^x = — , or dxd^y - dyd^a = — . 
P 9 

Hence = (^-^' "^ ^y')^ (5) 

' dxd^y - dyd?x 

The independent variable is undetermined in formulae (4) 
and (5), and may be any quantity of which both x and y are 
functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 



ExAJCPLES. 

1. To find the radios of onryature at any point on the parabola x* m ^my. 
Here .»,^ = ., ,»,^=., , h- (-) = . 4- = I + ^. 

_ 2(»H-y)g 

2. Find the radius of curvature in the catenary 

Hence the radius of curvature is equal to the part of the normal intercepted 
by the axis of x, but measured in the opposite direction (Ex. 4, p. 213). 

3. In the cubical parabola 3a<y « a^, we have 



.-. p = - 



2a*x 
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4. To find the radius of curvature in the ellipse — + — = i. 
Let xss a CO80, then ^ = b sin^, and we have 

dx = - asin0(f0, tPx^-a oos^d^^ - a sin d^^, 

dy=ib coB<pd<p, <Py = - bemt^dtp!^ + & cos cP<^. 

Hence by formula (5) we obtain 

(a»sin2 + 42co82 0)i 
^ S* • 

5. In the hypocycloid art + yl = «l, let a? = acos*^, then y = a sin'^, and 
regarding as the independent variable, we have 

(fa; = - 3acos20sin0<f0, dy ^ la^^^co^^d^, 
whence 

{dx^ + (fy2)4 = 3a 8in cos rf^, and dxd^jf - dydH = - 9a* sin^ cos* <i^', 

from which we obtain 

P = - 3 («a?y)*. 

6. Find the radius of curvature at any point of the curve 



e« = sec ( - ) . Ane, p = a sec [ - J . 



228. General Expression for Badius of Curvature. — The 
value of p becomes usually difficult of determination from 
formula (i) whenever y is not given explicitly in terms of ar, 
that is, when the equation of the curve is of the form 

«* = /(^j y) = o- 

"We proceed to show how the equation is to be trans- 
formed in this case. Suppose 

^"^' Ty"^' d?~"^' d^y"^' Jf' ' 
then, by Art. lOO, we have 

dx 
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Again, differentiating this expression with respect to ir, 
regarding, y as a function of x in consequence of the given 
equation, and observing that 

d . . _ dL dLdy d . __ dM dMdy 
dx^ ^ ^ dx dij dx^ dx^ ' dx dy d£ 

we obtain 

dL dLdy fdM dMdy\dy -jtM^V 

dx dy dx \dx dy dx) dx dx^ ' 

A^^b'I-^C^^M^^o; (6) 

dx d3^ dx^ 

whence, on substituting - -^^ for -^, we obtain 







cPy 


A 


M^ - 2BLM+ CU , 


I^ 


il 


dx" 


= — 


M' 


€011 


isequentl; 


Y 
P = 


-U 


{U + JP)f 




- AM^ - 2BLM + CW 


Or, 


on replacing L, M, A, 


, B, C, by their values, 




P 


= ±1T. 


, /j..\i 


{(du\ (du\\i 



(7) 



dx'^\dyj dxdydxdy dy^\dxj 

The result in (6) enables us to determine the second 
•differential coefficient of an implicit function in general ; a 
process which is sometimes required in analysis. 

229. Centre of Curvature is tlie point of intersection of 
two Consecutive Normals. — We shall next proceed to con- 
sider the subject from a geometrical point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order with 
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the curve, so the circle which passes through three infinitely 

near points on a curve is said to have contact of the second 

order with it, and is called the circle of curvature, or the 

osculating circle at the point. 

Again, the centre of the circle which passes through 

three points, P, Q, R is the intersection of the perpendiculars 

drawn at the middle points of PQ and QR) hut when 

P, Q, jB become infinitely near points on a curve, the per- 

pendiculars become normals, and the centre of the circle 

becomes the limiting position of the intersection of two infinitely 

near normals to the curve, (Compare Art. 37, note.) 

, ds 
From this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

230. Newton's Method of inYestigating Badii of Cuxva- 
txire. — When the equation of the curve is algebraic and 
rational it is easy to obtain an ex- 
pression for its radius of curvature* 
at any point. 

For, .take the origin at the 
point, and the tangent and normal 
for co-ordinate axes ; let P be a 
point on the curve near to 0, and 
describe a circle through P and 
touching the axis of a?, draw PN 
perpendicular to OX and produce 
it to meet the circle in Q ; then we have 

ON^ = PN' NQ. 

Hence, if x and y be the co-ordinates of P, we get 




NQ = 



PN 






But when P is infinitely near to 0, NQ becomes 02), the 



* This method of finding the radius of curvature is indicated by Newton 
(" Principia," Lib. I., Sect, i., Lemma xi.), and has been adopted in a more or 
less modified form by many subsequent wiiters. 
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diameter of the circle of curvature, and if p be its radius, we 
have 

2p = limit of — when x is infinitely small. 

Again, since the axis of ;r is the tangent at the origin, 
the equation of the curve by Art. 208, is of the form 

biy = c^ + 2Cxxy + c^^ + terms of the third and higher degrees 

= c^^ + icxxy + Cay* + W3 + W4 + &o. (9) 

On dividing by y we obtain 

Oi = Co— + 2CiX + Cay + — + &c. 

y y 

Again, when x is infinitely small, — becomes 2p, and 

each* of the other terms at the right-hand side becomes 
infinitely small ; hence 

^ 2Co 

Thus, for example, the radius of curvature at the origin 
in the curve 

6y = 201? + 3iry - 4^' + a? 

'1 
is -, the axes being rectangular. 



* "We have assumed above that the terms — •, — , &c., become evanescent 

y y 

along with x\ this can be readily established as follows : — 
Let W3 = aa;^ + ^x^y + l^y'^ + 5y3, 

then ~ = a- + ^a;2 + 7»y + 5y2 ; 

y y 

each of the terms after the first vanishes with x. while the first becomes a— x^ 

y 

or 2apx, which also vanishes with x^ when p is finite. 

Hi 
Similar reasoning is applicable to the terms, — , &c. 

U 
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From the preceding it follows that when the axis of « is 
a tangent at the origin, the length of the radius of cnrvatare 
at that point is independent of aU the coefficients except 
those of y and a^. 

231. Case of Oblique Axes. — ^If the co-ordinate axes be 
oblique, and intersect at an angle w, then PQ no longer passes 
through the centre of the drole in the limit, but beooB^ies the 
chord of the circle of curvature which makes the angle oi with, 
the tangexxt ; accordingly, we have in this case 

2p sin a> = ■-^,^ = — , in the limit. 
^ FIf y 

Hence, in the case of oblique axes, we have 

hi / V 

p smoi = — . (lo; 

If hi and Co have opposite signs, p is negative; this 
indicates that the centre of curvature lies below the axis of j?, 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, biy = c^j at 
the same point ; and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
ai\ have the same osculating circle, in oblique as weU as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as weU as touches it. 

If Co = o in the equation of the curve, and Ji be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

2h(^ + 261^ = c^^ + iCixy + Ct^'^ + tt3 + &c. 
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Here JoO? + Jjy = o is the equation of the tangent at the 
origin ; and the length of the perpendicular PN from the 
point (a?, y) on this tangent is 

M + hy 



Also, OP* = x" + y\ and OF" = 2p. PN^ in the limit. 

Accordingly, we have, when x and y are infinitely small, 

^ - ^-^^ « 260a? + 2biy 
p" OP" " {^^f)^bf^- 

^ Cf^ + ICxXy + Cay' t^ ^ 

(since the point a?, y is on the curve). 

Again, the terms contained in -3 r, &o., become evanes- 

xr -^yr 

<5ent in the limit, as before (see note, Ait. 230). 

Hence we have 

I Coar + iCixy + Cj^y' ^ \x 



9 



\ \ / / 



But for points infinitely near the origin we have 

J. I y h 

OoiT + 61V = o, or - = - T-. 
X bi 

Substituting this value instead of | in the preceding equation 
it becomes 



P (60* + 6i*)* 



(") 



The student will find no difficulty in showing the identity 
of this result with that given in (7). 

r 2 
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233. Badii of Curvature of Inverse Curves. — It may be 
convenient to state here that if two curves be inverse to each 
other with respect to any origin, their osculating circles at 
two inverse points are also inverse to each other with respect 
to the same origin. 

This property is evident geometrically from the con- 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve when that for the cor- 
responding point on the inverse curve is known. 

Also, if the osculating circle for any point on a curve 
pass through the origin, the corresponding point is a point 
of inflexion on the inverse curve. 

"We shall next proceed to establish another expression for 
the radius of curvature, which is of extensive application in 
curves referred to polar co-ordinates. 

234. Radius of Curvature in terms of r and p. — ^Let PN 
and PC be the tangent and 
normal at any point P on a 
curve, P'N^ and P'C, those at 
the infinitely near point P', then 
C is . the centre of curvature 
corresponding to the point P. 
Let be the origin. 

Join OCy and let OC = 8, 
OP = r, OP = /, ON = J9, 
ON' =/, CP= CP'^ p; then 
we have p.^^^ 

OC = OP'+CP'-iOP' CP'OOsOPC, 

or S^ = r' + /9^ - 2pp. 

In like manner we have 

S^ = /* + p' - 2pp\ 
Subtracting we get 




/^ -r^ ^ 2p (p'-p), or -y 



r - r 



2f> 
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Hence we have 

dr p dr /, v 

~- = £1, or p = r—. (12) 

dp r dp 

This formula can also be deduced immediately from Art. 
193, thus 

• T^TiT- dp dpds dp dpdr ,dp 

dp dr 

235. CQiord of Curvature through the Origin. — Let y 
denote half the intercept made on the line OP by the circle 
of curvature, and we evidently have 

y = psinOPiV^=/^^=i)^. (13) 

This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r andp. 

Their use will be illustrated by the following elementary 
examples : — 

EXAJCPLES. 

1. To find the radius of cnrvature at any point on a parabola. 

Taking the focus as pole, the equation of the curve in terms of r and p 
«yidently is j9* = imr. 

_ dr pr /2»^\i , p p^ 

Hence p = r— =■!--= ( — j ; also, 7 = -p = — = 2/-. 

2. To find the radius of curvature in an ellipse. 
Taking the centre as origin, the equation of the curve is 

dr _ aH^ 
-^-*'dp- p3- 

3. To find the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art 190, we have r* s= a^p, 

dr fl' r 

.*. 3'"* 7- = «' ; hence p = — ; also, 7 = . 

dp '^ S'' 3 
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4; To find the chord of curyature which passes through the origin in the- 

eardioid , , .. 

r = a(i +co8a). 



In this case, we haye r^ - 2ap\ 
Hence 7 = i> - 



dr 



2 

-r. 

3 



5. To find the radius of curvature at any point on the curve r« = a"» cos mS^ 
Here r^*^ =» a"»j9, by Art. 190. 



Hence 



-; also, 7 



^ (»f+i)r~-i {m + l)p* '. • mn 
This result furnishes a simple geometrical method of finding the centre of cur-^ 
vature in all curves included under this equation. 

236. To prove that P = i? + -j^. If P and oi have the^ 

same signifloation as in Art. 192, the formula of that Art. 
becomes , 



ds (Pp 



(14) 



Examples. 

1. In a central ellipse prove that 

p = \/a« cos* a + 6* sin* «, 

and hence deduce an expression for the radius of curvature at any point oa 
the curve. 

2. In a parabola referred to its focus as pole, prove that j9 = m sec », and 
hence show that p = 2m sec^ w. 

237. Evolutes and Involutes. — If the centre of cnrvatiira 
for each point on a curve be taken, p^ p^ ^ 
we get a new curve called the evolute 
of the original one. Also, the original 
curve, when considered with respect to 
its evolute, is called an involute. 

To investigate the connexion be- 
tween these curves, let Pi, P2, P3, &c., 
represent a series of infinitely near 
pomts on a curve ; Ci, C«, C3, &c., the 
corresponding centres of curvature, 
then the lines PiOi, P3C2, PsCa, &c., 
are normals to the curve, and the lines 
C1O2, C2C3, CsOi, &c., maybe regarded in 
the limit as consecutive elements of the Fig. 33. 

evolute ; also, since each of the normals PiOi, P2C2, P3O5, &c.^ 
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passes through two consecutive points on the erolute, they 
are tangents to that curve in the limit. 

Again, if /oi, /oa, p3> Pi, &c., denote the lengths of the radii 
of curvature at the points Pi, P2, P3, P4, &c., we have 

pi = PiCi, P2 = PaCj, />3 = P3C3, Pi = P4O4, &c. 
.•. pi- p2 = PiOi - PaCa = PaCi - PaCa = CiOa, 
also, pt- pz = C2C3, pz- p4, = C3C4, . . . pn-i - pn = Gn-i C», 

hence by addition we have 

pi- Pn = CiOa + CaOs + C3O4 + . . . + C,*_i Cn- 

This result still holds when the number n is increased 
indefinitely, and we infer that the length of any arc of the 
evolute is equaly in general^ to the difference between the radii of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
unrolled ; in this case each point on the string will describe 
a different involute of the curve. 

The names evolute and involute are given in consequence 
of the jpreceding property. 

It follows, jdso, that, while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two diflEerent points on the 
moving line are said to be parallel; each being got from 
the other by cutting off a constant length on its normal 
measured from the •urve. 

238. Evolutes regarded as Envelopes. — From the pre- 
ceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. We have already, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this point 
of view. 

239. Evolute of a Parabola. — ^We proceed to determine 
the evolute of the parabola in the same manner. 
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Let the equation of the curve be y^ = 2 ma?, then that of 
its normal at a point {xy y) is 

(F-y)^ + X-ar = o, 

or y* + 2my (m-X) - im^ F = o. 

The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

3y' + 2m (w - X) = o. 

Accordingly, the equation of the 
required envelope is obtained by 

substituting -^ instead of y 

in the latter equation. 

Hence, we get for the required 
evolute, the semi-cubical parabola 

27mF^ = 8 (X-m)^ 

The form of this evolute is exhi- 
bited in the annexed figure, where 
VN^ m^iVF, If P, jT, repre- 
sent the points of intersection of the Pig. 34. 
evolute with the curve, it is easily seen that , 




240. Evolute of an Ellipse, 
an ellipse, when e is greater 

than — =, is exhibited in the 

accompanying figure; the 
pointsJlf,iV, Jf' ,iV^', are evi- 
dently cusps on the curve, 
and are the centres of cur- 
vature corresponding to the 
four*vertices of the ellipse. 
In general, if a curve be 
symmetrical at both sides 
of a point on it, the oscu- 



-The form of the evolute of 




Fig. 35. 
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lating circle cannot intersect the curve at the point ; accord- 
ingly, the radius of curvature is a maximum or a minimum 
at such a point, and the corresponding point on the evolute 
is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

241. Evolute of an Equiangular Spiral. — We shall next 
consider the equiangular or logarithmic spiral, r = a*. 

Let P and Q be two points 
on the curve, its pole, P(7, 
QC the normals at Pand Q ; join 
OC. Then by the fundamental 
property of the curve (Art. 181), 
the angles OPC and OQC are 
equal, and consequently the four 

Eoints, 0,P, Q, C, lie on a circle; 
ence z QOC = z. QPC, but in 
the limit when P and Q are coin- y. ^ 

oident, the angle QPG becomes ^^' ^ ' 

a right angle, and C becomes the centre of curvature belong- 
ing to the point P ; hence POC also becomes a right angle, 
and the pomt C is immediately determined. 

Again, z. OGP = L OQP ; but, in the limit, the angle 
OQP is constant, .'. L OCP is also constant ; and since the 
line CP is a tangent to the evolute at (7, it follows that the 
tangent makes a constant angle with the radius vector OC. 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a given 
angle. 

242. Radius of Curvature in Polar Co-ordinates. — ^We 
shall first find an expression for p in terms oiu (the reciprocal 
of the radius vector) and 0. 




By Article 185 we have 
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. - I dp dlu 

hence -r :r = ^ + :^- 

p^ du dH^ 

.- dr I du 

( fduvn 

••''= — s^s— 

... 1 , du I dr 

Again, since « = -, we have^ =-^ ^, 



05) 



(16) 



This result can also be established in another manner, as 
follows : — 

On reference to the figure of Art. 180, it is obvious that 
^ = + ;^ ; where <j> is the angle the tangent at P mak«s with 
the prime vector OX, 

^T d(b ddf d<b ds dil 

d4, 
' ' p ds ds 
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dr 
dO 



Again, denoting -^ and -^ by / and /', we liave 



tsLUiL = -; and hence 
^ r 






's> 



dxL r^ - rr + 2/2 . ds , , , ,, 

.-. I + 1^ = ; ; ; also -jTi = (r' + r^)*. 

dd r^ + r^ * dO ^ ^ 

Henoe, we get p = ,^.,r/^ + 2/^ ' 

Or, replacing / and r" by their values, 






(S) 






</fl2 \dej 



Examples. 



1. Find the radius of curvature at any point in the spiral of Archimedes, 

2 + 6* 

2. Find the radius of curvdture of the logarithmic spiral r = a0. 

Ans.r{i + (logfl)«)i. 

243. Contact of Different Orders. — ^As already stated, the 
tangent to a curve has a contact of the first order with the 
curve at its pbint of contact, and the osculating circle a con- 
tact of the second order. We now proceed to distinguish 
more fully the different orders of contact between two 
ourves. 

Suppose the curves to be represented by the equations 



y =/(ar), and 2^ = ^ (a?), 
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and that Xi is the abscissa of a point of their intersection, then 
we have 

/(iTi) = ^ (a?i). 

Again, substituting Xi + A, instead of x in both equations, 
and supposing y^ and yz tiie corresponding ordinates of the 
two curves, we have • 

yx ^f{xi + h) =/(^i) + hf {x,) + /' (a?,) + &c. 

y2 = (t> {xi + h)=<tt {xi) + h^' (xi) + 0'' (xi) + &c. 

Subtracting, we get 

y.-!/.=hl/(x,)-f'ix,)} +J!-{/'(^.)-^"(ar.))+&o. (17) 

Now, suppose /'(^Q = 0' (^1), or that the curves have a 
common tangent at their point of intersection, then 

In this case the curves have a contact of the first order, 
and when h is small, the difference between the ordinates is 
a small quantity of the second order, and as yi - 3/2 does not 
change sign with A, the curves do -not intersect. 

If, in addition f' (a?i) = 0" (a?i), then 

In this case the difference between the ordinates is an in- 
finitely small magnitude of the third order, when h is taken 
an infinitely small magnitude of the first ; the curves are 
then said to hi.ve a contact of the second order y and approach 
infinitely nearer to each other at the point of contact than in 
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the former case. Moreover, since yi - y^ changes its sign 
with hy the curves intersect as well as touch. 

If we have in addition /'" {x^ = ^'" (ari), the curves are 
said to have a contact of the third order; and, in general, if 
all the derived functions, up to the n*'* inclusive, be the same 
for both curves when x = ^1, the curves have a contact of the 
w** order, and we have 

^' " ^*° pT ^•^'''"' ^"'^ ~ * ^""' (''')^ ^ ^- ('^) 

Also, if the contact be of an even order, n + i is odd, and 
consequently A*** ^ changes its sign with A, and hence the curves 
intersect at their point of contact; for whichever is the 
lower at one side of the point becomes the higher at the 
other side. 

If the curves have a contact of an odd order, they do not 
intersect at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

(i). If two curves have a contact of the n*^ order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contjtct. 

(2). Two curves which have a contact of the n** order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the w** . 

(3). If any number of curves have a contact of the second 
order at a point they have the same osculating circle at the 
point. 

244. Application to Circle. — ^It can be easily verified that 
the circle which has a contact of the second order with a curve 
at a point is the same as the osculating circle determined by 
the former method. 

For, let (X- a)« + (F- /3)^ = iP 

be the equation of a circle having contact of the second order 
at the point (a?, y) with a given curve ; then by the preceding, 

the values of —- and -z^ must be the same for the circle and 
da dar 

for the curve, at the point in question. 
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DifFerentiatmg the equation of the circle twice, and sdb- 
stituting X and t/ for X and ¥, we get 

^-a+(y-^)2 = o, (19) 

and x.(,-^)g.(|J = o. (.0) 



I + 






Hence y - ^ = - —^—,x- a^ ^ . (21) 

dor" dx" 

\dxy 

This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, /3 of the centre of curvature can 
be found by aid of equations (21) ; and the equation of 
the evolute, by the elimination of x and y between these 
equations and that of the curve. 

In practice, the following equations are often more useful ; 
thus, by differentiation with respect to a?, we get from (19) 

In like manner, from the equation 

(y - /3) + (a? - a) - = o, 
we obtain 

dif ~ dy 



°^=^-^-(^S) (^3) 



245. Centre of Curvature, and Evolute of Ellipse. — 
As an illustration, we shall apply these equations to de- 
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terminate the co-ordinates of the centre of curvattire, and the 
equation of the evolute of the ellipse 

a'' ¥ 

^ d}y V" (dy\ V h' x" 

= --0 I + 



In.' like maimer, we have 

d^x __ ft* 
^df - " JV* 

Substituting in (22) and (23), we obtain for the co-ordinates 
of the centre of curvature 

(^^ _fc|v. (.4) 

0* a* 

Again, substituting the values of x and y givep by these 

a^ y^ 
equations, in the equation — 2 + t^ = i, we get for the equation 

of the evolnte 

(aa)8 + (j3J)^ = {a" - b^. 

246. It may be noticed that the osculating circle cuts the 
curve in general^ as ivell as touches it. This follows from 
Article 243, since the circle has a contact of the second 
order at the point. 

At the points of maximum and Tm'niTnnTY) curvature the 
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osculating circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculatinff circle has a contact of the third order, and 
does not cut the curve at its point of contact (Art. 240). 

247. OBculating Curves. — When the equation of a curve 
contains a number, w, of arbitrary coefficients, we can in 
general determine their values, so that the curve shall have a 
contact of the (w- i)** order with a given curve at a given 
point; for the n arbitrary constants can be determined so 
that the n quantities 

dy dj^y d^'i^y 

^' Tx' ^*' • • • ^^^ 

shall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(n- i)** order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of the second order, and cannot, in general, have contact of a 
higher order ; similarly, the osculating parabola has a contact 
of the third order ; and, since the general equation of a conio 
contains five arbitrary constants, the general osculating conio 
has a contact of \hQ fourth order. In general, if the greatest 
number of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the (w- i)** order. 

248. Geometrical Method. — The subject of contact admits, 
also of being considered in a geometrical point of view ; thus 
two curves have a contact of the first order when they inter- 
sect in two consecutive points; of the second, if they intersect 
in three; of the w**, if in w + i. For a simple investigation 
of the subject ,in this point of view the student is referred to 
Salmon's "Conic Sections," Art. 239. 

249. Curvature at a Double ^oint. — We now proceed to 
consider the method of finding the radii of curvature of the 
two branches of a curve at a double point. 
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In this case the ordinary formula (8) becomes indetermi- 

nate, since 

du _ du 

-T- = o, and -7- = o 

dx dy 

at a double point. The question admits, however, of being 
treated in a manner analogous to that already employed in 
Art. 230 ; we commence with the case of a node. 

248. Badii of Curvature at a Node. — Suppose the origin 
transferred to the node, and the tangents to the two branches 
of the curve taken as co-ordinate axes, a> representing the 
angle between them. 

By Art. 210, the equation of the curve is in this case of 
the form 

2h(cy = aJ(^ ■¥ Px^y + yxj/^ + Sy* + W4 + &c. ; 

dividing by xy we obtain 

2h = a— + Bx + yy + S— + — + &c. 
y X xy 

Now, let /t)i and p2 be the radii of curvature at the origin 
for the branches of the curve which touch the axes of x zsaAy^ 
respectively ; then, by Art. 231, we have 

2pisin(i> = — , and 2p2 sin a> = —, in the limit. 
y ^ 

Again, it can be readily seen, as in the note to Art. 230, 

that the terms in — , &c., become evanescent along with x 

, ... x^ y^ 

and y, and accordingly the limiting values of — and — can 

y X 

be separately found, as in the Article referred to. 

Hence we obtain 



Pi ~ ~~^ — ' P^ 



h 



a sin a>' ^ S sin < 



(25) 



Also, if a = o, we get pi = 00, and the corresponding 
branch of the curve has a point of inflexion at the origin. 
Similarly, if S = o, p2 = <». 

If a - o and S = o, the origin is a point of inflexion on 

X 
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both branches. This appears also immediately from the 
consideration that in this case f/3 contains 1^2 as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree the origin is a point of 
inflexion on both branches. An example of this is seen in 
the Lemniscate, Art. 210. 



Examples. 

1. Find tlie radii of curvature at the origin of the two hranches of the curve 

ax^ - 2bxy + tfy^ = a:* + y*, 

b b 
the axes being rectangular. Ans, - and -. 

2. Find the radii of curvature at the origin in the curve 

Transforming the equation to the internal and external bislBctors of the angle 
between the axes, it becomes 

Aotija/i = (aj-y)8; 
hence the radii of curvature are 2a\/2 and — 2a y 2, respectively. 

250. Badii of Curvature at a Cusp. — ^The preceding method 
fails when applied to a cusp, because the angle bi vanisheB 
in that case. It is easy, however, to supply an independent 
investigation : for, if we take the tangent and normal at the 
cusp for the axes of a and y, respectively, the equation of 
the curve, by the method of Art. 210, may be written in the 
form 

y* = ax^ + j3^V + 7^^ + Sy' + W4 + &o. (26) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently, in investigating this form 
we may neglect y% y\ &c., in comparison with y* ; and a?*, 
^y, &c., in comparison with a^. 

Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 



y' = cwr» + /?a?>. (27) 
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Solving for y, we obtain 



^^2)^ ^(« + ~^\ 



It is easily seen that the origin is in this case a emp of 
the first species; for, if a be positive, the quantity at the 
right-hand side becomes negative for negative values of x 

I less than -j^ ], and t/ becomes imaginary at the same time ; 

.accordingly no portion of the curve near the origin extends 
to the negative side of the axis of x. 

If a be negative the two branches of the curve extend at 
the negative side of the axis of x. 

Moreover, since y = —x^±x^la + —x]^ the values of if 

^corresponding to any small value of x have opposite signs, 
and hence the cusp is of the first species. 

Again, to find the radii of curvature, we divide the 

-equation (27) by y^, and substitute 2p for — as before, and 

thus we get 

I = 4a^- + 2/3/0 ; 



X 



from which we see that p vanishes along with a?, and the radii 
of curvature are zero for both branches at the origin. 

This result can also be arrived at by differentiation, by 
aid of formula (i). 

251. Next, suppose that the term containing x^ dis- 
appears, or a = o, then the equation of the curve is of 
the form 

y' = i3a?V + 7iPy* + ?2/® + aV + &c. ; 

^nd proceeding as before, the curvature at the origin is the 
:8ame as in the curve 

y"' = fiix?y + aV. {zS) 



X 2 
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The two branches of this curve are determined by the- 
equation 

/3 



y = 7^±7//3' + 4a'. 

The nature of the origin depends on the sign of pi^ + 4a', and 
the discussion involves three cases. 

(i). If )3^ + 4a' be positivey it is evident that the curve 
extends at both sides of the origin, and that point is a double' 
cusp (Art. 211). 

On dividing the equation (28) by y', and substituting ip^ 

for — , we get 

y 

I = 2/3/t> + 4ay. (29) 

The roots of this qnadratic determine the radii of curva- 
tiu^e of the two branches at the cusp. 

These branches evidently lie at the same, or at opposite 
sides of the axis of x^ according as the radii of curvature 
have the same or opposite signs : i. e., according as a has a 
negative or positive sign. 

(2). If /5* + 4a' be negativey y becomes imaginary, and the 
origin is a conjugate point. 

(3). If j3* + 4a' = o, the equation (29) becomes a perfect 
square ; we proceed to prove that in this case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it 
will be necessary to take into account the terms of the fifth 
degree in a? (y being regarded as of the second) : this gives 

(y-7^?= 7^' + i3Vy+a''a^ = ;r(7/ + i3Vy + a''a?*). (30) 

It will be observed that the right-hand side changes its- 
sign with x\ accordingly the origin is a cusp. Also, the 
cusp is of the second species, for the two roots of the equation 
in y plainly have the same sign, viz., that of j3 : and conse- 
quently both branches of the curve at the origin lie at the 
same side of the axis of x. 

Moreover, as equation (29) has equal roots in this oase^ 
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the radii of curvature of the two branches are equals and the 
branches have a contact of the second order. 

We conclude that when the term involving ^ in equation 
{2S) disappears, the origin is a double cusp, a cusp of the second 
species, or a conjugate point, according as /3* + 4a' > = or < o. 

Moreover, if a'= o, one root of the quadratic (29) is in- 
finite, and the other is -rr. The origin in this case is a double 

•cusp, and is also a point of inflexion on one branch. Such a 
point is called a point of oscul-inflexion by Cramer. 

If /3 = o in addition to a' = o, the origin is a cusp of the 
first species, the radii of curvature being infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvajture at a cusp of the first species are always either 
:sero or infinite. 

For, since the two branches of the curve in this case 

turn their convexities in opposite directions, -7^ must have 

aos . 

opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point ; but this can happen only 
in its passage through zero, or through infinity. 

252. Becapitulation. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follow : — 

(i). Whenever the equation of a curve can be trans- 
formed into the shape y^= aar^ + terms of the third and higher 
•degrees the origin is a cusp of the first species ; both ra£i of 
curvature being zero at the point. 

(2). When the coeflScient of a^ vanishes* the origin is 
generally either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches 
of the curve have the same centre of curvature, and conse- 
-quently have a contact of the second order with each other. 

(3). If the lowest term in a (independent of y) be of the 
^^* degree, the origin is a point of oscul-infiexion. 

* In this case, if vi be the equation of the tangent at the cusp, the eqoatioa 
'Of the curve is of the form 

vi^ + V1V2 + 04 + &<*. = o. 

This is also evident from geometrical considerations. 
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If, however, the coefficient of x^y also vanish, the origin 
is a cusp of the first species, and is a point of inflexion on 
hoth branches of the curve. 

253. Greneral Investigation of Cusps. — The preceding re- 
sults admit of being established in a somewhat more general 
manner as follows. 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may b^ 
written in the following general shape 

y^ = 2Ax''v f Bjfi + Cx% (31) 

where lAx** is the lowest term in the coefficient of y, and: 
Ba^j Caf* are the lowest terms independent of y. 

By hypothesis, a, b, c are positive integers, and a > i, & > 2,. 
> 3 ; now, solving for y we obtain 



which represents two parabolasf osculating the two branches: 
at the origin. 

The discussion of the preceding form for y resolves itself 
into three cases, according as 2a is > = or < b, 

(l). Let 2a = b-{-h, then 



b+h 



y = Ax ^^x'^B + A^x'^^Cixf-K 

h 
(a). If b be oddy a^ becomes imaginary for negative value* 

of ar, and accordingly the origin is a cusp of the- 

first species in this case. 
(fi). If J be even, and B positive, y is real for all values- 

of X near the origin ; accordingly that point is a 

double cusp. 
(7). Tib be a^eriy and B negative, the origin is a conjugate' 

point. 
(2). If 2a = J, we have 

y ^ Aaf'± a^y{A^ + B) + Cx'-^. 

* This tei-iii is retained, as it is necessary in the case of a cusp of the seconds 
species. 

t The word parahola is here employed in its more extensive signification* 
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In this case, the origin is either a double cusp, or a conju- 
gate point, according as -4^* + jB is positive or negative. 
Again, if -4' + ^B = o, we have 

c-b 

(a), li e - b be an odd number, the origin is a cusp of the 
second species. (/3). li e - b be even, the origin is a double 
* cusp, or a conjugate point, according as (7 is positive or ne- 
gative. 

(3). 2a < by OT b = 2a + Ii. 

Here y = Aa:^ ± of .s/A^+W^TC^^^y 

and the curve evidently extends at both sides of the origin, 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced 
here. 

254. Points onEvolute corresponding to Cusps on Curve. — 
In connexion with evolutes and involutes the preceding re- 
sults lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species, its evolute 
in general passes through the cusp. In some cases, however, 
to a cusp of this class corresponds an asymptote to the evo- 
lute. 

(2). To a cusp of the second species corresponds in general 
a point of inflexion on the evolute ; in some cases the point 
of inflexion lies altogether at infinity. 

(3). To a double cusp corresponds a d6uble tangent to the 
evolute. 

255. Equation of the Osculating Conic. — ^As an additional 
illustration of the principles involved in the preceding inves- 
tigation it is proposed to discuss the question of the conic 
which osculates an algebraic curve at a given point. Trans- 
ferring the origin to the point, and taking the tangent as 
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axis of it, the equation of the curve may be written in the 
form 

ay = a?' + aixp + a^^^ + io^^ + biX^t/ + b-^/^x + b^ 

+ Cosc^ + Ciar*y + &c. + d^ + &o. (32) 

In considering the fonn of the curve near the origin, as a 
first approximation we may, as in Art. 250, neglect ary, y^, &e., 
in comparison with y ; and ar*, ^*, &c., in comparison with ai^ ; 
thus the equation reduces to the form 

oy = x". (33) 

Hence the form to which every curve of finite curva- 
ture approximates in the limit is that of the common parabola, 
as already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when a? is a very small 
quantity of the first order, y is one of the second)^ and the 
equation becomes 

ay = x'^ -h ttixy + boO^. 

On substituting ay instead of a^ in the term b^x^ the pre- 
ceding equation becomes 

ay = a?' + (^i + boa) xy. (34) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When ai + Joo = o the 
parabola ay = a^ has a contact of the third order at the origin, 
and accordingly so also has the osculating circle. 

In proceeding to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay = x^ -\- aixy + a^^ + Jo^^ + bix'^y + c^. (35) 

Moreover, from the preceding approximation we have 

b^^Tij = Jo^r^ + 6oa?V («! + aJo). 
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Hence, we get for the equation of the conic having a 
contact of the closest kind with the given curve, 

ayy aj2 + (^4 + Joa) xy + [aa + a (ii - aih) + a' (co - Jo*]/. (36) 

This conic, since it has the closest contarCt possible with 
the given curve at the origin, is the osculating conic (Art. 246) 
fortiiat point. 

In like manner the parabola 

ay = ^ + («! + Joa) xy + V^L±J1^ y^^ (37) 

4 

«ince it has the closest contact possible for a parabola is the 
osculating parabola at the point. 
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Examples. 

1. Prove that the radius of curvature at the vertex of a parabola is equal to 
its sezni-latus rectum. 

2. Find the length of the radius of curvature at the origin in the curve 

3. Find the radius of curvature at the origin in the curve 

a^y = ba^ + ex^y. Ana, 00. 

4. Prove that the locus of the centre of a conic having contact of the third 
order with a given curve at a common point is a right line. 

5. Prove that the locus of the centres of equilateral hyperbolas which have- 
contact of the second order with a given curve at a fixed point is a circle, whose- 
radius is haK that of the circle of curvature at the point. 

6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point with respect to the oonfocal hyperbola 
which passes through that point. 

7 . The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common pointy 
is an equilateral hyperbola passing through the point. 

8. The locus of the foci of parabolas which have a contact of the second 
order with a given curve at the same point is a circle ? 

9. Prove that the radius of curvature of the curve a?^^y = a?" at the origin is 
zero, -y or infinity, according asmis< = or>2:tn being assumed to be greater 
than unity. 

10. Two plane closed curves have the same evolute, what is the difference- 
between their perimeters ? 

Am. 2Td, where d is the distance between the curves. 

11. Find the radius of curvature at the origin in the curve. 

3y = 4a?- 15x2 _ 33^: 
find also at what points the radius of curvature is infinite. 

12. Apply the principles of investigating maxima and minima to find the 
greatest and least distances of a point from a given curve; and show that the- 
problem is solved by drawing the normals to the curve £rum the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it b& 
further. 
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(A). If the given point be on the evolute, show that the solution arrived at 
IB neither a maximum nor a minimum, and hence show that the circle of curva« 
ture cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

• Ans. 4 7 — ^ 

ao 

14. Find the radii of curvature of the two branches of the curve 

gi, _ if- J^ _ axy* + a V = o. 

a 
at the origin. Ans. a and -.. 

15. Prove that the evolute of the hypocycloid 

al + yl = al 

is the hypocycloid 

(o+i3)l + (o-i3)l=2fli. 

16. Find the radius of curvature at any point on the curve 

y + V a? ( I — a?) = sin" ' */ x, 

17. If the angle between the radius vector and the normal to a curve has a 
maximum or a n inimum value, prove ihat 7 = r ; where 7 is the semi-chord of 
curvature which passes through the origin. 

18. If the co-ordinates of a point on a curve be given by the equations 

a? = <j sin 20 (i + cos atf), y = c cos 20 ( i - cos 20), 
find the radius of curvature at the point. Ans, 40 cos 30. 

19. Show that the evolute of the curve 

has for its equation 

r» — (i - #») a* = mp*. 

20. If a and fi be the co-ordinates of the point on the evolute corresponding^ 
to the point {x, y) on a curve, prove that 

dy da ^ 
dx dfi 

21. If p be the radius of curvature at any point on a curve, prove that tho 

radius of curvature at the corresponding point in the evolute is -f- ; where o> 

aw 
is the angle the radius of curvature makes with a fixed line. 
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3 2. Find the equation of the evolute of an ellipse by means of the eccentric 
single. 

23. Prove that the determination of the equation of the evolute of the 
•curve y = kx^ reduces to the elimination of x between the equations 

« - 2' Ic^n^ „ , , 2« — I , ' 

a = X a:2»i, ^^^ ^ _. ^^^n + . 



24. In the evohite of a parabola, Art. 240, if KH be drawn pej-pendicular 
to the axis of the parabola, meeting the curve in ff, prove that P is the centre of 
■curvature corresponding to the point H, 

25. If on the tangent at each point on a curve, a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points 80 found passes through the centre of curvature of the proposed curve. 

26. In general, if through each point of a curve a line of given length bo 
-drawn making a constant angle w^ith the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bertrand, ** Cal. Dif.," p. 573). 

This and the preceding theorem can be immediately established from geome- 
trical considerations. 

27. If from the points of a curve perpendiculars be drawn to one of its tan- 
gents, and through the foot of each a line be drawn in a fixed direction, pro- 
portional to the length of the corresponding perpendicular; the locus of the 
extremity of this line is a curve touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

28. Find an expression for the radius of curvature in the curve p = - 



p being the perpendicular on the tangent. 

29 Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their conmion tangent intercepted between the two 
•curves is a small quantity of the second order, when the distances of the point 
•of contact from the two points of intersection are of the first order. 

Prove that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 

30. In a curve referred to polar co-ordinates, if the origin be taken on the 
-curve, and the tangent as prime vector, prove that the radius of curvature at 

f* 
the origin is equal to one-half the value of - in the limit. 



31. Hence find the length of the radius of curvature at the origin in tlio 

•curve r = a sin nd, Ans. =s — . 

2 

32. Find the co-ordinates of the centre of curvature of the catenary ; and 
■show that the radius of curvature is equal but opposite to the normal. ^ 
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CHAPTEE XVni. 

ON TRACING OF CURVES. 

258. Tracing Algebraic Curves. — Before concluding the dis- 
cuBsion of curves it seems desirable to give a brief statement 
of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists^ 
in assigning a series of diJBferent values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous cur- 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding: 
process generally involves the solution of equations beyond 
the second degree ; in such cases we can determine the series 
of points only approximately. 

259. The following are the principal circumstances to be 
attended to : — 

v(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis ; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asympbote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 211. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-ordi- 
nates ; by assigning a series of values to 6 we can usually 
determine the corresponding values of r, &o. (7). The points- 
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where the y ordinate is a maximum or a minimum are found 



dy 



= o ; by this means the limits of the 



from the equation 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

260. To trace the curve y^ ^ x^ {x - a); a being supposed 
positive. 

In this case the origin is 
a conjugate point, and the 
curve cuts the axis of a? at a 
<iistance OA = a. Again, 
when X is less than a, y is 
imaginary, consequently no 
portion of the curve lies to 
the left-hand side of A. 

The points of inflexion, / 
and Ty are easily determined 

from the equation -fi-o\ the ^^s- 37 • 

oorresponding value of a? is — ; accordingly AN = . 

Again, if TIhe the tangent at the point of inflexion /, it 

<5an readily be seen that TA = - = -— . 

9 ^ 
This curve has been already considered in Art. 213, and 
is a cubical parabola having a conjugate point. 

261. Cubic with three Asymptotes. — We shall next CDU- 
«ider the curve* 




i/^x^ ey = ax^ +bx^ -{- ex + dy 



(0 



where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
-equation 

y^ - aar = Oy or y = ±x ^/a\ 



♦ This investigation is principally taken from Newton's /* Enumeratio Li- 
ueanixn Tertii Ordinis.'* 
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if the term ha^ be wanting these lines are asymptotes ; if h 
i)e not zero, we get for the equations of the asymptotes 

/- ^' r ^ 

y = ar \/a + -, y -^x ^a-\- 7^ = o. 

On multiplying the equations of the three asymptotes 
together, and subtracting the product from the equation of 
the curve, we get 






ey = [c ]x + d\ 



this is the equation of the right line which passes through the 
three points in which the cubic meets its asymptotes. (Art. 
204). 

Again, if we multiply the proposed equation by Xy and 
€olve for xyy we get 

e I ' ? 

a;y = + jax^ -^ bar^ •\- ca^ -\- dx + — : (2) 

from which a series of points can be determined on the curve 
-corresponding to any assigned series of values for x^ 

It also follows that all chords drawn parallel to the axis 

of y are bisected by the hyperbola iry + - = o : hence we infer 

that the middle points of all chords drawn parallel to an 
ttsymptote of the cubic lie on an hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic imder the radical sign. (i). Suppose these roots 
to be all real and denoted by a, /3, 7, 8 arranged in order of 
increasing magnitude, and we have 

xy^ — ± -v/a (x-cl)[x-^) {x - 7) (a? ~ h). 



Now when ^ is < a, y is real ; when x> a and < j3, y is 
imaginary ; when x> ^ and < 7, y is real ; when a? > 7 and 
< S, y is imaginary ; when x>t^y\& real. 
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We infer that the curve consists of three pairs of infinite" 
branches together 
with an oval lying 
between the values 
/3 and 7 for x. 

The accompany- 
ing figure* repre- 
sents such a curve. 

Again, if either 
the two greatest 
roots or the two 
least roots become 
equal, the corres- 
ponding point be- 
comes a node. 

If the interme- 
diate roots become 




Fig. 38. 



equal, the oval shrinks into a conjugate point on the curve. 
If three roots be equal, the corresponding point is a cusp^ 
If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

262. Asymptotes. — ^In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily- 
apprehended ; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn^, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into- 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote^ 
as in the hyperbola. 



♦ The figure is a tracing of the curve 

9ary« + lo8y = (« - 5) (a: - 1 1) (a? - 12). 
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It should be also observed that the points of contact at 
injGjiity on the asymptote in the opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must be 
regarded as a single point is also evident from the considera- 
tion that a right line is the limiting stage of a circle of 
infinite radius. 

The property admits also of an analytical proof ; for if 
the asymptote be taken as the axis of Xy the equation of the 
curve (Art. 204) is of the form 

y^i + 03 = o, or 2^ = - p, 

where ^2 is at least one degree lower than ^i in a? and y. 

Now, when x is infinitely great, the fraction — becomes in 

_ 01 
general infinitely small, whether x be positive or negative; 
and consequently the axis is asymptotic to the curve in both 
directions. 

263. To trace the curve 

ay = hx^ + x^y 
where a and b are both positive. 
Here ycfi = ±a^ {x-\- h)K 

The curve is symmetrical with respect 
to the axis of ^, and has two infinite 
branches; the origin is a double cusp. 
The shape of the curve is exhibited in the 
figure annexed. Fig. 39. 

If b were negative, we should have 

ya^ = ±x^ {x- b)K 

Here y becoines imaginary for values of x less than b ; 
accordingly, the origin is a conjugate point in this case : tho 
curve has two infinite branches as in the former case. 

264. To trace the curve 

ay =5 2aba^y + or*. 

Y 
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From the form of its equation we see that the origin is a 
point of (wcw^inflexion (Art. 251). 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of a, and a loop 
at the negative side of that axis, ' 
as exhibited in the figure. 

265. To discuss the curve 

(i). Let a and b have the 
same sign, then the origin is 
a triple poiut, having for its 
tangents the lines 

and x^/a-y^Xb = o. 

Moreover, since the curve 
has no real asymptote, it is 
a finite or closed curve with 
three loops passing through the 
origin ; and it is easily seen that its shape 
is that represented in the accompanying 
fig^ure. 

(2). If a and b have opposite signs, the 
lines represented by or* - 6y* = o become 
imaginary. The curve in this case consists 
of a single oval as in the figure. 

This and the preceding figure were 
traced for the case where 6 = 3^ : if the 

value of - be altered, the shape of the curve Fig. 42. 

will alter at the same time. If a be greater than J, the 
latter curve will lie inside the tangent at the point X. 

266. Form of Curve near a Double Point. — Whenever the 
curve has a node or a cusp, by transforming the origin to 
that point, the shape of Hke curve for the branches passing 




Fig. 41. 
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through the point admits of being investigated by the 
method explained in Arts. 251, 252. It is unnecessary to 
enter into detail on this subject here, as it has been already 
discussed in the Articles referred to. 

267. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 

Zr -MM" = o, 

where i, My L\ JT are each functions of the co-ordinates x 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
i = o and Jf = o ; similarly it passes through the intersec- 
tions of i *= o and Jf' = o ; and also those of ilf = o and 
X' = o ; and oi L ^o and iUT = o. Moreover, if L and I! 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
L^ - MM' = o ; which represents a curve touching the curves 
M=OyM' = Oy at their points of intersection with the curve 

This principle admits of easy extension, but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

268. On Tracing Curves given in Polar Co-ordinates. — 
The mode of procedure in this case does not differ essentially 
from that for Cartesian co-ordinates. We have already, in 
Arts. 206 and 207, considered the method of finding the 
asymptotes and asymptotic circles in such cases. It need 
scarcely be observed that the number and variety of curves 
whose discussion more properly comes under the method of 
polar co-ordinates are indefinite. We propose to confine oxir 
attention to a few varieties of the class of curves represented 
ly the equation 

r~ = c^QOsmO. 

269. On the Curves r^ = a"^ cos md. — In this case, since 
the equation is unaltered when B is changed into - 6, the 
■curve is symmetrical with respect to the prime vector ; again, 
when d = o, we have r = a, and as increases from zero 

Y 2 
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to — , r diminishes from a to zero. When m is a positive 

2m ^ 

integer, it is easily seen that the curve consists of m similar 
loops. 

There are many familiar curves included under tihis 
equation. Thus, when m = i we have r = a cos 0, which 
represents a circle; again, if m = - i the equation gives 
r cos = a, which represents a right line. Also, if w = 2, we 
have r^ = a^ cos 2^, a Lemniscate (Art. 210). If w = - 2, wo 
get r* COS20 = fl^, an equilateral hyperbola. 

T a /t 

If w = - we get r^ = ah cos -, whence r = - (i + cos 6) (the 

I Q 

cardioid, Ex. 4, p. 229) ; with m = - - it is r* cos - =^ o^ (the 

parabola, Ex. i, p. 22S) ; and so on. As already observed, 

if we change m into - w we get a new curve, thef inverse of 

the original. Also, the reciprocal polar is obtained by sub- 

tn 
stitutins: instead of m. 

The tangent and normal can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedak, both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. q 

^4 = a^cos-. 

Here when = o, we have r = a, 
and the curve cuts the prime vector . 
at a distance OA equal to a ; again, ^/ 

when 6 = -, r = — — ; also, when 

The shape of the curve is given in the accompanying- 
figure. This curve is the inverse of the camtic considered in. 
Ikample 18, p. 274. 
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Ex. 2. Ex. 3. Ex. 4. 

rl = fltcos-0. r* = a^cos-0. r^ = a* cos-©. 
4 5 3 

In Ex. 2, as d increases from zero to 120°, r diminishes 
from a to zero ; when Q increases 
from 120° to 240°, r increases from 
zero to a : when increases from 
240° to 360°, r diminishes from a I 
to zero. By assigning negative 
values to 6, the remaining part of 
the curve is seen to be symmetrical 
with that traced as above. The | 
same result plainly follows by con- 
tinuing the values for B from 360° 
up to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 44. 

In Ex. 3, according as cos - is positive or negative, we 

get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of Q between ± ^ ^ the 

radius vector traces out two symmetrical portions of the 

curve ; again, between -^ ir and -~ tt we get two other 

o 






Fig. 45. Fig. 46. 

tsymmetrical portions. The shape is that given in the former 
of the two accompanying figures. 
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The latter figure represents the curve in Ex. 4 ; it consists 
oifive symmetrical portions ranged round the origin. 

The results above stated admit of generalization, and it 
can be shown without difficulty, that in general the curve 

/^ = a*cos — consists of j? similar portions arranged about 

the origin ; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when p is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter with 
one or two examples of such curves. 

270. The Limason. — The inverse of a conic section with 
respect to a focus is called a Lima9on. From the polar 
equation of a conic, its^ focus being origin, it is evident that 
the equation of its inverse may be written in the form 

r = a cos + J, 

where a and b are constants. 

It is easily seen that.r is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and taking off a 
constant length on each of these lines, measured from the 
circumference of the circle. ' 

If a be less than 6, the curve is the inverse of an ellipse, 
and lies altogether outside the circle. 

If a be greater than 6, the 
curve is the inverse of a hy- 
perbola, and its form can be 
easily seen to be that exhibited 
in the annexed figure, where 
OD = a -b^ and the point is 
a node on the curve. 

If 6 = a, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on tiie curve. Fig, 47. 
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1\ 



When a = 26, the Lima90ii is called the Trisectrix ; a 
curve by aid of which any given angle can be readily 
trisected. 

271. The Conclioid of Nicomedes. — If through any fixed 
point A a secant PiAP be drawn 
meeting a fixed right line LM in 
i2, and RP^ RPi be taken each of 
the same constant length ; then the 
locus of P and Pi is called the 
conchoid. 

This curve is easily traced from 
the foregoing geometrical property, 
and it consists of two branches, 
having the right line LM for a 
common asymptote. Moreover, if 
the perpendicular distance AB of 
A ixoujL the fixed line be less than 
jRP, the curve has a loop with a 
node at Ay as in the annexed figure. 

It is easily seen that when 
AB = PP, the point ^ is a cusp 
on the curve ; and when AB is 
greater than DP, -4 is a conjugate 
point. 

The form of the curve in the 
latter case is represented by the dotted lines in the figure. 

If AB = a, HP = J, the polar equation of the curve is 
(r ± b) cos d = a. 

When transformed to rectangulax co-ordinates, this 
equation becomes 

{x' + f) (a - xY = iV. 

The method of drawing the normal, and finding the 
centre of curvature, at any point, will be exhibited in the 
next Chapter. 
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Examples. 

1. Trace the curve y = («- 1) («- 2) (4?- 3), and find the position of its 
point of inflexion. 

2. Trace the curve ^ — %axy + a?' = o, drawing its asymptote. 
This curve is called the Folium of Descartes. 

3. Trace the curve a^x = y (^2 ^ ^v^^ ^nd find its points of inflexion, and 
points of greatest and least distance from the axis of x, 

4. If an asymptote to a curve meets it in a real finite point, show that the 
corresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 

»* — y* + iaxy'^ = o. 

6. Show that the curve r = a cos 20 consists of four loops, while the curve 
r = a cos 30 consists of but three. Prove generally that the curve r = a cos nB 
has n or 2n loops according as n is an odd or even integer. 

7. Trace the curve y* (« -a)(x-b) = <?« (x + a) (a? + b), 

8. Show that the curve x'^y^ + ar* = a^ [x^ — y^) consists of two loops passing 
through the origin, and find the form of tne curve. 

9. Trace the curve y (ar + a)* = b^x [x + cf, showing the positions of its 
asymptotes and infinite branches. 

10. Trace the curve whose polar equation is 

r = a cos + A cos i9y 
and show that it consists of four loops passing through the origin. 

11. Given the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex (an oval of Cassini). Exhibit tiie different 
forms of the curve obtained by varying the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve y« = ax^ + ^bx^ + lex + d, and find its points of greatest 
and least distance from the axis of x. 

Show that two of these points become imaginary when the roots of the cuhie 
in X are all real. 

13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 
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14. Prove that all curves of the third degree are reducihle to one or other of 
the forms 

(i). xt/^ + tfy =» fla^ + bx^ + ex ■\' d. 
(2). ary = flar^ + bx^ + ex + d, 
(3). y^ >=: ax? + bx^ + ex ■\-d. 
(4). y = aa? + bx^ + CX + d, 
Xewton, JEnum. linear. Ter, Ordinit, 

15. Prove that all curves of the third degree can he ohtained hy projection 
from the paraholas contained in class (3) in the preceding division. [Newton.] 

For every cuhic has at least one real point of inflexion : accordingly, if the 
<xurve be projected so that the tangent at the point of inflexion is projected to 
infinity, the harmonic polar (Art. 223) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class 3. [This proof is taken from Ghasles, Apergu JSCistorique, note xx.] 

16. Trace the curve r = — ,* and show that it has a point of inflexion 

when 0- = 3 ; find also its asymptotes and asymptotic circle. 

17. Trace the curve y = asin-, and show how to draw its tangent at any 

a 

point. (This is called the curve of sines.) 

18. The base of a triangle is fixed in position ; find the equation of the locus 
of its vertex, when the vertical angle is double one of the base angles. 

Trace the locus in question, finding the position of its asymptote. 

19. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioid. 

20. Show in like maimer that the Limaqon is the first pedal of a circle with 
respect to any point. 



Digitized by LjOOQIC 



( 330 ) 



CHAPTEE XIX. 



ttOULETTES. 



272. Boulettes. — ^When one curve rolls without sliding upon 
another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, and 
the fixed curve on which it roUs is called the directing curve, 
or the base. We shall commence with the simplest example 
of a roulette : viz., the cycloid. • 

273. — The Cycloid. — This curve is the path described by 
a point on the circimiference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from its 
numeroas applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, the point of 
contact of the circle with the fixed 
line. Take the length AO equal 
to the arc PO, then from the 
mode of generation of the curve, 
A is the position of the generating 
point when in contact with the Fig. 49- 

fixed line ; also, if AA^ be equal to the circumference of the 
circle, A^ will be the position of the point at the end of one 
complete revolution of the circle. Bisect AA^ in D, and 
draw BB perpendicular to it and equal to the diameter of 
the circle, tjien B is evidently the highest point in the 
cycloid. Draw PN perpendicular to AA\ and let PN = y, 
AJSr = X, PCO = 0, 00 =«, and we get 

a? = ^0-iVO = a(0- sin 0), y = PiVr= a(i -cos0). (i) 




AN 
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The position of any point on the cycloid is determined by 
these equations when the angle is known, i. e. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is in contact with the right 
line. 

274. Cycloid referred to its Vertex. — It is often con- 
venient to refer the cycloid to its vertex as origin, and to the 
tange^t and normal at that point as axes of co-ordinates. 
In me preceding figure let 

then we have 

x = BN' = a[^ + ^ixi<f)y y = PiV' = a(i -COS0). (2) 

275. Tangent and Normal to Cycloid. — It can he easily 
seen that the line PO is normal at P to the cycloid ; for the 
motion of each point on the circle at the instant is one of 
rotation about the point 0, i. e., each point may be regarded 
as describing at the instant an infinitely small circular* arc 
whose centre is at : and hence PO is normal to the curve. 

This result can also be established from the values of x 
and y in (i) : for 

h^J | = «(i-cos0), %-am.B. (3) 

... ^ = _^ = oot^ = cotPXO, 
dx I - cos y 2 

and, accordingly, PL is the tangent, and PO the normal to 
the curve at P. 

Again, if we square and add the values of -^ and —^ we 

obtain 

^Y= a^ j(i-cosfl)^+sin'flj = 4«'sin^|; 



♦ This method of finding the normal to a cycloid is due to Descartes, and 
evidently applies equally to all roulettes. 
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hence 



Boulettes. 
ds . 9 



PO. 



(4) 



276. Badius of Curvatiure and Evolute of Cycloid. — ^Let p 
•denote the radius of curvature at the point P, and L FON= w 

e 



2' 

then 



ds 
d(t) 



'dO 



(> = — = 2-j = 4asin- = 2PO; 





2 



or the radius of curvature is double the normal, 
value of p the evolute ,of the curve 
oan be easily determined. For, 
produce PO untU OP" = OP, then 
P^ is the centre of curvature be- 
longing to the point P. Again, 
produce LO until Off = Oi, and 
describe a circle through OP^, and 
(7; this circle evidently touches 
AJ.\ and is equal to the generating 
circle LPO. 



(5) 



From this 




Also, the arc OP' = arc OP = ^0 ; 



Fig. SO- 



.-. arc 0'P'= aP'0-P'0 = AD-AO= OD^B'ff. 

Hence the locus of P' is the cycloid got by the rolling of 
this new circle along the line jB'O', and accordingly the 
evolute of a cycloid is another cycloid ; it is evident that the 
evolute of the cycloid ABA' is made up of the two semi- 
cycloids, AB' and P'-4', as in the figure. Conversely, the 
cycloid ABA' is an involute of the cycloid ABfA. 

277. Length of Arc of Cycloid. — Since APS is the 
evolute of the cycloid APB, it follows from Art. 237, that the 
arc AP' of the cycloid is equal in length to the Ime PP^^ or 
to twice P^O ; hence, as A is the highest point in the cycloid 
APPf, it follows that the arc AP^ measured from the highest 
point of a cycloid is double the intercept P^O, made on the 
tangent at the point by the tangent at the highest point of 
the curve. Also, the whole arc AB! is double jD D, or is four 
times the radius of the generating circle; and hence the 
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entire length ABA' of a cycloid is eight times the radius of 
its generating circle. 

Again, if the cycloid be referred to its vertex as in Art. 
274, the distance 6f P' from AA' is represented by y, and wo 
shall have 

PO" =0(y xy^ 2ay. 



Hence, denoting the arc -4P' by s, we have 
«* = 4P'0' = 8fly. 



(6) 



This relation is of importance in the applications of tho 
cycloid in Mechanics. 

278. Epicycloids and Hypocycloids. — The investigation, 
of the properties of the cycloid naturally gave rise to tho 
discussion of the more general case of a circle rolling on a fixed 
circle. In this case the curve generated by any point on the 
circumference of the rolling circle is called an epicycloid, or 
a hypocycloid, according as the circle rolls on the exterior, or 
the interior of the fixed circle. We shall commence with 
the former case. 

Let P be the position of the generating point at any in- 
stant, -4 its position when 
on the fixed circle ; then 
the arc OA = arc OP. 

Again, let C and C be 
the centres of the circles, 
a and h their radii, 
LACO^O.LOC'P^ff] 
then, since arc OA = arc 
OP, we have ad = bff. 

Now, suppose C taken 
as the origin of rectangu- 
lar co-ordinates, and CA 
as the axis of a?; draw PN 
and C'L perpendicular, Fig. 51. 

and PJf parallel, to CA, and we have 

x^^CN^CL -NL = (a + h) cos - J cos (0 + ff\ 

y = PN^ C'L- C'M^ (a + J) sin - 6 sin (0 + 0'j; 
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or, substituting r- 6 for 6', 

- cos — T— 0, 

(7) 



ic = {a + b) cos - 6 cos — 7— 0, 



y = (a + J) sin - S sin — 7— 0. 

"When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the generating point, after the circle 
has rolled once round the circumference of the fixed circle, 
•evidently returns to the same position, and will generate the 
fiame curve in the next revolution. More generally, if the 
radii of the circles have a commensurable ratio, the generating 
point, after a certain number of revolutions, will return to its 
original position : but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct curves. As, however, the suio- 
oessive portions of the curve are in every respect equal to 
oach other, the path described by the generating point, from 
the position in which it leaves the fixed circle until it returns 
io it again, is usually regarded as a complete epicycloid, and 
the middle point of this J)ath is called the vertex of the curve. 

In the case of the hypocycloid, the generating circle roUs 
on the interior of the fixed circle, and it can be easily seen 
ihat the expression for x and y are derived from those in (7) 
by changing the sign of b ; hence we have 

x= (a-b) COS 6 + b cos —j— 0, 

a-b '• ^^^ 

y = (a - b) smO - b BID, —j-— 9, 

The properties of these curves are best investigated hy 
aid of the simultaneous equations contained in formtllas (7) 
and (8).^ 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point 
P is an elementary portion of a circle having as centre ; 
accordingly, the tangent to the path at P is perpendicular to 
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the line PO, and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by difEerentiation from the expressions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P ; take (7, 0", two points infinitely near to on 
the circles, and such that 0(7 = 00"; and suppose the gene- 
rating circle to roll until these points coincide :* then the 
lines C(y and C'ff will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
OCff and OCC/^ ; hence, denoting these angles by d9 and dffy 
respectively, we have 

d8^op{de+dr) = op(i +1)^0; (9) 

since dff=Y ^0. 



279. Radius of Curvature of an Epicycloid. — Suppose oi to 
be the angle OSN between the normal at P and the fixed 
line 0-4, then 

22 (20 

Hence, if p be the radius of curvature corresponding to 
the point P, we get 

^ = _^=0P^\ (10) 

^ d(D a + 2b 

Accordingly, the radius of curvature in an epicycloid 
is in a constant ratio to the chord OP joining the generating 
point to the point of contact of the circles. 



* It may be observed that O'O" is infinitely small in comparison with 0(/ ; 
bence the space through which the point moyes during a small displacement 
is infinitely small in comparison with the space through which P moves. It is 
in consequence of this property that may be regarded as being at rest for the 
instant, and every point eonnected with the rolling circle as having a circular 
lAotion ^oimd it 
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280. Double Cheneration of Epicycloids and Hypocycloids. — 
In a hypocycloid, if the rolling circle be greater than the fixed 
circle it can be easily shown that the curve can be generated 
as an epicycloid. For, let P 
be any position of the gene- 
rating point, the correspond- 
ing point of contact of the two 
circles ; draw the common 
diameter OED and join (yE 
and PD ; connect (7, the centre 
of the fixed circle, to ff and 
produce Cff to meet DP pro- 
duced in iX, and describe a 
circle roimd the triangle C/PIf] 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP^ OP and OCf are obviously similar ; hence, 
since OP -^ OCX + OP, we have 




Fig. Si- 



arc OP = arc 00 + arc OfP. 

If the arc OOA be taken equal to the arc OP, we have 
arc OA = arc OP ; accordingly, the point P describes the 
same curve whether we regard it as on the circumference of 
the circle OPB rolling on the circle OOE^ or on the circum- 
ference of OPPf rolling on the same circle ; provided, tlio 
circles each start from the position in which the generating 
point coincides with the point ^ 

A, Moreover, it is evident 
that the radius of the latter 
circle is the difference between the 
radii of the other two. 

Next, suppose the circle 
OPjD to roll inside the circum- 
ference of 00 E, and let C be 
the centre of the fixed circle ; 
join OP and produce it to meet 
the circimiference of the fixed 
circle in O ; draw OE and PDy 
join COy intersecting PD in l/, Fig. 53. 

and describe a circle round the triangle PUO. It is evi* 
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dent as before that this circle touches the larger circle, and 
that its radius is equal to the difference between the radii of 
the two given circles. Also, for the same reason as in the 
former case, we have 

arc Off = arc OP + arc ffP. 

If the arc OA be taken equal to OP we ffet arc ffP 
= arc ffA ; consequently, the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. 

These important results were given by Euler {Acta, Petrop.y 
1 781). By aid of them all hypocyoloids are reducible either 
to epicycloids or to hypocycloids in which the radius of the 
generating circle is less than half that of the fixed cirde. 

281. Evolute of an Epicycloid. — ^The evolute of an epicy- 
cloid can be easily seen to be a similar epicycloid. 

For, let P be the ge- 
nerating point in any 
position, -4 its position 
when on the fixed circle ; 
joiQ P to 0, the point of 
contact of the circles, 
and produce PO until 

pjx^ OP ^^. then 

P is the centre of cur- 
vature by (10) ; hence 

OF^OP 



a+ 2b 




Next, draw P' (7 per- 
pendicular to P'O ; cir- ^^»- 54- 
cumscribe the triangle OP'ff by a circle ; and describe a circle 
with C as centre, and Cff as radius : it evidently touches the 
circle OP'ff. 

Then 

Off lOE^OP" : OP^aia-v ih^COi CE; 

.-. CO -Off: CE-OE^ CO : CEy 

or Cff:CO=CO: CE; 
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that is, the Knes CE^ COy and CO are in geometrical pro- 
portion. 

Again, join C to -B', the vertex of the epicycloid ; let CK 
meet the inner circle in D, and We have 

arc OB x^x^OB^ CO : CO = CO : CJS = ffO : EO ' 

= arc P^ff : arc OQ. 

But arc OB = arc OQ, .-. arc O'B = arc P'ff, 

Accordingly, the path deserihed by P' is that generated by a 
point on the circumference of the circle OP^O' rolling on the 
inner circle, and starting when P' is in contact at B, Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OE = (7(7 : (70, the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute is a similar epicycloid. 

Also, from the theory of evolutes (Art. 237), the line 
PP is equal in length to the arc P^A of the interior epicy- 
cloid; or the length of P'-4, the arc measured from the 
vertex A of the curve, is equal to 

a ^ CO CO" 

Hence the length* of any portion of the curve measured from 
its vertex is to the corresponding chord of the generating 
circle as twice the sum of the radii of the circles to the radius 
of the fixed circle. 

The corresponding results for the hypocycloid can be 
found by changing the sign of the radius 6 of the rolling 
circle in the preceding formulae. 

The investigation of the properties of these curves is of 
importance in connection with the proper form of toothed 
wheels in machinery. 



* The length of the arc of an epicycloid, as also the investigation of its 
evolute, were given by Xewton {Frincipia^ Lib. i., Props. 49, 50). 
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2^2, Pedal of Epicycloid. — The equation of the pedal, 
with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take arc OA = arc OPy and 
make AB = 90°. Join CAy OB, 
CP, and draw CiV perpendicular 
to DP. LetzPi)O = 0, Z^CiV^ 
= w,z ^(7(9=0, CJV^p. 

Then since ^ 0= PO, we have 
2b 



Again, w =90° -^(7iV^= O + th 
2b\ 




= 1 + 



Fig. 55. 



lience 
Also 



= 



aia) 



a + 2b 

(7iVr=(72)sin^, 

.*. p = (a + 2b) sin ■ ^ , 

^ ^ a+ 2b 



au) 



(") 



(12) 



which is the equation of the required pedal. 

28^, Equation of Epicycloid in terms of r and j^. — ^Again, 
draw OL parallel to DiV, and let CP = r, and we have 



r^ - y = PN' =OD = OC^- CD = a^- 



a+ 2b 



hence 



r' = a* + 



4b(a + b) 



{a + 2b) 



iP' 



y; 



(^3) 



Also, from (12) it is plain that the equation of BN, the tan- 
gent to the epicycloid (referred to CB and CA as axes of x and 
2/ respectively), is 



ic QOSu) + y sin cj= {a + 2b) sin 



aw 
a+ 26' 



(14) 



z 2 
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The corresponding formnlsB for the hypocycloid are 
obtained by changing the sign of h in the preceding equa- 
tions. 

Again, it is plain that the envelope of the right line re- 
presented by equation (14) is an epicycloid. And, in general^ 
the envelope of the right line 

2? cos (d + y sin bi ~ k sin men, 

regarding a» as an arbitrary parameter, is an epicycloid, or a 
hypocycloid, according as w is less or greater than unity. 
For examples of this method of determining the equations 
of epi-, and hypo-cycloids, the student is referred to Salmon's 
Higner Plane Curves, Art. 310. 

284. Epitroclioids and HypotroclioidB. — In general, when 
one circle rolls on another, every point connected with the 
rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the circle 
rolls on the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in prov- 
ing, as in Art. 278, that we shall have in the epitrochoid the 
equations 



a? = (a + 6) cos - c/ cos — — d, 



y = (a + 6) sin - rf sin 6. 



■1 



(15) 



In the case of the hypotrochoid, changing the signs of b 
and d we obtain 



0? = (a - i) cos + c? cos — — 6, 
y = (a - 6) sin - c? sin —7— 0. 



1 



(16) 



In the particular ease in which a = 2b,i. e., when a circle 
rolls inside another of double its diameter, equations (16) 
^e 

« = (6 + rf) cos 0, y = (i - ^ sin ; 
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{b+dy {b-dy 



= 1; 




Fig. 56. 



^'hich represents an ellipse whose semi-axes are the sum and 
the difference of b and d» 

This result can also be established geometrically in the 
following manner. 

285. Circle rolling inside another of double its Diameter. — 
Join Ci and Otoany pointionthe cir- 
■cumference of the rolling circle, and 
produce CiL to meet the fixed cir- 
oumference in A ; then since L OCL 
= 2OC1A, and OCi = 2OC, we 
have arc OA = arc OL ; and accord- 
ingly, as the inner circle rolls on the 
outer the point L moves along CiA. 
Jn like manner any other point on 
the circumference of the rolling circle 
-describes, during the motion, a dia- 
meter of the fixed circle. 

Again, any point P, invariably connected with the rolling 
•circle, describes an ellipse. For, if L and Jf be the points in 
which CP cuts the rolling circle, by what has been just shown, 
these points move along two fixed right lines CiA and CiB^ at 
right angles to each other. Accordingly, by a well-known 
property of the ellipse, any other point in the line LM 
•describes an ellipse. 

The case in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

286. Circle rolling on another inside it, and of half its 
Diameter. — ^In the same case, suppose the inner circle fixed, 
and the other to roll on it; then any diameter of the rolling circle 
always passes through a fixed pointy which lies on the cir- 
cumference of the inner circle. 

For, let CiL and C2L be any two positions of the moving 
•diameter, Ci and C2 being the corresponding positions of the 
•centre of the rolling circle : and O2 are the correspond- 
ing positions of the point of contact of the circles. 
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Now, when the outer circle rolls from the former to 
the latter position, the right lines C1O2 and CO2 will coin- 
cide in direction, and accordingly 
the outer circle will have turned 
through the angle C2O2C1; conse- 
quently, the moving diameter will 
have turned through the same angle ; 
and hence L C2LC1 = Z. C2O2C1 ; 
therefore the point L lies on the fixed 
circle, and the diameter always passes 
through the same point on this 
circle. 

Again, anj/ right line connected 
with the rolling circle will always touch a fixed circle. 

For, let DE be the moving line in any position, and draw 
the parallel diameter AB ; let fall Cii^and iJf perpendicular 
to DE. Then, by the preceding, AB always passes through 
a fixed point L ; also LM = CiF = constant ; hence DE 
always touches a circle having its centre at L. 

Again, to find the roulette described by any carried point 
Pi. The right line PiCi, as has been shown, always passes 
through a fixed point L ; consequently, since CiPi is a con- 
stant length, the locus of Pi is a Limagon (Art. 270). In like 
manner, any other point invariably connected with the outer 
circle describes a Lamacon. 



Examples. 

1. When the radii of the fixed and the rolling curves become equal, prove- 
geometrically that the epicycloid becomes a cardioid, and the epitrochoid a 
Limagon. 

2. Prove that the equation of the reciprocal polar of an epicycloid, witU 
respect to the fixed circle, is of the f orln 

r sin rnw = const. 

3. Prove that the radius of curvature of an epicycloid varies as the perpen* 
dicular on the tangent from the centre of the fixed circle. 

4. If a = 4J, prove that the equation of the hypocycloid becomes 
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5. Find the equation, in terms of r and p^ of the three-cusped hypocycloid ; 
i.e., when a = 3d. Ans, r^ = a* — 8/?*. 

6. Find the equation of the pedal in the same curve. 

Ans, p = b BID. 3«. 

7. In the case of a curve rolling on another which is equal to it in every 
respect, corresponding points heing in contact, prove that the determination of 
the roulette of any point F is immediately reduced to finding the pedal of the 
rolling curve with respect to the point F, 

8. Hence, if the curves he equal paraholas, show that the path of the focus is 
a right line, and that of the vertex a cissoid. 

9. In like manner, if the curves be equal ellipses, show that the path of the 
focus is a circle, and that of any point is a bicircular quartie. 

10. In Art. 285, prove that the locus of the foci of the ellipses described by 
the different points on any right line is an equilateral hyperbola. 

11. A\a9. fixed point on the circumference of a circle. The points L and M 
are taken such that aic AL = m arc AM, where m is a constant ; prove that the 
envelope of XJf is an epicycloid or a hypocycloid, according as the arcs^Z and 
^Jif are measured in the same or opposite directions from the point A. 

12. Prove that ZM, in the case of an epicycloid, is divided internally in the 
ratio m : i, at its point of contact with the envelope ; and, in the hypocycloid, 
externally in the same ratio. 

13. Show also that the given circle is circumscribed to, or inscribed in the 
envelope, according as it is an epicycloid or a hypocycloid. 



287. Centre of Curvature of an Epitrochoid, or Hypotro- 
choid. — The position of the centre of curvature for any point 
of an epitrochoid can be easily found from 
geometrical considerations. For, let Ci 
and C2 be the centres of the rolling and 
the fixed circles, P-z the centre of curvature 
of the roulette described by Pi; and, as 
before, let d and O2 be two points on 
the circles, infinitely near to 0, such that 
OOi = OO2. Now, suppose the circles to 
roll until d and O2 coincide; then the 
lines CiOi and C2O2 will lie in directum, 
as also the lines Fid and P2O2 (since P2 ^^S- 5^- 

is the point of intersection of two consecutive normals to 
the roulette). 

Hence z. Odd + L OC2O2 = L OP,d + L OP2O2, 

since each of these sums represents the angle through which 
the circle has turned. 
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Again, let L CiOP, = ^, OOi = 00^ = ds; then 






consequently we have 
I I 



Or, if OP, = n, OP^ = n, 

II /i I 

+ , = cos ^ - + — 

From this equation r2, and consequently the radius of curva- 
tura of the roulette, can be obtamed for any position of the 
generating point Pi. 

If we suppose Pi to be on the circumference of the rolling 

OP 

circle, we get cos = ^1 ; whence it follows that 
° ^ 2OC1 

OP, = -^ OP,, 

which agrees with the result arrived at in Art. 279. 

288. Centre of Curvature of any Roulette. — The preceding 
formula can be readily extended to any roulette ; for if C\ 
and Cz be the centres of curvature of the rolling and fixed 
curves, corresponding to the point of contact 0, we may 
regard OOi and OO2 as elementary arcs of the circles of 
curvature, and the preceding demonstration will still hold. 

Hence, denoting the radii of curvature OCi and 0C% by 
pi and /02> we shall have 

— + -- = cosd»( ^- + -J. (18) 

pi p2 \i\ nj 

It can be easily seen, without drawing a separate figure. 

Digitized by LjOOQ IC 



Construction for Centre of Curvature of any Roulette. 345 

that we miist change the sign of p^ in this formula when the 
centres of curvature lie at the same side of 0. 

It may be noted that Pi is the centre of curvature of the 
roulette described by the point P2, if the lower ourviB be 
supposed to roll on the upper regarded as fixed. 

289. Geometrical Construction* for the Centre of Curvature 
of the Boulette. — The formula ( 1 8) leads 
to a very simple and elegant geometrical 
construction for P^. Por, if we join Pi 
to Ci and produce PiCi to meet ON 
drawn perpendicular to OPi, then the 
point of intersection of NC2 and PiO is 
the required centre of curvature. 

This is readily established ; for, from 
the equation 



-f— ^ = cos^ 



ive get 



But 



OC, OC, 



I I 



COS^PiPa 

OC.OC^ " OPi.OP,' 




Fig- 59- 



C,a 0P2 0CiC08(t> 



OC^ ' FiF^ 



OP, 



OCi cos (i> = OC, sin C,ON = C^iV^sin C,NO = ^'^'J > 



PiiV 



lience 



_Oai_co^ _ CN 
Ko " P,N' 
C^ OP, ^ CJ[ 
0C,'PiP2 PiN' 



Consequently, by the well-known property of a transversal 
cutting the sides of a triangle, the points (7a, Pz and iV are 
in directum. 



* This beautiful construction, and also the formula (i8) on which it is based, 
-were given by M. Savary, in his *' Le9ons des Machines ^ I'Ecole Polytech- 
nique." See also Leroy's ** G6om6trie Descripiive," Quatri^me Edition, p. 347. 
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2 go. Circle of Inflexiona. — The following geometrical 
construction is in many cases more 
useful than the preceding. 

On the line OCi take ODi such 
that 



I 



00, 00,' 



and on ODi as diameter describe a 
circle. Let HJi be its point of inter- 
section with OPi, then we have 



cos^ = 



OF, 



OD,' 

and formula (i8) becomes 



.(- 




OP, OP, cos^VOCi 00, 



Hence, if the generating point Pi lie on the circle OEiDiy 
the corresponding value of OP2 is infinite, and consequently 
Pi is a pomt of inflexion on the roulette. 

In consequence of this property, the circle in question is 
called the circh of inflexions, as each point on it is a point of 
inflexion on the roulette which it describes. 

Again, it can be shown that the lines P1P2, PiO and 
Pi^i are in continued proportion; as also OiOiy CiOy and 
CiBi. For, from (19) we have 



P.P2 






OP, . OP, 

Hence P,P, : P,0 = OP,: OE,, 

.-. P,P,:P,0 ^ P,P,-OP,:P,0- OE,^ P,0:P,E,. (20) 

In exactly the same manner it can be shown that 

CO,: CO = 0,0: C,D,. (21) 
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Again, if we take OA = OA, we shall have, by describing- 
a circle on OD2 as diameter,. 



and also 



C,C, : CO = CO : C,A, 



(22) 



The importance of these results will be shown further on^ 

291. Envelope of a Carried Curve. — We shall next con- 
sider the case of the envelope of a curve invariably connected 
with the rolling curve, and carried with it in its motion. 

Since the moving curve touches its envelope in all its- 
positions, the path of its point of contact at any instant must 
be tangential to the envelope ; hence the normal at their 
common point must pass through 0, the point of contact of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact 0. 

For example, suppose a circle to 
roll on any curve : to find the envelope 
of any diameter PQ. 

From draw ON perpendicular 
to PQ, then N, by the preceding, is 
a point on the envelope. 

On OC describe a semicircle ; it will pass through JV",. 
and, as in Art. 286, the arc ON = arc OP = OAj if A be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the- 
roulette generated by a point on the circumference of a 
circle of half the radius of the rolUng circle, having the fixed 
curve AO for its base. 

For instance, if the base be a right line, the envelope i» 
a cycloid. 

Again, if the base be a circle, the envelope is an epicycloid^ 
or a hypocycloid. 

Moreover, it is obvious that if two carried right lines be 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line carried by a circle^ 
which rolls on a right line, is a parallel to a cycloid. 




Fig. 61. 
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2g2, Centre of Curvature of the Envelope of a Carried 
Curve. — Let aibi represent a portion of 
the cajTied curve, to which Om is normal 
at the point m ; then, by the preceding, 
m is the point of contact of aibi with its 
envelope. 

Now, suppose Oih to represent a por- 
tion of the envelope, and let Pi be the 
centre of curvature of aihi, for the point 
i)i, and Pi the corresponding centre of cur- 
vature of a^bi. 

As before, take Oi and O2 such that 
OOi = OO2, and join FiO, and P2O2. 
Again, suppose the curve to roll until 
Oi and O2 coincide ; then the lines PiOi 
and P2O2 will come in directum, as also 
the lines OiCi and O2C2 ; and, as in Art. 
288, we shall have 




Fig. 62. 



lCi-^lC; = lPi-\- LP2; 



and consequently 



_+_ = 008^1-^ 



)p/ op} 



(23) 



From this equation the centre of curvature of the envelope, 
for any position, can be found. Moreover, it is obvious that 
the geometrical constructions of Arts. 289, 390, equally apply 
in this case. It may be remarked that these constructions 
hold in all cases, whatever be the directions of curvature of 
the curves. 

We proceed to state a few important particular cases. 

(i). If the envelope a^2 of the moving curve Uibi be a right 
UnOy the centre of curvature Pi lies on the corresponding circle of 
inflexions, 

(2). If the moving curve a^bi be a right line, the centre of 
curvature of the envelope lies on the lower circle OD2E2 (Art. 290). 

(3). If the moving right line always passes through a fixed 
point, that point lies on the circle 02)a-B2. 

(4). The different centres of curvature of the curves enveloped 
by all carried right lines, at any instant, lie on the circumference 
of a circle. 
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293. On the Motion of a Plane Figure in its Plane. — Wo 
shall now proceed to the consideration of a general method^ 
due to M. Chasles,* which is of fundamental importance in 
the treatment of roulettes, as also in the general investigation 
of the motion of a rigid body. 

"We shall commence with the following theorem : — . 

When an invariable plane figure moves in its plane^ it can 
he brought from any one position to any other by a single rota- 
tion round a fixed point in its plane. 

For, let A and B be two points of the figure in its first posi- 
tion, and -4i, Bx their new 
positions after a displacement. 
Join AAi and BBi, and sup- 
pose the perpendiculars drawn 
at the middle points of AAi 
and BBi to intersect at 0; 
then we have AO = AiO, and 
BO = BiO, Also since the 
triangles AOB and AiOBi *^^ 

have their sides respectively ^^* ^' 

equal, we have Z AOB = Z A^OBi, .\ L AOAi = z BOBi, 

Accordingly, AB will be brought to the position AiBi by 
a rotation through the angle AOAi, round 0. 

Again, let C be any other point invariably connected with 
A and B; also let Ci be its new position. Join OC and 
OCi ; then the triangles OAC and OAiCi are equal, because 
OA = OAi^ AC = AiCi, and the angle OAC, being the diffe- 
rence between OAB and BAC, is equal to OAiCi, the diffe- 
rence between OAiBi and BiAiCi ; therefore OC = OCi, and 
Z AOC = AiOCi ; and hence lAOAi = z COCi. Consequently 
the point C is brought to Ci by a rotation round through 
the same angle AOAi. 

" The same reasoning applies to any other point invariably 
connected with A and B, 

NoW, suppose the two positions of the moving figure to 
be indefinitely near each other, then the line AAi, joining 
two infinitely near positions of the same point of the figure, 
becomes an element of the curve described by that point, and 

* ** Aper^u Historique," p. 549; also "Bulletin Universel des Sciences," 
t. xiv. 
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the line OA becomes at the same time a normal to the curve. 
Hence tlie normals to the paths described by all the points of the 
moving figure pass through 0, which point is called the instatir- 
ianeous centre of rotation. 

The position of is determined whenever the directions 
of motion of any two points of the moving figure are known ; 
for it is the intersection of the normals to the curves described 
Idj those points. 

This furnishes a geometrical method of drawing tangents 
to many curves, as was observed by M. Chasles. 

The following case is deserving of special 
-consideration. A right line always passes 
through a fixed point, while one of its points 
moves along a fixed line ; to find the instan- 
taneous centre of rotation. 

Suppose AB to be any position of the 
moving line, and let A' be a new position of 
Ay and B" oi B; the centre of rotation, 0, is 
found as before, and is such that OA = 0A\ 
and OB = OB, Accordingly, in the Kmit the *^* *** 

oentre of instantaneous rotation is the intersection of BO 
drawn perpendicular to the fixed line, and -40 drawn perpen- 
dicular to the moving line. 

In general, if AB be any moving curve, and LM any 
fixed curve, the instantaneous centre of rotation is the point of 
intersection of the normals to the fixed and to tJie moving 
■curves, for any position. 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to 0, the instantaneous centre. 

We shall illustrate this by applying it to a few curves. 
294. Application to Curves. — We shall commence with 
the conchoid (see figure 48, page 327). Regarding ^ Pas a 
moving right line, the instantaneous centre is the point of 
intersection of AO drawn perpendicular to APy with BO 
drawn perpendicular to LM; and consequently, OP and OPi 
are the normals at P and Pi, respectively. 

For the same reason, the normal to the Lima9on (see 
figure 47, page 326) at any point P is got by drawing OQ 
perpendicular to OP, to meet the circle in Q, and joining PQ. 

More generally, if a moving curve always touches a fixed 
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<}iirve -4, while one point on the moving curve moves along a 
second fixed curve B^ the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points ; and the line joining this centre to any describing 
point is normal to the path which it describes. 

Examples. 

1. If the radius vector, OP, drawn from the origin to any point P on a curve 
"be produced to Pi, until PP\ be a constant length ; prove that the normal at P\ 
to the locus of Pi, the normal at Pto the original curve, and the perpendicular 
at the origin to the line OP all pass through the same point. 

2. If a constar.t length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 

3. An angle of constant magnitude moves in such a manner that its sides 
-constantly touch a given plane curve ; prove that the normal to the curve de- 
scribed by its vertex, P, is got by joining P to the centre of the circle passing 
through P and the points in which the sides of the moveable angle touch the 
^iven curve. 

4. If on the tangent at each point on a curve a constant length measured 
from the point of contact be t;iken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

5. In general, if through each point of a curve a line of given length be 
-drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 

295. Hotion of any Plane Figure reduced to Boulettes. — 
Again, the most general motion of any figure in its plane may 
be regarded as consisting of a number of infinitely small 
Totations about the different instantaneous centres taken in 
succession. 

Let 0, (7, 0", 0'", &c., represent the successive centres of 
rotation, and consider the instant when / .'T 

i:he figure turns through the angle OxOCf q /''' ^ 

round the point 0. This rotation will A-''' '^a 

bring a certain point Oi of the figure to %^y^\ 

coincide with the next centre Of, The next ""^^^^^T^^ "^^ 

rotation takes place around Cf ; and suppose O^--^,. t 
the point 0% brought to coincide with the c)\.^ 

•centre of rotation 0". In like manner, by oH^' 'T' - 

«. third rotation the point O3 is brought to l\ 

coincide with 0"', and so on. By this * '> « 

means the motion of the moveable figure Fig. e^. 
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is equivalent to the rolling of the polygon OOiO-zOs . . • 
invariably connected with the figure, on the polygon 
OOO'Cf'^ . . . fixed in the plane. In the limit, the polygons 
change into curves,* of which one rolls, without sliding, on the 
other ; and hence we conclude that the genial movement of' 
any plane figure in its oicn plane is equivalent to the rolling of one 
curve on another fixed cm^e. 

For example, suppose two points A and B of the moving 
figure to slide along two fixed right Unes ^ 

CX and CY\ then the instantaneous 
centre is the point of intersection of 
AO and jBO, drawn perpendicular to 
the fixed lines. Moreover, as AB is a 
constant length, and the angle ACB 
is fixed, the length CO is constant; 
consequently the locus of the instan- 
taneous centre is the circle described 
with C as centre, and CO as radius. ^^* * 

Again, if we describe a circle round CBOAy this circle is in- 
variably connected with the line AB^ and moves with it. 
Hence the motion of any figure invariably connected with 
AB is equivalent to the rolling of a circle inside another of 
double its radius (see Art. 286). 

296. Properties of the Circle of Inflexions. — ^It should be 
especially observed that the results established in Art. 290, 
relative to the circle of inflexions, hold in all cases of the 
motion of a figure in its plane, and hence we infer that the 
distances of any moving point from the centre of curvature of its 
path, from the instantaneous centre of rotation, and from the circle 
of inflexions, are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
slide on a fixed curve, the distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre ofinstan-- 
taneous rotation, and from the circle of inflexions, are in conti- 
nued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enunciations. 

* These curves are called the " centroids" of the moving figures; for several 
examples of the determination of which see Kennedy's translation of iieuleaux's 
** Kinematics of Machinery," pp. 65, &c. 
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These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications. 

297. Suppose two curves aihi and Cidi^ invariably con- 
nected with a moving plane figure, always to touch two fixed 
curves aj)2 and c^d^^ and it be required to find the centre 
of curvature of the roulette 
described by any point jBi of 
the moving figure. 

The instantaneous circle of 
inflexions is easily constructed 
in the following manner : — Let 
Pi and Pi be the centres of cur- 
vature for the point of contact 
m for the curves aihi and ^262, 
respectively : and let Qi, Q2, be 
the corresponding points for 
the curves ddi and Cjcfj. Take ^^^' ^7* 

Pi^i = p , and QiPi = 7^^ ; then by Art. 290, the points 

Bx and jPi lie on the circle of inflexions. Accordingly, the 
circle which passes through 0, Ex and Pi, is the circle of 
inflexions. 

Hence, if PiO meet this circle in (ti, and we take 

RiRz = -^-rTy t^® point* P2 (by the same theorem) is the 

centre of curvature of the roulette described hy Ri. 

In the same case, by a like construction, the centre of cur- 
vature of the envelope of any carried curve can be foimd. 

The modifications when any of the curves Uibiy ajb^^ &c., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of ,the principles already established for 
such cases. 

298. Theorem of Bobillier.t — If two sides of a moving 

* In the construction of the accompanying figure the point ,82 was inad- 
yertentlj placed between J?i and instead of on RiO produced. The student 
will please to remedy the mistake in the manner indicated. 

t Cours de geometric pour les 6colea d'arts et metiers. See also CoUignon| 
" Traite de Mccanique, Cinematique/' p. 306. 

2 A 

Digitized by LjOOQ IC 



354 



Roulettes, 



triangle always touch tm fixed circleSy the third side also always 
touches a fixed circle. 

Let ABC be the moving triangle ; the side AB touching 
at c a fixed circle whose centre is 7, and AC touching at 
b a circle with centre /3. Then the instantaneous centre is 
the point of intersection of b(i and cy. 

Again, the angle (iOy, being the supplement of the con- 
stant angle BAC, is given; and consequently the instanta- 
neous centre always lies on a fixed circle. 

Also, if Oabe drawn perpen- 
dicular to the third side BC^ a 
is the point in which the side 
touches its envelope (Art. 291). 
Produce aO to meet the circle 
in a ; and since the angle aO^ 
is equal to the angle ACB, it 
is constant; and consequently 
the point a is a fixed point on the 
circle. Again, by (4) Art. 292, 
the circle (iOy passes through 
the centre of curvature of the 
envelope of any carried right 
line; and accordingly a is the 
centre of curvature of the envelope ot BC; but a has already 
been proved to be a fixed point ; consequently BC in all posi- 
tions touches a fixed circle* whose centre is a. (Compare 
Art. 286). 

This result can be readily extended to the case where the 
sides AB and AC slide on any curves, for we can, for an in- 
finitely small motion, substitute for the curves the osculating 
circles at the points b and c, and the construction for the point 
a wiU give the centre of curvature of the envelope of the 
third side J?a 

We next proceed to consider the conchoid of Nicomedes. 

299. Centre of Curvature of Conclioid. — Let A be the 
pole, and LM the directrix of a conchoid. Construct the 

* This theorem admits of a simple proof by elementary geometry. The in- 
vestigation above has however the advantage of connecting it with the general 
theory given in the preceding Articles, as well as of leading to the more general 
theorem of l^e concluding paragraph. 




Fig. 68. 
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instantaneous centre 0, as before : and produce AO until 
OA, = AO. 

It is easily seen that the circle circumscribing AiORiiA 
the instantaneous circle of inflexions : for the instantaneous 
oentre always lies on this circle, also jBi lies on the circle 
by Art. 290, since it moves along a right line ; again, A lies 
on the lower circle of inflexions of same Article, and conse- 
quently Ai lies on the circle of inflexions. 

Hence, to find the centre of curvature of the conchoid 
described by the moving point Pi, produce P^O to meet the 
oircle of inflexions in i^i, and take 

PiP2-^; then, by {22), P, is 

the centre of curvature belonging to 
the point Pi in the conchoid. 

In the same case, the centre of 
<5urvature of the curve described by 
any other point Qi, which is inva- 
riably connected with the moving 
line, can be found. For, if we 
produce QiO to meet the circle of 
inflexions in -Ei, and take Q1Q2 

= 7^ ; then, by the same theorem, 

Qi is the centre of curvature re- 
quired. 

A similar construction holds in all other cases. 

300. Spherical Roulettes. — The method of reasoning 
adopted respecting the motion of a plane figure in its plane is 
applicable identically to the motion of a curve on the surface 
of a sphere, and leads to the following results, amongst others. 

(i). A spherical curve can be brought from any one 
position on a sphere to any other by means of a single 
rotation around a diameter of the sphere. 

(2). The elementary motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

2 A 2 




Fig. 69. 
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(3). The great circles drawn, for any position, from the- 
pole to each of the points of the moving curve are normals to 
the curves described by those points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). The continuous movement of a figure on a sphere 
may be reduced to the rolling of a curve fixed relatively to 
the moving figure on another curve fixed on the sphere. 
By aid of these principles the properties of spherical roulettes* 
can be discussed. 

301. Motion of a Bigid Body about a Fixed Point. — ^We 
shall next consider the motion of any rigid body around a 
fixed point. Suppose a sphere described having its centre at 
the fixed point ; its surface will intersect the rigid body in 
a spherical curve -4, which will be carried with the body 
during its motion. The elementary motion of this curve, by 
the preceding Article, is an infinitely anall rotation around 
a diameter of the sphere ; and hence the motion of the solid 
consists in a rotation around an* instantaneous axis passing 
through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(see preceding Article) is reducible to the rolling of a curve 
i, connected with the figure -4, on a curve A, traced on the 
sphere. But the rolling of i on A is equivalent to the 
rolling of the cone with vertex standing on L, on the cone 
with the same vertex standing on A. Hence the most 
general motion of a rigid body having a fixed point is 
equivalent to the rolling of a conical surface, having the 
fixed point for its summit, and appertaining to the solid, on 
a cone fixed in space, and having the same vertex. 

These results are of fundamental importance in the 
general theory of rotation. 



, * On the curvature of Spherical Epicycloids, see Besal; "Journal d& 
I'Ecole Polytechnique," xxxyii. Cahier, pp. 235, &c. 
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Examples. 

1 . la any roulette prove that the points in which it meets the fixed curve 
are cusps on the roulette. 

2. If the radius of the rolling circle be half that of the fixed circle, show 
geometrically that the hypocyoloid becomes a diameter of the fixed circle. 
Prove also that any hypotrochoid becomes an ellipse at the same time. 

3. If the radius of the generating circle be one-fourth that of the fixed, 
prove immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two rectangular lines. 

4. Prove that the evolute of a cardioid is another cardioid in which the 
radius of the generating circle is one-third of that for the original circle. 

5. Prove that the entire length of the cardioid is eight times the diameter of 
its generating circle^ 

6. If a circle roll upon a right line, prove that the locus of any point in the 
plane of the rolling circle is determined by the equations 

j: = ad - rf sin d, y = a - d cos e^ 

where d is the distance of tlie generating point from the centre of the circle, and 
a the radius. 

This curve is called a trochoid. 

7. Show that the points of inflexion in the trochoid are given by the 

d 
equation cos d + — = o; hence find when they are real and when imaginary. 

8. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve ; show that the problem of finding the envelope of 
the other leg of the right angle may be reduced to the investigation of a locus. 

9. Show that the equation of the pedal of an epicycloid with respect to any 
origin is of the form 

a$ 

r = {« + 2b) cos - c t'os ($ -f- a). 

a + 20 

10. In figure 54, Art. 2S1, show that the points Cy F' and Q are in directum. 

11. Prove that the locus of the vertex of an angle of given magnitude, 
whose sides touch two given circles, is composed of two lima9ons. 

12. The vertex of a right angle moves along a right line, and one of its legs 
passes through a fixed point : show geometrically that the other leg envelopes a 
parabola, having the fixed point for focus. 



Digitized by LjOOQ IC 



35^ Roulettes, 

13. Find the equation to the tangent to the hypocycloid when the radius of 
the fixed circle is three times that of the rolling. 

Ans. a; cos « -I- y sin « = * sin 3«. 

This is called the three-cusped hypocyclodd. 

14. Apply the method of envelopes to deduce the equation of .the three- 
cusped hypocycloid. 

Suhstituting for sin 3» its value, and making t = cot », the equation of the 
tangent hecomes 

«^ + (y - 3*) ^^ + a;< + * + y = o, 

in which t is an arhitrary parameter. If t he eliminated between this and its 
derived equation taken with respect to t^ we shall get for the equation of the 
hypocycloid, 

(a;2 + y^f + i8*« {x^ 4 y') + 24*a;«y - %by^ = 27**. 

15. Prove the following properties of the three-cusped hypocycloid : — 

( I ). The locus of the intersection of tangents which cut at right angles is the 
inscribed circle of the curve. (2). The distance between the points in which 
a tangent to one branch of the curve cuts the two other branches is constant. 
(3). The envelope of the line joining the feet of the three perpendiculars on the 
sides of a triangle from any point on the circumscribing circle is a three-cusped 
hypocycloid (SteiAer). 

16. If a parabola roll on a right line, prove that the envelope of its directrix 
is a catenary. 

17. The legs of a given angle slide on two given circles: show that the 
locus of any carried point is a limaqon. 

18. One angle of a given triangle moves along a fixed curve, while the 
opposite side passes through a fixed point ; find, for any position, the centre of 
curvature of the envelope of either of the other sides, and also that of the curve 
described by any carried point. 

19. If a right line move in any manner in a plane, prove that the locus of 
the centres of curvature of the paths of the different points on the line, at any 
instant is a conic. — (Resal, ** Journal de I'Ecole Polytechnique," xxxv. Cahier, 
p. 112). 

20. "When a conic rolls on any curve, the locus of the centres of curvature 
of the elements described simultaneously by all the points on the conic is a tiew 
conic, touching the other at the instantaneous centre of rotation. — (Mannheim, 
MSme Journal, xxxvii., p. 179). 

21. An ellipse roUs on a right line line : prove that p, the radius curvature of 

the path described by either focus, is given by the equation - = ; where 

r is the distance of the focus from the point of contact, and a is the semi-axis 
major. — (Mannheim.) 

22. The extremities of a right line move along two fixed right lines : give 
a geometrical construction for the c6ntre of curvature of the envelope in any 
position. 
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CHAPTEE XX. 

ELIMINATION OF CONSTANTS AND FUNCTIONS. 

302. Elimination of Constants. — The process of differen- 
tiation is often appKed for the elimination of constants and 
functions from an equation, so as to form differential equations 
independent of the particular constants and functions em- 
ployed. 

We commence with the simple example y^ = ax-\- b. By 

differentiation we get 21/-^ = a, a, result independent of b. 
A second differentiation gives 



tJ +2^:772 = 0; 



a differential equation containing neither a nor b, and which 
accordingly is satisfied by each of the individual equations 
which result from giving all possible values to a and b in 
the proposed. 

In general, let the proposed equation be of the form 
/(^> t/y «) = o. By differentiation with respect to a?, we get 

dx dy dx 

The elimination of a between this and the equation /(a?, y, a) = o 

leads to a differential equation involving a?, y, and — , which 

holds for all the equations got by varying a in the proposed. 

Again, if the given equation in x and y contain two 

constants, a and b ; by two differentiations with respect to x^ 

we obtain two differential equations, between which and the 
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original, when the constants a and b are eliminated, we get a 

differential equation containing a?, y, -j- and -7^. 

In general, for an equation containing n constants, the 

resulting differential equation contains Xy y, -^, -7^ . . . -7^ ; 

arising from the elimination of the n constants between the 
given equation and the n equations derived from it by 
successive differentiation. 



Examples. 

1. Eliminate a from the equation 

y«-2«y + ic2 = a2. Ans. (x^-2y^)l^-\ -^y-j--!^ = o. 

2. Eliminate a and iS from the equation 

3. Eliminate the constants a and iS from the equation 

dry 
y - a cosfia; + i8 smwa?. Am, — ^ + f^y = o. 

4. Eliminate a and b from the equation 

(S) ^ 

This agrees with the formula for the radius of curvature in Art. 226. 

5. Eliminate a and fi from the equation 



6. Eliminate the constants oo, «i, • . . «» from the equation 

y = ^ (ar) + ooic" + a,«»-i + . . . a„. uifi«. ^^ = 4)("^i) (»). 

7. Eliminate the constants a and )8 from the equation 

y = o^«+ i8^. Ans. ^ - (a+ i)^ + aiy = o. 

8. Eliminate and i from the equation 

iJf^u du 
xy = ff^-f ^r*. ^w*. X-- + 2-^- a-y = o. 
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303. Elimination of Transcendental Functions. — The pro- 
cess of differentiation can be also employed for the purpose of 
"eliminating transcendental functions from equations of given 
form ; for example, the logarithmic function can be eliminated 
by differentiation from the equation y = log (a?), which gives 

dy ^'(a?) -rrr t i p i • 

-— = ■ , : . We have met several instances of this process 

«ilready ; thus, for example, in Art. 86, we found that the 
elimination of the symbolic functions, sin and sin'S from the 
equation y = sin [m sin "'a:) leads to the differential equation 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject comes under 
the Integral Calculus in connexion with the solution of diffe^ 
rential equations. 



Examples. 



y = tan"^a?. Ans, 



dx I + X* 

3. Eliminate the -exponential and logarithmic functions from the equation 

y = log {e* + e-'). Am, ^ + (~\ = i. 

4. Eliminate the circular and the exponential functions from 

p = e* aiax. 

Here -r- = «• sin « + c* cos a; = y + ** cos a?. 

dx ^ 

dry dy . dy 

,', -7-- = -r- + e« cos « — ^ sm a: = 2 - — 2y. 
dx^ dx dx 

e* + «-* dy 

5. y = ~ ■. Ans, -f^i-yK 

e' - e* dx 
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In the preceding examples we considered only the case 
of a single independent variable; the diiferential equations- 
arrived at in such cases are called ordinaty differential equa- 
tions. 

When our equations are of such a nature as to admit of 
two or more independent variables, the equations derived from 
them by differentiation are called partial diSeTential equations. 
We proceed to consider some cases of elimination which in- 
troduce diiferential equations of this class. 

304. Elimination of Arbitrary Functions. — The equations 
hitherto considered contained only two variables; we now 
proceed to the more general case of an equation involvings 
three variables, two of which accordingly can be regarded as. 
independent. We shall denote the independent variables by 
the letters x and y, and the dependent variable by z. It will 
also be found convenient to adopt the usual notation, and to 
represent the partial differential coefficients 

dz dz d^z d^z d^z 

dx^ dy^ dx^^ dxdy rf^*' 

by the letters p, q, r, s and t, respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact we have already met with examples. 

of this process ; for instance, if s = x*^<l> i-\ we have seen in. 

Art. 102 that in all cases we have 

dz dz 
dx ^ dy 

whatever be the form of the function ; this function accord- 
ingly may be regarded as completely arbitrary in its form^ 
and the preceding differential equation holds, whatever form 
is assigned to it. This can also be shown immediately by 
differentiation. Conversely, it can be established without dif- 
ficulty that ^'^^ [-] ^ the most general form of z which satis- 
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fies the preceding partial differential equation. This process^ 
however, as in the case of ordinary differential equations^ 
comes under the province of the Integral Calculus, and is 
mentioned here merely for the purpose of showing the con- 
nexion hetween the integration of differential equations and 
the formation of such equations by the method of elimina- 
tion. 

As another simple example, let it be proposed to eliminate? 
the arbitrary function from the equation z =f[x^ + y^)* 

Here ^ = — = 2xf\x^ + y^), 



hence we get 



yiK- ocq = o\ 



an equation which holds for all values of Zy whatever the f omx 
of the function (/) may be. 

305. More generally, let s = (v), where t? is a known 
f imction of x and y, 

Tx dz ., ,dv dz , , ,dv 

dz dv ' dz dr 
* ' dx dy dy dx 

This furnishes the condition that z should be a function of 
the quantity represented by v. Also, denoting z by F", and 
supposing V and v to be two given explicit functions of x and 
y, the condition that V shall he a /miction of v is that the^ 
equation 

dx dy. dy dx ^ 
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shall hold for all values of x and y, i. e., shall be identically 
satisfied. Tor instance, if 



^ v^i - x^ - v^i - y^ , / 7 y - 

V = —y and «? = a? a/ i - y^ -^y v i - i^ , 

X -y ^ *f V 

dVdv dVdv .^ ^. ,- 

we ffet "T- 1 3 — r = o, identically ; 

° dx dij dy dx ^ 

hence F is a function of v in this case. 

This can also be independently verified ; for, if a? = sin 0, 
and y = sin 0, we get 

T- cos - cos , + 6 

V = -: — TT r— ^ = - tan : 

sm t^ - sin 2 

«? = sin cos + cos sin = sin (0 + 0) ; 

which establishes the result required. 

We have here assumed that whenever equation (i) is satis- 
fied identically, V is expressible as a function of v ; this can 
be easily established as follows. 

Since V and v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them, we 
can represent F as a function of v and x. 

Accordingly let 



V=/{x,v); 



then 



dV df df dv 


dV 


df dv 


dx dx ' dv dx' 


dy 


dv dy 



dV dv^dV dv^^ dv 
dx dy dy dx dx dy' 



Hence, since the left-hand side is zero by hypothesis, we must 
have -^ = o ; or the function /(^, v) or V reduces to a func- 
tion of V simply ; which establishes the proposition. 
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306. More generally, let it be proposed ^0 eliminate the 
arbitrary function from the equation 

where V and v are given functions of three variables, x, y 
and z. 

Regarding x and y as independent variables, we get by 
differentiation* 



dV dV , , , fdv dv\ - 



dy 
eliminating 0' [v) we obtain 



dV dV , , , fdv dv\ 



dVdv^^dJ^dv^ 
dx dy dy dx 



^ (dV_ d^^dv dV\ 
"^ - \dz dy dz dy J 



fdV dv dv dV\ 



a result independent of the arbitrary function 0. 

This equation can also be established as follows : — 
Differentiating the equation F = <p[v) considering x^ y^ 

as all variables, we get 



dV^ 
dx 



^ dV . dV. .^(Jdv, dv ^ dv \ 
^'''■'d^'^^-'Tz'^' = 't>{^)[^dx-,-dy^-dzJ. 

since the form of (v) is perfectly arbitrary, this equa- 
nust hold, whatever be the form of the fimction ^\v). 



Then 

tion must 

and hence we must have 



. dV ^ dV ^ dV ^ 
-z- dx + -z- dy + —r dz = o. 
dx dy "^ dz 

dv , dv ^ dv ^ * 

-r dx + -r- dy + -r ^^ = o. 
dx dy dz 
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Moreover, we have, introducing the condition that 2: 
depends on a and y, 

dz = pdx + qdy ; 

•consequently, eliminating dx^ dy^ dz between this and the 
•equations in (3), we get 

dV dV dV 
dx* dy^ dz 

dv dv dv =0; (4) 

fife' dy^ dz 

which agrees with the result in (2). 



Examples. 

Eliminate the arbitrary functioiis in the following cases : — 



a. y — bz = <p(x — az). 

II /i i\ 

4- - - - = "^ ( - - - 1 • 

_ y > (y) + ^ 

«. »' + y'* + a' = 4> (aa; + iy -I- w). 



- dz dz 
Am, b~ — a—- = o. 
ax ay 



dz , dz 
a— + b-- = I. 
ax dy 

dx dy 

dz 

(«^«+y^)^ = y' + ^'. 



(fjs dz /—- 

<fz dz 

y— + a?— = ««. 
aa? ay 



<f2 <fz 

uiwa. {bz - ^y) ^ + (<» - «2) 3- = «y — Jap. 
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307. Next, let it be proposed to eliminate the arbitrary 
fiinctioii from the equation 

F[x,y,Zyi,{u)} = o, 

where w is a given explicit fimction of ^,.y and z. 

Regarding x and 7/ as the independent variables, we may 
differentiate the equation with respect to a, and also with 
respect to y ; then, since s is a function of x and y, we have 

d . (u) 
dx 

V d.(^{u) 
dy 

hence we obtain two partial differential equations involving 
"^> y> -2:, jt?, qy {u) and 0'(?/). Accordingly, if (u) and 0'(w) 
be eliminated between these and the original equation, we 
shall have a resulting equation containing only x^ y, z^ p 
and q. 

308. If the given equation contain more than one arbi- 
trary function, we have to proceed to partial differentiations 
of a higher degree in order to eliminate the f imctions ; thus, 
in the case of two arbitrary functions, <p{ti) and \p{v), the 
:first differentiations with respect to x and y introduce the 
functions 0'(w) and \p\v). It is plainly impossible, in general, 
to eliminate the four arbitrary functions between three equa- 
tions ; we accordingly must proceed to form the three partial 
differentials of the second order, introducing two new arbi- 
trary functions <l>^'{u) and \l/^{;v). Here, again, it is in general 
impossible to eliminate the six functions between six equa- 
tions, so that it is necessary to proceed to differentials of the 
third order ; in doing so we obtain four new equations, con- 
taining two additional functions, ^"'(w) and ^p''\v). After the 
elimination of the eight arbitrary functions there would 
remain, in general, two resulting partial differential equations 
of the third order. 

309. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary fimctions are functions of the 
same quantity, u. 



Digitized by LjOOQ IC 



368 Elimination of Constants and Functions, 

Thus, suppose the given equation of the form 

i^Ky,^, 0W,^W) = o, (5) 

where w is a known function of ar, y, tod s. 
By differentiation we get 



dF 
dx 



dF 
dy 



dF dFfdu du\ _ 

dz du\dx dz) ' 

dF dFfdu diiA _ 

dz du\dy dz) 



dF 
Eliminating -7- between these equations, we obtain 

dFdu dFdu fdPdu _ dF du\ 
dx dy dy dx \ dz dy dy dz) 

(dFdu dFdu\ ,^. 

'■^[-^-dz-^dx)^''' (^^ 

This equation contains only the original functions <l>(u)y. 
ip{u), along with x, y, Zyp and q. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions 0(w) and \p{u), along 
with X, y, z, p, q, r, s, t. 

The elimination of the imknown functions 0(w) and xp{u)y 
between this last equation and equations (5) and (6), leads to 
the required partial differential equation of the second order. 
The result in (6) admits also of being arrived at by tbe 
method adopted in the second proof of Art. 306 ; for^ 
regarding x, y, z, as all variables, we get from (5), on differ- 
entiation 

dF, dF^ dF ^ dFfdu ^ du ^ du ,\ 



But 



dF dF „ , dF ,,, , 
du df{uy^ ^ d\fj{uy ^ ^' 

Digitized by VjOOQ IC 



Uxceptional Case. 



369 



and aooordingly, since (7) must hold for all values of ^\u) 
and ^'(w), we evidently must have 



and 



dF^ dF , dF^ 
-rr-dx + -j-dy +^r'dz = o. 



dx 



dz 



du , du , du , 
-T-dx + -T-dj/ + -T-dz = o, 
dx dp dz 



(8) 



Eliminating between these equations and 
dz = pdx + qdt/j 
we get the following determinant 



dF 


dF 


dF 


dx' 


dy' 


dz 


du 


du 


du 


d£ 


Ty' 


dz 


Py 


i. 


- 1 



= o: 



(9) 



which plainly is identical with (6). 

This result admits also of the following statement : sub- 
stitute c instead of w in the proposed equation ; then regarding 
c as constant, differentiate the resulting equation, as also the 
equation u = c (on the same hypothesis) : on combining the 
resulting equations with ^ 

dz = pdx + qdy^ 

we get another equation connecting 6{c) and yff(c)^ and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions ^(c) and \ff{c) between 
the original equation and the two others thus arrived afc. 

These methods will be illustrated in the following 
examples. 

2B 
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Examples. 

Here J> = 4> («) + {'4>' W + yf W }P^ 

Hence - = rrl = /W» siippoBe. 

q ^{z) 

Applying tlie principle of Art. 305, we have 

or q'^r — ipqs + pH = o, 

Othei»wise thus: let 2 = <?, and we get <&^=o, and ^ (c) <fc + 4' (<?) <fy = o; 
also pchp + qdy = o. 

. P ^ iW ^ 

Differentiating again, we have 

qdp-pdq = o, 
or q {rdx + »dy\ —p{td» + ^y) = o, 

which, combined with pdx + qdy — o, 

leads to tiie same result as before. 

Here i? = 4>(ar + iy) + a {4r4)'(«« + hy) + y<f/(aa; + iy) }, 

,\ bp-aq = b<l>{ax + by) - a^(ax + by) ; 
hence br — as ^ a {h<p\ax + iy) - a^*{ax + *y)}, 

J» - a< ss * {^^'C^ + h) - ^'(ax + *y)}, 
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Otherwise thus: let a» + by = <?, then adx + bdy = o ; also dz = ^(c)dx 
~f ^{c)^i uid ^ = P<i^ + ^dy ; hence 

hp-aq ^ b^(e) - oif^CO* 

Differentiating again, we get 

bdp — oii^ = o, or b{rdx + sdy) — a {adx + tdy) = o. 

Combining this with the equation adx + bdy = o, we get 

b'^r - labs + aH = o, 
as before. 



310. It can be readily seen that the preceding method is 
capable of extension to the elimination of any number n of 
arbitrary functions from an equation, provided that they are 
all functions of the same quantity u. 

For the equation (6) plainly holds in this case, and pro- 
•ceeding as in the last Article, we obtain a series of equations 
(the last being of the n*^ order of differentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the w** order, which ia 
independent of the arbitrary f imctions in question. 



2 B 2 
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372 Elimination of Constants and Functions. 

Examples. 

1. Giren y = #•« (C+ C'x), prore that 

2. EHminate the constants from the equation 

y = Ci«** cos 3* + Ci^* sin 3a?. -^'''•S"^^"*''^^ "^^^ 

3. Eliminate (7 and (T from the equations 

cos IIMf ^ XV, • 

(a), y = -i + (7cosfM?+ C'sinfia?, 

(^). * y e jT sin iij; + (7 cos 9m; + C" sin fur. 

(Py tPv 

Jnt. (a). — ^ + «V = cos mdP. (i). ^ + «*y » 211 cos f»* 

4. Eliminate the arbitrary functions from the equation 

% =5 —f- + ^(y + a») + ^(y- ax)» Ant, r~a*t = ay. 

o 

5. Eliminate the circular functions from the equation 

X tPff dy 

ff^AooB (a sin-i - + a). Ans, (tf» - a?*) -^ - a? ~ + a«y = ©► 

e ax* ax 

6. Eliminate A and a from 

tjfey df/ 

y = Acoa {nx + a). Ant, -~ - « cot na? -f + n^y Bin* im? = o. 

04^ wis 



7. Iff scosdur ^ Pj + sin«a: 4^ {-)» prove that 

rtfl + 2«ajy + ty* + aM« = o. 
S. If Hi, #3, 0s be the roots of the equation 
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prore tliat the result of eliminatiiig the exponentials from the equation 

d^u d^ dy 

9. Find the result of the elimination of the arbitrary functions from 

r = ^ (a? + ay) + 4^ (* — «y)» -^'»*» «V - < = o. 

10. If « =/ f - J + ^ («y), prore that 

jcV - yH -^xp-yq^o. 

11. Iftfn' + iry = <»« + &-*, prove that 

[S*(i)'-l][(2r-]"'i(3)' 

Am. x^r + 2afy« + y2< - (#»+»- 1) (^a; + qy) + MfM = o. 

13. Eliminate the arbitrary functions from the equation 

»= ^ {x +/(y)}. An8,p8- qrso. 

14. If the substitution ofAe^ for y satisfies the differential equation with 
constant coefficients 

prore that a must be a root of the equation 

«» +i>i«»'» + . . . +i>i^i« + f« = o. 

15. Eliminate the constants from the equation 

«B» + 2*a?y + cy* + 2<fc + 2^ + / = o. 

^fw. 4or8 - 45^r«* + 93"* - o> 

, dy d'y d^y ^ 

when) !»=-, y = ^, r = ^,&c. 



Digitized by VjOOQ IC 



( 374 ) . 



CHAPTER XXI. 

ON CHANGE OF THE INDEPENDENT VARIABLE. 

311. Case of a Single Independent Variable. — ^We have already 
pointed out the distinction between independent and depen- 
dent variables in the formation of differential coefficients. 

In applications of the Differential Calculus it is sometimes- 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

We commence with the case of one independent variable^ 

and suppose Fto represent any function of a?, y, -^, -^^ &c» 

We proceed to show how the expressions for -—-, -r^j&c.^ 

ax oar 

are transformed, when, instead of Xy any function of ^r is taken 

as the independent variable. 

Let this new function be denoted by ty and suppose that 

— , — , &c., are represented by afy ixf\ &c. Then in all cases. 

we have 

du ^du dx 
dt dx dt 

where u is any function of a?, 

df.id..id,. f . 

di 



dx 
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Case of a Single Independent Variable. 375 

also ^ ^^ (^\^^{L^\ = L^(L^\ 

da? dx \dx) dx \x' dt) af dt \x' dtf 

{by substituting -7 ^instead of « in (i)), 

henoe ^=.^L_Ji. (3) 

dx' (a;)* 



<^ d\ (7p j ^^i\ ^ 



and so on for differentiations of higher degrees. 

If y ;be taken as the independent variable, we obtain the 
corresponding values by making 

^=1, - = o,&e. 



d'x 



Henoe 



dy _ 1 d'y _ dy 
dy W/ 



/d'x\' _ ^ 



ePaJ 



(6) 



^^l\^£]__dyj£. 
da? /fitey 

and so on. 

The preceding results can also be arrived at otherwise as 
follows. As the essential distinction of an independent 
variable is that its differential is regarded as constant, ao- 

cordingly, in differentiating -j- when x is the independent 



Digitized by LjOOQ IC 



376 On Change of the Independent Variable, 

variable we have rf ( -^ J = ■-^. However when ^ is no longer 

regarded as the independent variable, we must consider the 

dt/ 
numerator and the denominator of the fraction ~ as both 

dx 

variables, and by Art. 15 we g^t 

/dy\ ^ dxdry - dyd^x d (dy\ _ dxd^y - dyd^x 
\^) " d^^ ' ^^ di\di) d^ ' 

DLffBientiating again on the same hypothesis, we get 
d fd^y\ _ da^d^y - dxdy d^y - ^dx d^xd^y + 3 (d^x)^dy 

These results are perfectly general whatever function of x 
be taken as the independent variable. Theiridentity with the 
equations previously arrived at is manifest. 



Examples. 
I. Being given that « s a (<) - sin <)), y » a (i - cos <)), find the yalae of 



da^' ' a (i - cos d)»* 

2. Hence deduce the expression for the radius of curyature in a cycloid. 

a + 6 n + 6 

3. If » = (a 4- h) cos d - * cos — J— <), y = (0 + 6} sin <) - & sin — r- •, find 

o o 

the value of v-i. 

« + *^ 

cos 6 - COS ;— d 

•, dy b 

Here / = 

dx . a-\- b^ . ^ 

sin — r— d - sm e 


d^y a ^ lb 

dx^^ 



-tan(^+i)( 



4A (a + fc) sin ^ cos» ("i + ^ ) ^ 



4. Change the independent variable from xio Om the expression —^^ sup- 
posing iP = sin 9. 

Here^«=-^^ - ^ tm ' d f i dy\ ^ i rf»y dB 
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Case of a Single Independent Variable. 

5. Transform the equation 

jfi _Jf JL ax -^ •{' hu ^ o 
dx^ dx ^ 



377 



into another in which 0\& the independent yariahle, heing given a; = ^* 
Here 



dy ^dy dx 
de^didi 



^^' 



de\de) dx\ dx)\ de^ dj^^ dx* 



d^ d^y dy 
*• dx*"^ dS*" d0' 



«nd the transformed equation is 
d^y 



6. Transform the equation 

rfJy dy a* 

dx^ dx x' 

into another where 2 is the independent yariahle, heing given x—-, 

dy dy 

It is evident that in this case we have x -~^-z-i-. and for the same reason 

dx dz 



d I dy\ d i dy\ 

'^ dx*^' dx dz^^ dz' 

and the transformed equation is 

7. Change the independent variahle from a; to z in the equation 



^y I 

«* t;;z + «'y = o, where * « -. 



dz^ % dz 
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378 On Change of the Independent Variable. 

312. Case of Two Independent Variables. — ^We will next 
consider the process of transformation for two independent 
variables, and commence with the transformations iatroduced 
by changing from rectangular to polar co-ordinates, and viee 
versd. In this case we have 

a? = r cos 0, y = r sin ; (7) 

and therefore r^ = a^ + y% tan0 = -. (8) 

Accordingly, any function V oi x and y may be regarded 
as a function of r and Q, and by Art. 98, we have 

dV_dVdx dVdy- 
dd ~ dx dO'^ dy dd 

(9) 



= sme, J=»; (10) 







dV dVdx 
dr dx dr 


dVdy 
dy dr 


But, from 


(7), 








dx ' 
— = cos Q, 
dr 


■ d9' 


■--r 6X0.6 


, dy 
'-y^ dr' 


hence we < 


obtain 












dV 

de°' 


dV 
dy 


dV 

■ydx' 






dV dV dV 
r-T- =x--r- + y 3—. 
dr dx dy 



(") 
(12) 

These transformations are of importance in the Planetary 
Theory. 

Again, we have 

dr^dVdr^ dV^dQ-^ 
dx dr dx dO dx \ 

dJT^drdr^dVdd | ^'^^ 

dy dr dy dti dy J 
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But, from (8) we have 




dr X /I ^^ • /I 
-^ = _ = COS 0, -r- = Bin 0, 
dx r ^ dy ' 




flto a:' r dy 


COS0 


dV ^dV sinedV 
dx dr r dO 




dV . ^<3?F GOsBdV 

, = Bin t^ , + ,^ . 

ay dr r du 
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(14) 

(15) 
(16) 

(17) 

The two latter equationB can also be derived by solving for 

— and— from the equations (i i) and (12). 

d'V d^V 
313. To find —rz and —— in the same Transformation. — 

dor d}f 

Since formula ( 1 6) holds, whatever be the form of the function 
Vy we have 

d , . ix d . . sin 61 rf , . 

^(*)=cos0^(^)-— ^(^), 

where ^ stkncU for any funotion of x and y. On substitating 

dV 

-j- instead of ^, this equation becomes 



dx\dx ) dr\_ dr r dB'\ 

sine rf r ^dV sinflrfri 

tadT ooademe d'V cos sin O c^F 
~^ 'di^, r drdO'^ r' d9 

sinflr „ «PF . adT\ 

- — r'^M9-''^^d?\ 

sinflr cosg rfF BxaB cPVl 
■^ r \_ r dO'^ r rfO'J' 
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^8o Transformation from Rectangular to Polar Co-ordinates. 

rin'fl dV Bin'Of^'F' 
In like maimer we get 






«PF 
df 

coa'flrfF cos'6>(^»F 



+ 



This result oan be also readily deduced from the pre- 
oeding by substituting in it — for B. 

* 

If these equations be added, we have 

da^ "^ df dr" '^ r dr '^r^ de^' ^ ^ 

314. To find the transformation of 

dT d^r dT 

^ 1- 

da^ dy^ dz^ 
into a function of r, 0, and ^, being given 

a? = r sin ^ cos 0, y = r sin ^ sin 0, 2 = r cos ^. 
Assume p = r sin 0, and we have 

a? = p cos 0, y = p sin ; 

hence,by(i8), — .-— = — ^-_+--^. 
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On Change of the Independent Variable. 381 

Again, from the equations 

p = rsin0, -2f = rcoB0, 

we have in like manner 

dT dT d'V idV I d'V 
dp^ dz^ dr^ r dr r^ d<p^ ' 

Accordingly 

dT dT d^_^ idV 2.^ i^ I d^V 
l^"" df"" dz^ "* d}""^ pdp'^ p^ dS" '^ r dr ^ r^ df^ 

But by (17) we have 

dV . dV 008 6 dV 
dp ^ dr r d<p 

I rfF I ^ cot^ JF 
' * p dp r dr r^ d^' 

Hence we get finally 

dT dT cPF ^ ^ I dT 

&?» ■*" df "*" dz' dr" "^r^sin*^ dO^ 



I dT 2dr cot » dr , . 
^ r" df '^ r dr ^ r" d<^' ^^^^ 



315. Bemarks on Partial IMfferentials. — ^As already stated 

in Art. 113, the student must be careful to attach their proper 

meanings to the paitial differential coefficients in each case. 

dx 
Thus, in finding — in (10), we regard ^ as a function of r 

and 0, and differentiate on the supposition that i% constant; 

dr 
in like manner the value of — in (14) is foimd on the^ 

supposition that y is constant. 
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The beginner, accordingly, muflt not fall into the con- 
fusion of supposing that in this case we have — x — = i . 

This caution is necessary, as even advanced students, from 

not paying proper attention to the meanings of partial 

derived functions are apt to faU into the drror referred to. 

316. Oeometrical IlluBtration. — The following geometrical 

dr dx 

method of determining the proper values of — and — under 

the preceding hypotheses may assist the beginner towards 
forming cort-ect ideas on this important subject. 

Let P be the point whose co-ordinates are x and y ; then 
OM = Xy PM = y, OP ^ r, 
POX = 0. Now, in finding 

-J-, regarding d as constant, 
ur 

we take on the radius vector 
OP produced a portion PQ 
= Ar, and draw QN perpen- 
dicular to OX ; then Aic, the 
corresponding increment in x^ 
is represented lajMN or PL\ 




M N 



Fig. 70. 



Aa? PL ^ dx ^ 

•*- T~ = "TTTi = cos 0, or -7- = cos d. 
Ar PQ dr 

dr 
Again, to find -=- on the supposition that y is constant : 

let MN be Ax, the increment in x, and draw the parallelo- 
gram PLMNy and join OZ, meeting in / a circle described 
with radius r and centre ; then LI represents the cor- 
Tesponding increment in r, and we have 

-7- = limit of -7— = limit of -^=r= = cos 0, 
dx Ax PL 

«o that in this case the values of -7- and — are equal 



dx 



dr 



-each to cos or -, as before. 
r 
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The values of ^, — , &c., can also be readily repre- 
sented geometrically in a similar manner. 

317. Iiinear Transformations. — ^If we are given 

4v = aX+bY+cZ, y = a'X^VYUZ, z = d'X+b''Y+c'% (20) 

then any function F, of a?, y, and 2, is transformed into a 
function of X, !F, Z, and, as in Ex. 2, Art. 98, we have 

^ = a^+a' — +a'' — 
dX dx dy dz^ 

dY dx dy dz ^ 

dV^^ dV^ ,dV_ „dr_ 
dZ dx dy dz ' 



Again on proceeding to second differentiation, we get 

<Pr ^ d_( dV 
dX^ ^dx\dx 

,dV\ 
dzj 



<PV dfdV ,dV ,,dV\ .dfdV ^dV Zf^dV\ 

=^ a—[a-r- -^a -rr- + a —r ] + a-T-[a-j-+a-r-+a'-T- 
dy dz J dy\ dx dy dz J 

^,.d( dV dV ^,,dr^ 
+ a -7-1 a— — h a — ; — 1- a 



dz\ da- dy 

* h 2aa h 2aa + 2a a 

dx'^ dxdy dxdz dydz 






Similarly we have 



^ = J.^^ ya^^ y.*r^ ,jy^ 
dY^ da? dy' dz" dxdy 

+ 2bb"^+2b'b"^', 

dxdz dydz 
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dxdz dydz 

318. Case of Orthogonal Transformations. — ^If the trans- 
formation be such that 

J?' + y' + ^* = X* + r^ + Z^, 

we have 

a' + fl'» + o"^= I, J' + y*+J"'*= I, c* + c'' + o"^= I. (21) 

aJ + fl'6'+^X=o, ac + (^<f-¥(f(f' = o, 6c + JV+6V'=o. [22) 

Again, multiplying the first of equations (20) by a, the 
second by </, and the third by af\ we get on addition, by aid 
of (21) and {22)^ 

X ^ ax + a'y + ot'%. 

In like manner, if the equations (20) be respectively 
multiplied by 6, h\ V\ we get 

r= bx + Vy + rzi 
similarly 

Z = ex •¥ (fy -{■ c"z. 

If these equations be squared and added, we obtain 

a»+J« + c'=i, fl'* + 6''4c'»= I, a"»+6"* + o"^= I, (23) 

afl'+S6'+c(^=o, aa"+66"4:Cc"=o, aV'+6T'+cV'= o. (24) 

Hence in this case, if the equations of the last artide be 
added we shall have 

(^ "^ cf^ "^ dz^ dX^ ■*■ dY^ "^ rfZ» • ^^^' 
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Tranafortnafion/or two Independent Variables. 385 

The transformations in this and the preceding Article 
are necessary when the axes of co-ordinates are changed in 
Analytic Geometry of three dimensions ; and equation (25) 
shows that in transforming from one rectangular system to 

another, the function -7-7 + -7— + -7-7 is unaltered. 
' da^ dy^ dz^ 

319. General Case of Transformation for two Independent 

Variables. — Suppose that we are given the equations 

rr = 0(r,e), y = ^(r,0), (26) 

then any function Voix and y maybe regarded as a function 
of r and 0, and we have, from (9), 



dV 
dO 


dV dx dV dy 
~ dx dB^ dy dd' 


dV 
dr 


_dV dx dV dy 
~ dx dr dy dr' 



where the values of -75, ~, 3-, -^ <3an be determined from 
au au d/r ar 

equations (26). 

Whenever these equations can be solved for r and 9, 

separately, we can determine, by direct differentiation, the 

values of — , —, -7-, ^, and hence by substituting in (13) 

we can obtain the values of -j— and -3—. 

dx dy 

When, however, this process is impracticable we can 

dV dV 

obtain their values by solving for -^ and -^ from the 

preceding equations. 
Thus, we obtain 



dV_dy_^ dV dy 
dV _ dB dr dr dO ^ 
dx dxdy dxdy ' 

dedr'drdO 
2 c 



(27) 
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386 On Change of the Independent Variable. 

dV dx dV dx 
dV dO dr dr dO 
dy dxdy dxdy ^ ^ 

drde'dOdr 

d^V dJ^V 
The values of -3-7, — — , &o., can be deduced from these : 
dxr ay^ 

but the general f ormulee are too complicated to be of much 

interest or utility. 

320. We shall conclude with one or two results in 

oonnexion with linear transformations, commencing with 

the case of two variables. We suppose x and y changed 

into aX -\- bY and a'X + J'F, respectively, so that any 

fimction {x^ y) is transformed into a function of X and Y^ 

let the latter be denoted by 0i (X, F), and we have 

Again, let x and y be transformed by the same substi- 
tutions, i, e,, 

x'=aX'+bT, /= (/X'+J'F'; 
and since x^-kx' ^ a{X + kX') + b{Y+kY% 
and y + ky = a\X + kX') -\-b\Y-v kY"), 

it is evident that 

^{x + kx'.y + k^) = 0i(X + AX', Y^-kY"). 

Hence, expanding by the theorem of Art. 127, and 
equating like powers of A;, we get 

&c., &0. (30) 
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Accordingly, if u represent any function of x and y, the 
series of expressions denoted by 

are unaltered by linear transformations. 

These results obviously hold for linear transformations, 
whatever be the number of variables (Salmon's Higher 
Algebra, Art. 125). 

321. When applied to transformation from one system 
of co-ordinate axes to another, the preceding leads to some 
important results, by applying* Boole's method (Salmon's 
Conies, Art. 159). 

For in the case of two dimensions when the origin is 
unaltered we have 

x'' + 2aft/oosio + t/' - ^'* + 2X'F'cosQ + F% (31) 

where to and Q, denote the angle between the original axes 
and that between the transformed axes, respectively. 

Multiply (31) by X, and add to (30) : then denoting 
^ (^j y) by Uy and 01 (X, Y) by U, we get 

Now, suppose A assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square at the same time. The former 
condition gives 



♦ I am indebted to Mr. Burnside for the suggestion that the equations of 
this Article are immediately obtained by Boole's method. 

2 02 
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or A' Bin'w t A -r-i + -r-i - 2 -r— ^ cos &> 



' ** ' ' \dxdy) 



dit^d^' 
Accordingly, we must have at the same time 

A'8m'Q-fA(^^,-.^-2^^^co8QJ 

'^ dX^dY^ \dXdYJ " ^* 
Hence, comparing coefficients, we get 

d'ud'u fd'uV d'Ud^U f dT V 



and 



dt'dt/* \dxdy) dX^dY^ \dXdY J , . 
^^ ^ -r^ ^ (32) 



d'u d'u d'u d^U d^U d'U 

^^^'"^^"^^" dX^^dY^-'dTdY"^'^ f . 
sin^o sin^Q • ^^^' 

Consequently, ii uhe any function of the co-ordinates of 
a point, the expremom 



dHid^u f d^u Y d^u d^u d^u 

da^dy^^ \dxdy) , cU^ dy^ dxdy 



sm' b> sm' la 



are unaltered when the axes of co-ordinates are changed in any 
manner^ the origin remaining the same. 

In the particular case of rectangular axes, it follows that 

dx^ dy'^ do^ dxf" \dxdy) 

preserre the same values when the axes are turned round 
through any angle. 



Digitized by VjOOQ IC 



Orthogonal Transformations. 



3fi9 



322. It is easy to extend the preceding results to three 
or more variables, when the transformations are orthogonal 
(Art. 318). 

Thus, in the ease of three variables we have 

of' + y'' + s'* = X'^ + F'» + Z"*. 

Multiplying by A and adding to the equation which corre- 
spondB to (30), it foUows that the expression 



^{^^^M»H^*'y'^': 



dydz 



+ 2ZX -T-T- + 2afy 



dzdx 



dxdij 



is unaltered by orthogonal transformation. 

Next, suppose that X is such that the quadratic function 
in a<, /, and ^ shall be the product of two linear factors, 
and, by Art. 107, we must have 



d^u . 



dxdy* 
d'u 



d^u 
dxd}f 

d'u . 
d*u 



d^u 



dydz^ 



d*u 
dydz 

d^u , 



= o. 



(34) 



But as the transformed expression must evidently at the 
same time be the product of two linear factors, we miust have 



die' ' dxdy* tbedz 
d'u d'u ^ d'u 



dxdy </y» dyd% 

d*u d'u d'u - 
dxds* dydz'' ~dz' 



d'U d'u 



dXdV dXdZ 



d'U . 

d'u ^_^ . 

dXdV rfZ'"^ ' dYdZ 



d^U 



d'U 



d'U d'U d'U 



dXdZ' dTdZ' dZ' 



+ \ 



(35) 
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Equating the coeffidents of like powers of X, we see that the 
expressions 

d^u d^u d^u 
di^^'lf^ ~dz^' 

<Pu d'u / d'u Y (^u d'u / d'u V d'ud'u f' d'uV 



and 



da' dz' \dxdz) 


d^u 
d?' 


d'u 
dxdy' 


d^u 
dxdz 


d^u 


d'u 


d^u 


dxdy' 


df' 


dydz 


d^u 


d'u 


d^u 



dxdz^ dydz^ dz^ 

are unaffected by orthogonal transformation. 

The first of these results has been already arrived at by 
direct substitution (Art. 318). 
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Examples. 

1. Being given y =/(«) and « = (a;), find 3-^. 

2. If y = JPCO, < =/(«), M = ^ W, find the value of -^. 

3. Change the independent variahle from ^ to z in the equation 

^ T-^ + <»*y = o> where a; = -. 

cPy 2 dy ^ 

d^u dy 

4. Transform (i - a;*) -~ - ic -^ + «*y = o, heing given a: = sin s. 

d^y 

5. If F he a function of r, where r* = ar^ + y', prove that 

d^V d^V _ d^ 2dV_ 
dx^ dy* dr* r dr 

6. If r he a function of r, where r* = ic* + y' + «', prove that 

^^ ^!Z1 ^!fl -. ^!Z^ 2 ^ 
fifcc^ ^y2 ^^2 ■" rfr* r rfr * 

7. If a: = rsin9cos0, y » rsinOsin^, « = rcostf, prove that — = — , 

dx 
where in finding — , B and ^ are regarded as constants ; while in finding 

dr . , _ 

--, y and t are regarded as constants. 

S. If z he a function of two independent variables, x and y, which are 
connected with two other variables, u *nd v, by the equations 

/i(a?, y» «» ») = o» M^y y. «> «-') = o ; 

V& dz dz dz 

show how to express -r- and -r- in terms of -- and — . 

'^ dx dy du dv 
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9. Tnuufonn the equation 



d^ I + »2 die (i + r»)2 

into another in which 9 is the independent variablei supposing x = tan 9. 

^y 
Uns.^ + y = o. 

10. If z be a function of » and y^ and u = pz + qy — ty proye that when 
p and q are taken as independent yariables, we have 

dn _ du ^ d^u _ t d^u _ s d^u _ r 

^"*' di~^' ^""iT^* Ipdq'^'rf^' 'df^HTi^' 
where I?, q^ r, s, i, denote the partial differential coefficients of iB, as in Art. 304. 

1 1 . If the equation 

dx^ <te«-i dx 

be transformed to depend on 9, where x^e , prove that the coefficients in the * 
transformed differential equation are all constants. 

12. In orthogonal transformations, prove that 

dV^ dV^ dV^ dV^ dV^ dV^ 
dx^ ^ dy^'^ d^ " rfZ2 ■*■ d¥^ "*" dZ^' 
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MlSCELLU^EOTJS EXAMPLES. 

I. If a, /3, 7, be the roots of the cubic 

a;' + px^ 4 ^« + r = o, 



«how that 



dp 
da' 


dq 
da' 


dr 
da 


dp 
dp.' 


dq 
d$' 


dr 
dh 


dp 

dy' 


dq 
dy' 


dr 
dy 



-(7-/3)(/3-a)(a-7). 



a. Being given the three simultaneous equations 

4>i (a?i, X2, X3, Xi) = o, ^ («j, X2i a?3, «*) = o, ^3 (ari, xz, x^y r^) = o, 

determine the yalues of 

dxz drz dxi 
dx\ dx\ dx\ 

3. If M be a solution of the differential equation 



prove that 



rf»r a^r d*r 

+ + = o, 

dx* dy^ dz^ ' 



du du du 



dx 



dy dz 



will be also a solution of it. 

d^u d^u 

4. If X and y be not independent, prove that the equation v;-- = -j-j- 

does not hold, in general. 

5. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes lie on a conic : and in general for a curve of the degree n they 
lie on a curve of the degree » — 2. 

6. Prove that every curve of the third degree is capable of being projected 
into a central curve. (Chasles). 

For if the harmonic polar of a point of inflexion be projected to infinity, the 
point of inflexion will be projected into a centre of the projected ciyrve. 

7. Two ellipses having the same foci are described infinitely near one 
another ; how does the interval between them vary P 

(a). How will the interval vary if the ellipses be concentric, similar and 
" xly placed? 
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8. Eliminate the arbitrary functioiis from the equation 2 ■ ^ (») . if^ (y). 

9. Show that in order to eliminate » arbitrary functions from an equation 
containing two independent yariables, it is, in general, requisite to proceed to 
differentials of the order 2» — i. How many resulting equations would be ob- 
tained in this case ? 

10. In the Lemniscate r^ = a!* cos 29, show that the angle between the tan^ 
gent and the radius vector is - + 29. 

1 1. In transforming from rectangular to polar co-ordinates, prove that 

dx'i "*■ dt/i "'■ rf«« '^ r^ (sin^e dr \ ^^^ <fr / "^ sin <> d<l>y^ ^ d<t>) 

d*V) 



Bm^it> de' )* 

12. Prove that the ellipses 

flV + iV = an^, (i) ; a^x^ sec^ + b^y^ cosec*^ = a*e*, (2), 

are so related that the envelope of (2) for different values of 4> is the evolute of 
( ; and the point of contact of (2) with its envelope is the centre of curvature 
at the point of (i) whose ezcentric angle is <p. 

13. Being given the equations 

bx = X/A, «y = -v/(A2Tliir^^nr;^), 
prove that 

14. If I — y - «y« = o, develop y in terms of a by Lagrange's Theorem. 
1$. Being given a? = r cos 9, y = r sin 9, find the transformation of 



l-@)T 



d^ 
dx^ 

into a function of r and 9, where is taken as the independent variable. 

16. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three given points shall be a minimum. 

Let pif p2i p3 denote the three distances, and we have dpi -^ dp2 + dp^ = o ; 
suppose dpi = o, then «?(/>2 + />3) = o, and it is easily seen that pi bisects the 
angle between pa and psf and similarly for the others ; .*. &c. 

17. Eliminate the circular and exponential function from the equation 
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1 8. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve; show that the prohlem of finding the envelope of 
the other leg of the right angle may he reduced to the investigation of a locus. 

19. If two pairs of conjugates, in a system of lines in involution, he given 
by the equations 

« = «a;2 4. 2bxy + ey'^ = 0, «' = aV + ib'xy + c'y* = o, 

show that the douhle lines are given hy the equation 

du duf du du' ~, 

-J- — -— = o. (Salmon s " Conies," Art. 342). 

dx dy dy dx ^ * ^^ ' 

20. Find the condition that three functions 

^i(^. y» «)» ^(«> y» «)» 4>3 {x, y, s), 
should be mutually dependent 





#1 


d4>i d4>i 




dx' 


dy' dz 


Am, 


d<t>, 
dx' 


d<p2 d<l>2 
dy' dz 




d<h 


dif>3 d<h 




dx' 


dy' dz 


21. The equation, 




ry* - 2Bxy + te« 


= px-k-qy- 


may be reduced to the form 


d^z 
dv^ 


= 0, 



by putting x^ucgbv, y = u sin v. 

22. Investigate the nature of the singular point which occurs at the origin 
of co-ordinates in the curve 

x^ - 2ax^y — axy^ + a*y* = o. 

23. Investigate the form of the curve represented by the equation 



24, How would you ascertain whether a proposed expression, V, involving 
r, y, and z, is a function of two linear functions of these same variables ? 

Ant. The given function must be homogeneous; and the equations 



dV 

dx "^ 



dV 

dy " 



dV_ 

dz ' 



must be capable of being satisfied by the same values of x, y, z : i. e., the result 
of the elimination of «, y, and z between these equations must vanish identi- 
cally. 
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25. If y = 4> («»), prove that 

^ = (2««) 0(») (0:2) + «(n - I) (2;r)~-2 ^(-"D (a;*) 



+ ^'^"';^;"-^"^ (ax)»-^ ^(«-« (*2),&c. 



26. If (« + yV- I) = (a + i8 V - I)", prove that 



27. If tan ^ . tan ^ = ^ prove that -7^ + J , . ,^ = o. 

28. Find, by Leibnitz's Theorem, the value of 

(I) V (,-,).; 

and show from the development that 

I + [«]l* + M 2^ + . . . + I = [2«]«» 
where [n]«, represents the coefficient of «« in the development of ( i + x)\ 

29. Prove that — (xu) = fi + a:--|w. 

30. Hence prove that 

I d\l du\ I .d\du du ,d*u 
^°' Vdi) (*^) =- (* + "Si) ^ = ' <S + *' ^' 

/ d \ / du\ .dht 

31. Prove that 

By the preceding example we hare 

f d \ I d \ d id \ .d^u 

v^ - ^) vi^ - 'Ytx- ""-y'Tz '^Y ^2" 

Digitized by LjOOQ IC 



Miscellaneom ExampUs. 



397 



But 









Ans, 



3«* 



32. Prove, in general, that 

Thia can be easily arriyed at from the preceding by the method of mathematical 
induction ; that is, assuming that the theorem holds for any positive integer n» 
prove that it holds for the next higher integer (n + i), &c. 

^ . ■{-;) 

33. Find - + — TT- , in terms of r, when r8= «• coa^ ( 

34. If tt = (»» + y2 + «2)i, prove that 

d^u d^u d^u d*u d*u d^u 

+ — + — + 2 + 2 k 2 = o. 

«te< «?y* <fe* ^ rf^%* ^ <fy2<?«2 ^ rf««<fe« 

.1 * <^« / X I . 2 . 3 . . . fl . COS (n + l) A , cos«+^ A 

d^^g _ / \n J - ^ « 3 * « - ^^ » COS (2n + l) ^ . COS^«*"^ 4> 

d^*h _ I. 2.3...(2n4-i)8in(2n4-2)^.cos«''*«^, 



where 



^ =lan" 



'0 



36. If M be a homogeneous function of the »^ degree in x, y^ z, and mi, tf2, 113, 
denote its differential coefficients with regard to x, y, z, respectively, while 
fHh ^i2y &c*) izL ^6 manner denote its second differential coefficients; prove that 



«11, 


«12, 


«!», 


Ml 










«2l, 


«22, 


«28, 


«2 


«M 


«il, 


«12, 


«1S 


«31, 


«3a, 


«33, 


W8 


»-I 


«2i, 


«», 


«2S 


«!» 


«3, 


W3, 





' 


Wjl, 


«32, 


W83 
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37. If « be a homogeneous functioii of the ft'^ degree in a;, y^ t, ui, show that 
for all yalues of the yaiiables which satisfy the equation u = o, we have 



Mil, «12, «is, tfl 

«21, M22, M2S, U2 

«81, Usiy USit ^Z 

t«l, ««, «3, O 



W^ 



(«-l)2 



Mil, t<12, Ml3, Mii 

1*21, ««, «23, «24 

tl31, «32, «33, tl34 

U4I9 t<42, M43, «M 



38. Show that the equation 

is satisfied if P is any of the quantities 

/a', (i - fi^) cos 2tf, ( I — fi^) sin 20, ik»y \— fj? cos d, fiv i — /*' sinlJ, 

3 

•or any linear function of them. 

39. If j; + A be substituted for x in the quantic 
n(n- O 



ooic" + ftaiaj«-i + • 



rt»r»-» + &o. + «» ; 



«nd if oo', ai', . . . . a/ . . . . Of! denote the coefficients in the new quantic ; prove 
that 



dK 



— ra r_i. 



40. If ^ be any function of the differences of the roots of the quantic in the 
preceding example, proye that 



A. 2a — a — 

da\ da% das 



— ) 

dOn I 



d<t> . 



This result follows immediately, since ^ is zero in this case. 
41. Being giyen 



proye that 



v=sx\/i -y*+y V I -sfl, 

du dv dv du 



dx dy dx 
and explain the meaning of the result. 
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42. Find the minimum yalue of 

sin A %m B Bin C , . ^ ^ 

- — T> . rr + . ^ ■ — 7 + -. — T—. — s, where -4 + i? + C= iSo^ 
emB Bin sua. C an A Bin A sin B 

43. Prove that 

where ^ (a:) is a rational function of *. 

44. Show that the reciprocsil polar to the evolute of the ellipse 

with respect to the circle descrihed on the line joining the foci as diameter, has 
for its equation 

a* *« 

45. If the second term he removed from the quantio 
(ooi «i, «2, . . . a«) (ar, y)* 

hy the substitution of x y, instead of or, and if the new quantio be denoted 

by (Ao, o, A2i Az, , , , An) (x, y) ; show that the successive coefficients 
Azy A^ ... ^n are obtained by the substitution of ai for x, and - oq for y in 
the series of quantics « 

(flo, «i, «2) {xy y), (flfo, «i, «2, az) (a;, y), . . . («o, «!,... «») (a;, y)» 

46. Prove that any root of the following equation in y — 

y^ + aey=i, 
satisfies the differential equation 

47. How can we ascertain whether an expression such asj 

<» («, y) + \/^4' (^, y) 

«dmits of being reduced to the form 

Aic + yy/~). 
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48. If /X+ #nr+ nZ, TX + mY-{- nZ, rX-\-nC'Y-\- fC'Zy be substituted 

?y« + 2«5a; + 2/afy ; 
new expression ; 



for a?, y, «, in the quadratic expression aw;* + iy* + c^ + 2rfy2 + 2ezx + 2/a;y ; 
and if a', d', ^, <{', ^,/', be the respective coefficients in the 



«', /, «' 




«. /. « 


r, V, i 


= wheneyer 


/. *, rf 


ef, i, «• 




«. <». » 



4>rove that 



49. If the transformation be orthoffonal^ i.e., if 

a;3 + y2 + «2 = iS + r* + ^, 

prove that the preceding determinants are equal to one another. 

50. Prove that the max. and min. values of the expression 

aap* + 4bx^ + 6«c' + ^dx + e 
are the roots of the cubic 

ii»«» - 3(fl»J- 3ir*)«3 + 3(a/« - iSJIT) « - A « o, 
J s <wj - i», Is ae- 4bd + 3c*, 



where 



/ = 



tf, *, r 
*, e, d 
e, df e 



, and A = 73 - 27/2. 



By Art. 13S it is evident that the equation in s is obtained bj substituting' 
e -z instead of in the discominant of the biquadratic ; accordingly we have 
for the resulting equation, 

(J-«2)3 = 27(/-,JBr)«, 
since the discriminant of the biquadratic is 

P - 27/8 = o. 

In general, the equation in z whose roots are the ft — i max. and min. values 
of a given function of ft dimensions in x, can be got from the discriminant of 
the function, by substituting in it, instead of the absolute term, the absolute 
term fiti fttt« z. 

It is evident that the discriminant of the function in a; is, in all cases, the 
absolute term in the equation in z, 

51. If A be the product of the squares of the differences of the roots of 
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find an expresaion in terms of the roots, for ^, by solving from three equation s 

of the form 

d£k _ dA dp dA dq dA dr 
y da " dp da dq da dr da' 

Ant. 2(i8 + 7 - 2a) (7 + o - 2/8) (a + jS - 27). 

52. If Z+ T*y - I be a function of iP + yV' - i> prove that X and Y 
must satisfy the equations 

d^X drx ^ d^Y diY 

1 = o. and + — = o. 

ds^ ^ dij^ ' dx^ rfy» 

53. If the three sides of a triangle are 0, a + a, a -f jSf where a and jS are in- 
finitesimals, find the three angles, expressed in circular measure. 

IT o + i8 IT 2a -j3 IT 2$ - a 
Ans, —z , - + -: , ^ f 



3 a^/i 3 a*s/i 3 a\/3 

54. liy^x^- asfi, where a is an infinitesimal, find the order of the error in 
taking x = y - ayK 

55. The sides a, b, e, of a right-angled triangle become a + a,& + i3, <? + 7, 
where a, jS, 7 are infinitesimals ; find the change in the right angle. 



ab 

56. If a curve be given by the equations 

2a? = v^^ + 2t + ^/fi - 2t, 
2y = ^t* + 2t - v^<»-2<, 

find the radius of curvature in terms of t 

2 

57. In the curve whose equation is y s e"* , determine all the cases where 
the tangent is parallel to the axis of x» 

If 9 be the greatest angle which any of its tangents makes with the axis of ar, 
prove that tan = J-. 

58. In a. curve traced on a sphere, prove the following formula for the 
radius of curvature at any point : 

sin f'dr 
tanp = -T, 

COBpdp 

59. Apply this formula to show that in a spherical ellipse sin ^ sin^' = const., 
where ji and/)' are the perpendiculars from the foci on any great circle touching 
the ellipse* 

2 D 
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60. Prore the following relation between (p, p') the radii of caryatnre at 
corresponding points of two reciprocal polar curyes: 

where 4^ is the angle between the radius rector and normal. 

61. If AB^ BC, CD ., .he the sides of an CNqnilateral polygon inscribed in 
any cnrye, and if AD be produced to meet BC in P ; prove that, when the sides 

of the polygon are diminished indefinitely, BF = 3 ^, where p and p' are the 

P 
radii of curvature at B and at the corresponding point of the evolute. 



62 If r - ^^' ~^^ ^' "^y ^ y'^ " ^(' - y) (^ -^ ^ + ^) , 
^^ ^-(^ 7:^ — ^j'+* + y> 

find the value of 

dU dV^dV dU 
dx dy dx dy* 

63. If ^=«" + iI> and« = af + -. 



prove that 



(^--^^y+'S— ''=''• 



64. Determine h and k so that the curve 

(x» + y'*) (a? cos a + y sin o - a) = A?*(a: cos jS + y sin jS - &) 

may have a cusp ; a» jS, and a being given, and the co-ordinates being rectan- 
gular. 

Prove that in this case the cuspidal tangent makes equal angles with the 
asymptote and with the line drawn from the cusp to the origin. 

65. Find the co-ordinates of the two real finite points of inflexion on the 
curve y* = (« - 2)* (x - 5), and show that they subtend a right angle at the 
double point. 

66. If Xyf/yzhe given in terms of three new variables «, v, w, by the fol- 
lowing equations : » « Pw, y = (P - *) r, « = (P - c) tr, where 

I + i»2 + tfM;* 



«■ + i* + W' 



,t » 
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Miscellaneous Examples. 403 

it is required to prove that <ic* + <fy« + dz^ = X^ rfw« +. Jf * <ft>» + A"' i^*, and to 
determine the actual yalues of X, My N, 

67. If « + y = JT, y = Xl, prove that 

</'w cflu du „ d^u „ d^u du 
dx^ ^ ditdy dx dX} dXdY dX 

xdy — ydx 

68. Being given « = t** - 3My-, y = ^u^v - t;^, find what — — becomes 

xax + ydy 
in terms of m, v^ du, dv. 

$ 

69. If the polar equation of a curve be r = a sec^ — , find an expression for 

its radius of curvature at any point. 



2 



dr 
70. Show that the differential is put under the form 

\/a^ - 3^^ + 3 \ 

Id}/ 



\/(i + y2 tan^A) (i + y^cot^A)* 

4 /— I — y 

by assuming d; = 3 , and find the value of cos 4A. (Mr. M. Roberts) 

71. If y* + ary = I, prove that 

73. Prove that the locus of the point of intersection of tangents to an epicy- 
cloid inclined at a constant angle a is an epitrochoid, for whidi the radii of the 
fixed and moving circles are, respectively, 

. a-\-b . a -♦- J 

sm r a , , ,N sin • 



a{a■\^^h) a '\- 2b .b(aA-2b) a + 2b 
and • 



a + 6 sin a ' a-t b an a 

and the distance of the describing point from the centre of the moving circle i& 

b 



sin 



(a 4- 2b) . 



where a, b, are the radii of the fixed and moving circles for the epicycloid. 

(Prof. Wolstenholme, London Mathematical Society, April, 1874}. 

This theorem is easily established by aid of equations (14) and (15) given in 
the chapter on Roulettes. 

73. If a curve} (A) be such that the radios of curvature at each point is n 
times the normal intercepted between the point and a fixed straight line (£), 
then when the curve rolls along another straight line, (J?) will envelope a curve 
in which the radius of curvature is n + i times the normal. 

2 D 2 
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Thus, when n » - 2, (^A) is a parabola, and (J?) the directrix, and when 
the^ parabola rolls along a straight line, its directrix envelopes a catenary (for 
which » a - i), to which the straight line is directrix. 

When the catenary rolls along a straight line, its directrix passes through a 
fixed point, for which n = o. 

When the point mores along a straight line, the straight line which it car- 
ries with it envelopes a circle (n = i), and {B) is a diameter. 

When the circle rolls along a straight line, its diameter envelopes a cycloid 
(ft =« a), to which {B) is the base. When the cycloid roUs along a straight line, 
its base envelopes a curve which is the involute of the four-cusped hypocycloid, 
passing through two cusps, and is in figure like an ellipse whose major axis is 
twice me minor. (Professor Wolstenholme). 

The fundamental theorem given above follows immediately firom equation 
(23) p. 348. 

74. In the polar equations of two curves 

l?'(r,«) = o, /(r, «) = o, 

if JJ*» be substituted for r, and nCi for », prove that the curves represented by 

the transformed equations intersect at the same angle as the original curves. 

(Mr. W. Boberts, Liouville's Journal, Tome 13, p. 209). 

This result follows immediately firom the property that -j— is unaltered by 
the transformation in question. 

75. A system of concentric and similarly situated equilateral hyperbolas is 
cut by another such system having the same centre, under a constant angle, 
which is double that under which titie axes of the two systems intersect. 

JW., p. 210. 

76. In a triangle formed by three arcs of equilateral hyperbolas, having the 
same centre (or by parabolas having the same focus), the sum of the angles is 
equal to two right angles. Ibid., p. 2 10. 

77. Being given two h3rperbblic tangents to a conic, the arc of any third 
hyperbolic tangent, which is intercepted by the two first, subtends a constant 
angle at tiie focus. Ibid., p. 212. 

An equilateral hyperbola which touches a conic, and is concentric with it is 
called a hyperholie tangent to the conic. 

78. A system of confocal cassinoids is cut orthogonally b^r a system of equi- 
lateral hyperbolas passing through the foci and concentric with uie cassinoids. 

Ibid,, p. 214. 

The student will find a number of other remarkable theorems, deduced by 
the same general method, in Mr. Boberts* Memoir. This method is an extension 
of the meUiod of inversion. 
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On the Failure of Taylor^ 8 Theorem, 405 

On the Pailuee of Tatloe's Theobeh. 

As no mention has been made in Cliap. 3 of what is usnallj called the 
failure of Taylor's Theorem, the following extract from M. Navier*s " Lemons 
d' Analyse" is introduced fot the purpose of elucidating this case : — 

On the Case when, for certain particular Values of the Variable, 
Taylor's Series does not firive the Development of the Function. — 
The existence of Taylor's Series supposes that the function/(«), and its dif- 
ferential coefficients /'(^)»/"(^)» &c., do not become infinite for the value of 
X from which the increment A is counted. If the contrary takes place, the series 
will fail. 

Suppose, for example, that /(if) is of the form - — ^-^'t *» being any positive 

number, and F(x) a function of x 'Wfhich does not become either zero or infinite 
when a; = «. 

If, conformably to our rules, ; — ^ -r- be developed in a seriefe of posi- 

{x -V n — a)^ 

live powers of A, all the terms would become infinite when we make a? = a. At 

F(a + A) 
the same time the function has then a determinate value, viz. : —^ . But 

as the development of this value according to powers of A must necessarily con- 
tain negative powers of A, it cannot be given by Taylor's Series. 

Taylor's Series naturall]^ gives indeterminate results when, the proposed 
function /(a;) containing radicals, the particular value attributed to x causes 
these radicals to disappear in the function and in its differential coefficients. 
In order to understand the reason, we remark that a radical of the form 

p 
{x — a)9y p and q denoting whole numbers, which forms part of a function 
j(^)i gives to this function q different values, real or imaginary. As this same 
radicu is reproduced in the differential coefficients of the function, these coef- 
ficients also present a number, q^ of values. But, if the particular value a be 
attributed to x, the radical will disappear from all the terms of the series, while 

p 
it remains always in the function, where it becomes A«. Therefore the series 
no longer represents the function, because the latter has many values, while the 
series can have but one. The analysis solves this contradiction by giving in- 
finite values to the terms of the series, which consequently does not any longer 
represent a determined result. 

The development of f{x) ought, in the case with which we are occupied, 
p 
to contain terms of the form A?. We should obtain the development by mak- 
ing x = a + hin the proposed function. 

Fractional powers of A would appear in the latter development. 

For example, suppose 



this gives 



/(«) = 2ax — X* + a\/x* - a* ; 
/'(«) = 3(a - a;) + - 



V a?^ — < 



ax* 
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On maldng rr » 0, we liave /(x) s a^, and all the difPerential coefficients 
become infinite. Tliis circumstance indicates that the development otf{x+ h) 
ought here to contain fractional powers of h when x = a. 

In fact the function becomes then 

f(a + A) = a« - A* + a\/2ah-^ A-, 

of which the development according to powei-s of h would contain h'^, A% A*^ 
kc. 

It should be remarked that a radical contained in the function /(a?) may- 
disappear in two different ways when a particular value is attributed to the 
variable Xy that is, 1°, because the quantity contained under the radical vanishes ; 
a°, because a factor with which the radical may be affected vanishes. 

In the former case the development according to Tayloi's Theorem can 
never agree with the function ^(a? + h) for the particular value of a? in ques- 
tion, for the reason already indicated. 

But it is not the same in the latter case, because the factor with which 
the radical is affected, and which becomes zero in the function, may cease to 
affect the radical in the differential coefficients of higher orders ; in ract it may 
not disappear at all, and the series may in consequence present the necessary- 
number of values. 

For example, let the proposed function be 

f{x) = (iC - «)« \/x - b, 



being a positive integer. 
Here we have 




f(x) = m(^-«)« iyx-b+ '"^/'L, 
2y/x-d 




/••(*)=«(•»-') (* <.)-v/*- * + '"^" - -"2"'"' 





&c., &c. 



Each differentiation causes one of the factors of {x — «)"» to disappear in the 
first term. After m differentiations these factors would entirely disappear ; and 
consequently the supposition x = a, in causing the first tn derived functions to 
vamsh, will leave the radical y^o? — d to remain in all the others. 
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On the Conditions of Maxima and Minima in Generai. 407 



Ox THE CoiroiTioNS POE A Majcihum oe MnracuM OP A FxnrcTioir 
OP AKT NuicBEE OP Vaeiables (Art. 163). 

The conditions for a Tn^Timnm or a Twii^iTmiTw in the case of two or of three 
rariables iiaye been given in Chapter X. 

It can be zeadilj seen that the mode of investigation, and the form of the 
conditions there given, admit of extension to the case of any number of inde- 
pendent variables. 

We shall commence with the case of four independent variables. Proceed- 
ing as in Art. 162, it is obvious that the problem reduces to the consideration of 
a quadratic expression in four variables which shidl preserve the same sign for 
all real values of the variables. 

Let the quadratic be written in the form 

«na?i' + 022*31' + «33«s' + «44«4' + 30i2«i«a + 2a\zxixz + iauXiXi + ^onxtx^y 

+ 2auX2Xi, + 2auxz*i, (0 

in which an, 012, a^y &c., represent the respective second differential coefficients 
of the function, as in Art. 162. 

We shall fint investigate the conditions that this expression shall be always 
a positive quantity ; in this case an evidently is necessarily positive : again, 
multiplying by an, the expression may be written in the following form : — 

{aiixi + aiiXt + auxz + a^XiY + («ii«22 - au^)x2^ + (an«3s - «13')»3' 

+ («ii044 - ai^)xi^ + 2(«iia23 - aviaiz)x2Xz + 2(an«24 - «i2«i4)*2a^4 

+ 2 («11 «34 - «I3 O14) Xz Xi, (2) 

Also, in order that the part of this expression after the first term shall be 
always positive, we must have, by the Article referred to, the following con- 
ditions : — 

«ii«22 - «i2* > o, (3) 

(«iia22 - «i2*) (aii«33 - «i3*) - («ii<r^ - ai2«i3)- > o, (4) 

011022 — Oi2^, Oii023 — 012013, On 024 — O12OU | 

On 023 — O12O13, O11O33 — 013', O11O34 — O13O14 

011O24 - 012OU, on084 ~ 013O14, On 044 — 014' I 
To express this determinant in a simpler form, we write it as follows : — 

On, O12, Oi3, Oi4 

O, O11O22 — O12', O11O23 — O12O13, O11O24 — O12O14 



and 



>o. (5) 



I 
On 



O, On023 — Oi20i3, O11O33 — Oi3*, 
O, O11O24— O12O14, O11O34 - O13OU, 



011034 — 013 O14 
011^44 — ffl4- 



(«) 
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Next, to fonn a new determinant, multiply the fint row by ais, ais» «u> mc- 
cestiyely, and add the resulting tenns to Uie and, 3rd, and 4th rowa, reapec- 
tiyely ; then, since each term in ttie rows after the fint contains an as a &ctor, 
the determinant is eyidently equivalent to 



Ollf «ia» 013) Au 

«i8, flaa, «a3, «a4 

01S» 023) asii ozi 

aHi 034) ^34) 044 



(7) 



In like manner the relation in (4) is at once reducible to the form 



«ii 



«11, «12| tfl3 
<Il2) 022) 023 
018, 023, 033 



>o. 



Hence we conclude that wheneyer the following conditionB are fulfilled. 



1011) 012 I 
|>0, 
013) 022 I 



011) 012) 013 

012) 028) 023 

013) 023) 033 



011) 012) 013) 014 

012) 022) 023) 024 

013) 023) 083) 034 

014) 024) 084) 044 



>o, (S) 



the quadratic expression (i) iBpotitive for aU real values of iri, Xty xi, xi. 

Accordingly the conditions (are the same as in the case (Art. 162) of three 
variables, xi, X2i xz\ with the addition that the determinant (7) shall be also 
positive. 

In like manner it can be readily seen that if the second and fourth of the 
preceding determinants be positive, and the two others negative, the quadratic 
expression (i) is negative for all real values of the variables. 

The last determinant in (8) is called the diteriminant of the quadratic func- 
tion, and the preceding determinant is derived from it by omitting the extreme 
row and column, and die other is derived from that in like manner. 

When the discriminant vanishes, it can be seen without difficulty that the 
expression ( i) is reducible to the sum of thre€ squares. 

It can be easilj proved by induction that the preceding principle holds in 
general) and that in the case of n variables tiie conditions can be deduced from 
the diteriminant in the manner indicated above. 

According as the number of rows in a determinant is even or odd, the de- 
terminant shall be styled one of an even or of an odd order. 
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an, 


«12, 


«13, . 


. . ain 


«12, 


022, 


023, . 


. . fl2« 


«13, 


023, 


«33» . 


. <?3» 


«!«, 


i?2n, 


^3/*, . 


. . Onn 



On the Conditions of Maxima and Minima in General. 409 

If the notation already adopted be generalized, the coefficient of Xr^ is de- 
noted by orr, and that of XrXmy by 2arm. In thii case the discriminant of the 
quadratic function in n variables is 



(9) 



and the conditions that the quadratic expression shaU be always positive are, 
that the determinant (9) and the series of determinants derived in succession 
by erasing the outside row and column shall be all positive. 

To establish this result, we multiply the quadratic function by an, and it is 
evident that it may be written in the form 

{anxi + aiiXi + . . . ai„«„)» + (an ^22 - ai2*)«2'* + . . . + (an«#.#. - «ii.') ^n^ 

+ 2 (an 023 — ai2ai3) a?2«3 + &c. + (lanCm — airain)9rXn + . . . 

In order that this should be always positive, it is necessary that the part 
after the first term should be always positive. This is a quadratic function of 
tiie n - I variables ^2,^3, . . . rrn. Accordingly, assuming that the conditions in 
question hold for it, its discriminant must be positive, as also the series of deter- 
minants derived from it. But the discriminant is 



ana22 — ai2% ana28 — ai^ais, . 

ana2s — ai2ai3, anaat •* aisS 

an 024 — 012014, On 034 — 013 au, . 

ana2fi — oi2ain, onasn — oiaam, . 



Ona2n — Oi2ain 

onasn — aisain 
on04n — auam 

On Oftii— am^ 



(•') 



Writing this as in (6), and proceeding as before, it is easily seen that the 
determinant becomes 



(") 



On, 


012, 


013, . 


. . om 


012, 


022, 


023, . 


. . 02» 


013, 

ai«. 


023, 
02«, 


033, . 
03m, . 


. . Oo„ 
. . Onn 



i.e., the discriminant of the function multiplied by on'*''-. 
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Hence we infer, that if the principle in question hold for ft — i yariables it 
holds for n. But it has been snown to hold in the cases of 3 and 4 rariables ; 
consequently it holds for any number. 

We conclude finally that the quadratic expression in n yariables is always 
positive, whenever the series of determinants 



«\u 



an, «i2 



«12, ^22 



«11, 


«12, 


013 


ai2, 


022, 


tf23 


«13, 


«23, 


«33 



auy «12, 



<»12, «22» 



a\n 



a In, a'in, 



Aim* 



(") 



are all positive. 

Again, if the series of determinants of an even order be all positive, and those 
of an odd order, commencing with an, be aU negative, the quadratic expression 
is negative for all real values of the variables. 

Hence we infer that the number of independent conditions for a maximum 
or a minimum in the case of n variables is n - i, as stated in Art. 163. 

It is scarcely necessary to state that similar results hold if we interchange any 
two of the suffi^L numbers ; i.e., if any of the coefficients, 022, 033, . . atm, bo 
taken instead of an as the leading term in the series of determinants. 

If the determinants in (i 2) be denoted by Ai, A2, A3, • . • An, it can be proved 
without difficulty that, whenever none of these determinants vanishes, the quad- 
ratic expression under consideration may be written in the form 



Ai A2 A»»-i 



(13) 



Hence, in general, when the quadratic is transformed into a sum of squares, 
the number of positive squares in the sum depends on the number of continua- 
tions of sign in the series of determinants in (12). 

It is easy to see independently that the series of conditions in (12) are neces- 
sary in order that the quadratic function under consideration should be always 
positive ; the preceding investigation proves, however, that they are not only 
necessary, but that they are sufficient . 

Again, since these results hold if any two or more of the suffix numbers be 
interchanged, we get the following theorem in the theory of numbers, that if 
the series of determinants given in (12) be aU positive, then every determinant 
obtained from them by an interchange of the suffix numbers is also necessarily 
I>ositive. 

Also, since when a quadratic expression is reduced to a sum of squares, the 
number of positive and negative squares in the sum is fixed (Salmon's Higher 
Algebra, Art. 162), we infer that the number of variations of sign in any series 
of determinants obtained from (12) by altering the suffix numbers is the same 
as the number of variations of sign in the series in (12). 

As already stated, a quadratic expression can be transformed in an infinity 
of ways by linear transformations into the sum of a number of squares multiplied 
by constant coefficients ; there is, however, one mode that is unique, viz., what 
is styled the orthogonal transformation. 
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In this case, if Xi, ^2, X3, . . . X» denote the new linear functionB, we 
have 

r= xi^ + ara* + . . . + Xn^ = Xi^ + Xa* + &c. + Xn\ 

and alflO, denoting the coefficients of the squares in the transformed expression 
hy «li «2» . . . «n, 

TT^ aux\^ + a28«2' + . . . + «iw*n' + . • . + 2«i23;ia;3 + 2<Hra;ia;r + . . . 

B aiXi* + «aJ:2' + . . . + OnXt?, 

Hence, equating the discriminants of XT —hV for the two systems, we get 

ail — >A, «i2, ... «i„ 



«12, «22 — A, ... «2i» 

«1S, «8S» ' • . ffan 

«ltt, «2», . . . «im - A 



= {ai -K){a2-K) .. . (a^ - X). (14) 



Accordingly, the coefficients 01, 02, . . . <7n) are the roots of the determinant 
at the left-hand side of the equation (14). 

Moreover, in order that the function U should be always positive or always 
negative for all real values of the variables x\j X2, ... Xn^ the coefficients 
ah €t2, . . , Ony must be all positive in the former case, and all negative in the 
latter ; and consequently, in either case, the roots of the determinant in (14) 
must all have the same sign. 

The application of this result to the determination of the conditions of 
maxima and minima is easily seen ; however, as the conditions thus arrived at 
are clumsy and complicated in comparison with those arrived at in (12) it is 
not considered necessary to enter into their discussion here. 



Note* on the Cabtesian Oval. 

I. The Cartesian Oval, since its original discussion by Descartes, has al- 
ways had a special interest for Mathematicians. This interest has in recent 
years increased, more especially since the valuable papers of M. Quetelet on 
the Theory of Secondary Caustics (Nouv. Mem. de I'Academie Royale de Brux. 
tomes iii., v., 1827, 1829), and the important discovery by M. Chasles of the 
existence of a third focus to the curve (Aper9u Historique, note xxi., p. 352). 
These have been followed by several important papers on the properties of the 
curve, by Mr. Cayley (liouville's Journal, tome xv., 1850), Sig. Grenocchi 
(Tortolini, 1864), Mr. Crofton (London Mathematical Society, 1866), Mr. 
Casey (in his valuable and exhaustive treatise on Bicircular Quartics, Trans. 
U. I. Acad., 1869), and others. 

In this Note it is proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval, treated geometrically. 

* This note is taken, with slight modifications, from a paper published by 
me ia " Hermathena/' No. iv., p. 509. 
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2. We commence by writing the equation of the cunre in its usual form, 
viz., 

ri±/Ar2 = a, (i) 

where r\ and r^ represent the distances of any point on the curve from two 
fixed points, or foci, /i and Jz, while fi and a are constants, of which we may 
■assume thatfi is less than unity. We also assume that a is greater than J^i Fz, 
the distance between the fixed points. 

It is easily seen that the curve consists of two ovals, one lying inside the 
other; the former corresponding to the equation r\ -V fA,r% = a, and the latter 
to n — /Ar2 = a. Now, with F 

■as centre, and a as radius, describe n 

a circle. Through F% draw any -^ ^^ 

chord DEy and join FiL and FiE\ 
then, if P be the point in which 
FiD meets the inner oval, we have 

From this relation the point P can 
be readily found. 

Again, let Q be the corres- 
ponding point for the outer oval, 
r\ - fir2 = a ; and we shall have, in 
like manner, i)Q = ftPaQ ; 

.'.F^QiFiP^QD: DF; 

•consequently, F2D bisects the angle Pi« - , 

FF2Q, ^' 

lS*oduce QF2 and FF2 to intersect FiF, and let Pi and Qi be the points of 
section. 

Then, since the triangles PP^D and F1F2F are equiangular, we have 
FiF = ft F1F2 ; and consequently, the point Pi lies on the inner oval. In lilct 
manner it is plain that Qi lies on the outer. 

3. Again, by an elementary theorem in geometry, we have 

P2P . F2Q = FD,m^ FzLf^, 
.-. (I - ^3) F2P . FzQ = FiUI^, 
Also, by similar triangles, we get 

P2P : P2P1 = F2D : F2E; 
(I - /i«) F2Q . FiFi = FtD , P2^= const. (2) 

Therefore, the rectangle under F2Q and P2P1 is constant ; a theorem due to 
M. Quetelet. 

4. Next, draw QPj, making I P2QP3 = Z. P»PiPi ; then, since the points 
Pi, Pi, Q, Fi lie on the circumference of a circle, we get 

P1P2 . P2P3 = F2Q . P2P1 = const. (3) 

Hence the point Fs is determined. 

5. We next proceed to show that P3 possesses the same properties relative to 
the curve as Pi and P2 ; in other words, that P3 is a third focus. 




consequently 
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For this purpose it is conyenient to write the equation of the curve in the^ 
form 

mn ± Irz = nes, (4) 

in which cz represents FiFi, and /, m, it are constants. 

It may be observed that in this case we have n>m> I. 

Now, since L F1F3Q = L F1P1F2 = /1PF2, the triangles F1PF2 and FiF:iQ' 
are equiangular; but, by (4), we have 

mFiF + /F2P = nFiF2 ; 
accordingly we have 

mFiFz f IF3Q = nFiQy 

or nFiQ - IF^Q = mFiFz ; 

i.e,, denoting the distance from Fz by rz, and jPi^s by Ci, 

nri - Irz = met. 

This shows that the distances of any point on the outer oval from Fi and Fs are- 
connected by an equation similar in form to (4) ; and, consequently, J3 is a third 
foeut of the curve. 

In like manner, since the triangles F1QF2 and JP3F3P are equiangular, th& 
equation 

mFiQ - IF2Q = nFiF2 
gives 

mFiFz - IFzF = nFiP, 

Hence, for the inner oval, we have 

nn + Irz = mez* 

This, combined with the preceding result, shows that the conjugate ovals of a 
Cartesian, referred to its two extreme foci, are represented by the equation 

nri ± Irz = me%, (5) 

In like manner, it is easily seen that the conjugate ovals referred to the foci F^ 
and Fz are comprised under the equation nr^ — mrz ^±lciy where ci = F2FZ, (6) 

6. The equation connecting the constants /, m, n, in a Cartesian which ha» 
three points Fi, F2, Fzy for its foci, can be readily found. 

For, if we substitute in (3), ez for F1F2, &c., the equation is easily reduced 
to the form 

J^ci + n'ca = wi?C2, 

or t^F2Fz + rn^FzFi + n^FiFi = o, (7) 

in which the lengths F2F3, &c., are taken with their proper signs, viz., 
F3F1 = - FiFs, &c. 

7. Next, since the four points F2, F, Q, jPs, lie in a circle, we have 

FiP . FiQ = F1F2 . FiFz = const. (8) 

Consequently the two corrugate ovale are inverte to each other with respect to a 
circle* whose centre is Fi, and whose radius is a mean proportional between 
FiFaandFiFa. 

♦ It is easily seen that when / = o the Cartesian whose foci are Fi, F2, F3, 
reduces to this circle. Again, if » = o, the Cartesian becomes another circle. 
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414 Notes. 

It follows immediately from this, since F2 lies inside both ovals, that F^ lies 
•outside both. It hence may be called the external focus. This is on tiie sup- 
position that the constants* are connected by the relations n>m>L 

8. Also we have 

L FFzFi = L PQF2 = I F2O1P1 = Z F2F3P1 ; 

lience the lines F3P and FzPi are equally inclined to the axis F1/3. Gonse- 
•quently, if P2 be the second point in which the line F^P meets the inner oval, it 
follows, from the symmetry of the curve, that the points P2 and Pi are the re- 
flexions of each other with respect to the axis F1F2, and the triangles F1P2F2 
and F1P1F2 are equal in every respect. 

Again, since L F2PF9 = I P2QPS = Z-F2P1P1, the four points P, P2, Pi and 
F2 lie on the circumference of a circle. 

From this we have 

P3P . P3P2 = P3P1 . P3F2 = constant. 

Hence, the rectangle under the eegmentSy made by the inner oval, on any trant* 
ver sal from the external foeut it constant. 

In like manner it can be shown that the same property holds for the seg- 
ments made by the outer oval. 

If we suppose P and P2 to coincide, the line P3P becomes a tangent to the 
oval and the length of this tangent becomes constant, being a mean proportional 
between PsPi and P3P2. 

Accordingly, the tangents drawn from the external focus to a system of 
triconfocal Cartesians are of e^ual length. 

This result may be otherwise stated, as follows : — A system of triconfocal 
Cartesians are cut orthogonally by the confocal circle whose centre is the external 
focus of the system (Prof. Crofton). 

This theorem is a particular case of another — ^also due, I believe, to Prof. 
Crofton — ^which shall be proved subsequently, viz., that if two triconfocal Car- 
tesians intersect, they cut each other orthogonally. 

9. We next proceed to give a geometrical method of drawing the tangent 
«nd ^e normal at any point on a Cartesian. 

Adopting the same notation as before, let M be the point in which the line 
F2D meets Sie circle which passes through the points P, F2f P3, Q ; then it can 
be shown that the lines PM and SQ are the normals at P and Q to the Cartesian 
oval which has Pi and P2 for its internal foci, and Ps for its external. For, 
from equation (4), we have for the outer oval 

dri dr2 __ 

ds (is 

whose centre is Psy and which, as shall be presently seen, cuts orthogonally the 
system of Cartesians which have Pi, P2, P3 for their foci, lliese circles are 
called by Prof. Crofton the Confocal Circles of the Cartesian system. 

* From the above discussion it will appear, that if the general equation of 
a Cartesian be written \r + fir* = vc, where c represents the distance between 
the foci; then (i) if, of the constants, A, /i, y, the greatest be v, the curve is 
referred to its two internal foci ; (2) if v be intermediate between K and /*, the 
curve is referred to the two extreme foci ; T?) if v be the least of the three, the 
curve is referred to the external and middle lOcus ; (4) if X = /a, the curve is a 
conic ; (5) if v = X, or y = /i, the curve is a lima^on ; (6) if one of the constants, 
A., ft, y vanish, the curve is a circle. 
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Note on the Cartesian Oval. 415 

Hence, if m and »2 be the angles which the normal at Q makes with QFi and 
QFt respectively, we have 

m sin 071 = / sin o»2 ; or sin o»i : sin »2 = / : m. (9) 




Fig. 72. 
Again, we have seen at the commencement that 

l:m=I>Q:F2Q. 
Also, by similar triangles, 

MQ: SF2-DQ: F2Q = l:m, (10) 

But 

SQ : RF2 = sin RQP : sin ItQF2 ; 
hence, 

sin RQFi : sin RQF2 = l:m, 

"Consequently, by ^9), the line HQ ia the normal at Q to the outer oval. In like 
manner it follows immediately tiiat PE is normal to the inner oval. 

This theorem is given by Prof. Crofton (Memoir, p. 10), in the following 
form : — The are of a Cartesian oval makes equal angles with the right line 
•drawn from the point to any foeus^ and the circular arc drawn from it through 
the two other foci. 

This result furnishes an easy method of drawing the tangent at any point on 
A Cartesian whose three foci are ^yen. ^ 

The construction may be exhibited in the following form : — 

Let Fi, F2f F3 be the three foci, and P the point in question. Describe a 
circle through P and two foci F2 and F3, and let Q be the second point in which 
FiP meets fiiis circle; then the line joining P to J?, the middle point of the arc 
•cut off by PQy is the normal in question. 

It is plain, for the same reason, that the line drawn from P to i^i, the 
middle pomt of the other segment standing on PQ, is normal to a second Car- 
tesian passing through P, and having the same three points as foci — F2 and P3 
for its internal foci, and Pi for its external. 

Hence it follows that through any point two Cartesian ovals can be drawn 
having three given points — which are in direetum^-for foci. 

Also the two curves so described cut orthogonally, 

10. Again, if ROa^ drawn touching the circle PSQ, it is parallel to PQ, 
and hence 

F2C : FxC:- F2B : ED = F2R2 : F2R . ED ; 
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but 



\ FiG: FiC'=F%IP :F^ = m^:P. 



Hence tiie point Cia fixed. 
Again 

CJR : FiD = BF2 : DF^ = m^:m^-li; 



CR: 



(") 



(,2) 



«t2 - ^' 

which determines the length of CR, 

1 1. Kext, since RP =^ RQ^ if with R as centre and RP as radius a circle be 
described, it will touch each of the ovals, from what has been shown above. 

Also, since (7 is a fixed point by (1 1), and CR a constant length by (12), it 
follows that the loetM of the centre oj a circle which touches both branches of a 
Cartesian is a circle (Quetelet). 

This construction is shown in the following figure, in which the form of two 
conjugate ovals, having the points Fi, 
F3, Fzy for foci, is exhibited. 

Again, since the ratio of F2R to RP 
is constant, we get the following theo- 
rem, which is also due to M. Quetelet : 

A Cartesian oval is the envelope of 
a circle, whose centre moves on the cir- 
cumference of a given circle, while its 
radius is in a constant ratio to the dis- 
tance of its centre from a given point. 

13. This construction has been given 
in a different form by Professor Casey, 
viz. : — 

If a circle cut a given circle orthogo- 
nally j while its centre moves along ano- 
ther given* eirde, its envelope is a Car- 
tesian oval. 

This follows immediately; for the 
rectangle under FyP and Fi Q is con- 
stant by (8), and therefore the length of the tangent from J^i to the circle is 
constant. 

This result is given bv Prof. Casey as a particular case of a general and 
elegant property of bicircular quartics, viz. : £F, in the preceding construction, 
the centre of the moving circle describe any conic, instead of a circle, its enve- 
lope is a bicircular ^uartic. _Z" "^ 

For additional information on Cartesians, as well as on the more general 
properties of bicircular quartics, the student' is referred to the ^GPerent 
Memoirs mentioned at the beginning of this Note : more especially to that of 
Professor Casey. 

* It is easily seen that the three foci of the Cartesian Oval are : the 
centre of the orthogonal circle, and the limiting points of this and the other 
fixed circle. 




Fig. 73. 



THE END. 
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